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Calculus is a field of study that focuses on understanding how things change. It 
provides a frame-work for modeling systems that experience change and allows us to 
make predictions based on these models. The development of calculus, particularly its 
applications in physics and engineering, has had a profound impact on the advancement 
of modern science. In fact, it played a pivotal role in the industrial revolution and 
subsequent scientific breakthroughs. No other branch of mathematics boasts such a rich 
history and cultural significance as calculus. From its foundational principles rooted in 
geometry, such as Pythagorean Theorem as part of vector calculus, to its application in 
measuring volumes inspired by Archimedes, calculus has been instrumental in addressing 
questions about our place in the universe. By analyzing velocities and forces, it enabled 
advancements in astronomy and aided our exploration of celestial bodies like planets, 
galaxies, and phenomena like black holes. The quest to understand our role within the 
vast universe itself has propelled us to embrace calculus. Moreover, calculus holds vital 
importance for our survival as it equips us with tools to develop climate models or 
predict population growth. It helps us comprehend disease spread dynamics and enables 
conflict resolution mechanisms alongside tackling economic crises effectively. Throughout 
history, humanity’s reliance on calculus has only grown stronger as we continue pushing 
past boundaries and seeking greater insight into natural phenomena - making this field 
an indispensable pillar upon which our collective progress rests. 
This book, Core Concepts in Calculus 2nd edition is organized into Eight Chapters. The 
book provides a succinct account of the essentials of calculus, presented in an engaging 
style that is both readable and mathematically precise. All chapters are revised and 
restructured including newly added chapters. 
Chapter One is taking a look at sequences and (infinite) series. Actually, this chapter 
will deal almost exclusively with series. In experimental science and engineering, as well 
as in everyday life, we deal with integers, or at most rational numbers. In this chapter, 
you will understand the core concepts of real and complex numbers, convergence/
divergence, and power series. 
Chapter Two focuses on curve sketching, which includes techniques that can be used 
to produce a rough idea of overall shape of a plane curve given its equation without 
computing the large numbers of points required for a detailed plot. 
Chapter Three presents insight into indeterminate forms and improper integral. An 
indeterminate form is an expression involving two functions whose limit cannot be 
determined solely from the limits of the individual functions. These forms are common 
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in calculus; indeed, the limit definition of the derivative is the limit of an indeterminate 
form. 
In Chapter Four, you will understand the core concepts of differential calculus and 
differentiation of implicit functions. 
A focus on Cartesian product and cardinality is given in Chapter Five. In this chapter, 
you will understand the core concepts of higher-order derivatives of functions and chain 
rule of differentiation. 
Chapter Six provides a focus on circular functions which may be thought of as a way 
to extend these extremely useful mathematical relationships. Theory of circular functions 
and domain and range of a function are covered in this chapter. 
Chapter Seven immerses itself into the technical aspects of conic sections and 
systems, shedding light on their functional implications in distinct fields. Constructing 
a comprehensive overview commences with understanding ellipses and hyperbola 
configurations crucial to plot data points. 
Chapter Eight focuses on Line Integrals. This transition elaborates on contours’ ponderous 
necessity while calculating path integrals in scalar fields significantly. Such knowledge 
expounded here paves the way for comprehending complex calculus concepts necessary 
for an array of professions like engineering and physics.



A sequence is an ordered list of objects (or events). 
Like a set, it contains members (also called elements, 
or terms). The number of ordered elements (possibly 
infinite) is called the length of the sequence. A series 
is, informally speaking, the sum of the terms of a 
sequence. Finite sequences and series have defined 
first and last terms, whereas infinite sequences and 
series continue indefinitely.

After studying this chapter, you will understand the core concepts of:
•	 Real and complex numbers
•	 Convergence/divergence
•	 Power series
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INFINITE SEQUENCES AND SERIES
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INTRODUCTION
An infinite sequence (sometimes just called a sequence) is a function with a domain 
of all positive integers. In beginning calculus, the range of an infinite sequence is 
usually the set of real numbers, although it’s also possible for the range to include 
complex numbers. A series is, roughly speaking, the operation of adding infinitely 
many quantities, one after the other, to a given starting quantity. The study of series is 
a major part of calculus and its generalization, mathematical analysis.

An	infinite	sequence	of	real	numbers	is	an	ordered	unending	list	of	real	numbers.	
E.g.:	1,	2,	3,	4,...	We	will	be	taking	a	look	at	sequences	and	(infinite)	series.	Actually,	
this chapter will deal almost exclusively with series. In experimental science and 
engineering, as well as in everyday life, we deal with integers, or at most rational 
numbers. Yet in theoretical analysis, we use real and complex numbers, as well as 
far more abstract mathematical constructs, fully expecting that this analysis will 
eventually provide useful models of natural phenomena. Hence we proceed through 
the construction of the real and complex numbers starting from the positive integers.

We start with the positive integers and zero, and introduce negative integers to 
allow subtraction of integers. Then we introduce rational numbers to permit division 
by integers. From arithmetic we proceed to analysis, which begins with the concept 
of convergence	 of	 infinite	 sequences	of	 (rational)	numbers,	 as	defined	here	by	 the	
Cauchy	criterion.	Then	we	define	irrational	numbers	as	limits	of	convergent	(Cauchy)	
sequences of rational numbers. In order to solve algebraic equations in general, we 
must introduce complex numbers and the representation of complex numbers as 
points in the complex plane. The fundamental theorem of algebra states that every 
polynomial has at least one root in the complex plane, from which it follows that 
every polynomial of degree n has exactly n roots in the complex plane when these 
roots are suitably counted.

Once we understand convergence	of	infinite	sequences,	we	can	deal	with	infinite	
series of the form
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and the closely related infinite products of the form

Infinite	series	are	central	to	the	study	of	solutions,	both	exact	and	approximate,	
to	the	differential	equations.	Many	functions	that	arise	in	calculus	are	defined	only	
through	infinite	series,	and	it	is	important	to	understand	the	convergence properties 
of these series, both for theoretical analysis and for approximate evaluation of the 
functions. We review some of the standard tests (comparison test, ratio test, root test, 
integral test) for convergence	of	infinite	series,	and	give	some	illustrative	examples.	
We note that absolute convergence	of	an	infinite	series	is	necessary	and	sufficient	to	
allow the terms of a series to be rearranged arbitrarily without changing the sum of 
the series.

Infinite	 sequences	 of	 functions	 have	 more	 subtle	 convergence properties. In 
addition to point wise convergence of the sequence of values of the functions taken at 
a single point, there is a concept of uniform convergence on an interval of the real axis, 
or in a region of the complex plane. Uniform convergence guarantees that properties 
such	as	continuity	and	differentiability	of	the	functions	in	the	sequence are shared by 
the limit function. There is also a concept of weak convergence,	defined	in	terms	of	
the sequences of numbers generated by integrating each function of the sequence over 
a region with functions from a class of smooth functions (test functions). For example, 
the	Dirac	δ-function	and	 its	derivatives	are	defined	 in	 terms	of	weakly	convergent	
sequences of well-behaved functions. It is a short step from sequences of functions to 
consider	infinite	series	of	functions,	especially	power	series	of	the	form

in which the an are real or complex numbers and z is a complex variable. These series 
are central to the theory of functions of a complex variable. We show that a power 
series converges absolutely and uniformly inside a circle in the complex plane (the 
circle of convergence), with convergence on the circle of convergence an issue that 
must be decided separately for each particular series.

Even divergent series can be useful. We show some examples that illustrate the 
idea of a semi convergent, or asymptotic, series. These can be used to determine the 
asymptotic behavior and approximate asymptotic values of a function, even though 
the series is actually divergent. We give a general description of the properties of 
such series, and explain Laplace’s method	for	finding	an	asymptotic	expansion	of	a	
function	defined	by	an	integral representation (Laplace integral) of the form
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Beyond the sequences and series generated by the mathematical functions 
that	 occur	 in	 solutions	 to	 differential	 equations,	 there	 are	 sequences	 generated	 by	
dynamical systems themselves through the equations of motion of the system. These 
sequences can be viewed as iterated maps of the coordinate space of the system into 
itself; they arise in classical mechanics, for example, as successive intersections of a 
particle	orbit	with	a	fixed	plane.	They	also	arise	naturally	in	population dynamics as a 
sequence of population counts at periodic intervals.

The asymptotic behavior of these sequences exhibits new phenomena beyond the 
simple convergence or divergence familiar from before studies. In particular, there 
are sequences that converge, not to a single limit, but to a periodic limit cycle, or 
that diverge in such a way that the points in the sequence are dense in some region in 
a coordinate space. An elementary prototype of such a sequence is the logistic map 
defined	by

This map generates a sequence of points {xn} with

(0	<λ<	4)	starting	from	a	generic	point	x0 in the interval 0 < x0 < 1. The behavior of 
this sequence as a function	of	the	parameter	λ	as	λ	increases	from	0	to	4	provides	a	
simple illustration of the phenomena of period doubling and transition to chaos that 
have been an important focus of research in the past 30 years or so.

CORE	CONCEPT:	REAL	AND	
COMPLEX	NUMBERS
Real numbers are numbers that can be found on the 
number line. This includes both the rational and 
irrational numbers. A complex number is a number 
that can be expressed in the form a + bi, where a 
and b are real numbers, and i is a solution of the 
equation	 x2	 =	 −1,	 which	 is	 called	 an	 imaginary	

number because there is no real number that satisfies this equation.

In mathematics, a real number is a value of a continuous quantity that can represent a 
distance along a line. The numbers we deal with in the real world (ignoring any units 
that go along with them, such as dollars, inches, degrees, etc.) are usually real num-
bers. A real number is any number that can be placed on a number line that extends to 
infinity in both the positive and negative directions.
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A complex number is any number that includes i. Thus, 
3i, 2 + 5.4i,	and	–πi are all complex numbers. (In fact, the real 
numbers are a subset of the complex numbers-any real number 
r can be written as r + 0i, which is a complex representation.) 
Complex numbers are an important part of algebra, and they 
do have relevance to such things as solutions to polynomial 
equations.

Arithmetic

The construction of the real and complex number systems 
starting from the positive integers illustrates several of the 
structures studied extensively by mathematicians. The positive 
integers have the property that we can add, or we can multiply, 
two of them together and get a third. Each of these operations 
is commutative: 

    (1)
and associative: 

  (2)
(here	◦	denotes	either	addition	or	multiplication),	but	only	for	
multiplication is there an identity element e, with the property 
that

   (3)
Of course the identity element for addition is the number 

zero, but zero is not a positive integer. Properties (2) and (3) 
are enough to characterize the positive integers as a semigroup 
under multiplication, denoted by Z∗ or, with the inclusion 
of zero, a semigroup under addition, denoted by Z+. Neither 
addition	nor	multiplication	has	an	 inverse	defined	within	 the	
positive	integers.	In	order	to	define	an	inverse	for	addition,	it	
is necessary to include zero and the negative integers. Zero is 
defined	as	the	identity	for	addition,	so	that

   (4)
and	the	negative	integer	−x	is	defined	as	the	inverse	of	x	under	
addition,

 (5)
With the inclusion of the negative integers, the equation

     (6)

Infinity is a 
concept describing 
something without 
any bound or larger 
than any natural 
number.
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has	a	unique	integer	solution	x	(≡	q	−	p)	for	every	pair	of	integers	p,	q.	Properties	(2)–
(5) characterize the integers as a group Z under addition, with 0 as an identity element. 
The fact that addition is commutative makes Z a commutative, or Abelian, group. The 
combined operations of addition with zero as identity, and multiplication satisfying 
Equations. (2) and (3) with 1 as identity, characterize Z as a ring, a commutative 
ring since multiplication is also commutative. To proceed further, we need an inverse 
for multiplication, which leads to the introduction of fractions of the form p/q (with 
integers p, q). One important property of fractions is that they can always be reduced 
to a form in which the integers p, q have no common factors. Numbers of this form are 
rational. With both addition and multiplication having well-defined inverses (except 
for division by zero, which is undefined), and the distributive law

  (7)
satisfied, the rational numbers form a field, denoted by Q.

Algebraic	Equations

The rational numbers are adequate for the usual operations of arithmetic, but to solve 
algebraic (polynomial) equations, or to carry out the limiting operations of calculus, 
we need more. For example, the quadratic equation

      (8)
has no rational solution, yet it makes sense to enlarge the rational number system 
to include the roots of this equation. The real algebraic numbers are introduced as 
the real roots of polynomials of any degree with integer coefficients. The algebraic 
numbers also form a field.

Exercise. Show that the roots of a polynomial	with	 rational	coefficients	can	be	
expressed as roots of a polynomial	with	integer	coefficients.

Complex numbers are introduced in order to solve algebraic equations that would 
otherwise have no real roots. For example, the equation

     (9)
has	no	real	solutions;	it	is	“solved”	by	introducing	the	imaginary	unit	i	≡	√−1	so	that	
the roots are given by x = ±i. Complex numbers are then introduced as ordered pairs 
(x, y) ∼ x + iy, of real numbers; x, y can be restricted to be rational (algebraic) to 
define the complex rational (algebraic) numbers.

Complex numbers can be represented as points (x, y) in a plane (the complex 
plane) in a natural way, and the magnitude of the complex number	x	+	iy	is	defined	by

    (10)
In view of the identity

    (11)
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we can also write

     (12)
with	r	=	|x	+	iy|	and	tan	θ	=	y/x.	These	relations	have	an	obvious	interpretation	in	terms	
of the polar coordinates of the point (x, y). We also define

     (13)

for z ≠  0. The angle arg z is the phase of z. Evidently it can only be defined as mod 
2π;	adding	any	integer	multiple	of	2π	to	arg	z	does	not	change	the	complex	number 
z, since

      (14)
Equation (14) is one of the most remarkable equations of mathematics.

Infinite	Sequences;	Irrational	Numbers

To complete the construction of the real and complex numbers, we need to look at 
some elementary properties of sequences, starting with the formal definitions: 

Definition 1. A sequence of numbers (real or complex) is an ordered set of numbers 
in one-to-one correspondence with the positive integers; write {zn}≡{z1, z2,...}.

Definition 2. The sequence {zn} is bounded if there is some positive number M 
such that |zn| < M for all positive integers n.

Definition 3. The sequence {xn} of real numbers is increasing (decreasing) if xn+1 
> xn (xn+1 < xn) for every n. The sequence is non-decreasing (non-increasing) if xn+1 
≥	xn (xn+1	≤	xn) for every n. A sequence belonging to one of these classes is monotone 
(or monotonic).

Remark.	The	preceding	definition	is	restricted	to	real	numbers	because	it	is	only	
for	real	numbers	that	we	can	define	a	“natural”	ordering	that	is	compatible	with	the	
standard measure of the distance between the numbers.

Definition 4. The sequence {zn} is a Cauchy sequence	if	for	every	ε	>	0	there	is	a	
positive integer N such that |zp	−	zq|	<	ε	whenever	p,	q	>	N.

Definition 5. The sequence {zn} is convergent to the limit z (write {zn}	→	z)	if	for	
every	ε	>	0	there	is	a	positive	integer	N	such	that	|zn	−	z|	<	ε	whenever	n>N.

There is no guarantee that a Cauchy sequence of rational numbers converges to a 
rational, or even algebraic, limit. For example, the sequence {xn}	defined	by

     (15)
converges to the limit e = 2.71828 ..., the base of natural logarithms. It is true, though 
nontrivial to prove, that e is not an algebraic number. A real number that is not algebraic 
is	transcendental.	Another	famous	transcendental	number	is	π,	which	is	related	to	e	
through Eq. (14).
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If we want to insure that every Cauchy sequence of rational numbers converges 
to	a	limit,	we	must	include	the	irrational	numbers,	which	can	be	defined	as	limits	of	
Cauchy sequences of rational numbers. As examples of such sequences, imagine the 
infinite,	nonterminating,	non-periodic	decimal	expansions	of	transcendental	numbers	
such	as	e	or	π,	or	algebraic	numbers	such	as	√	2.	Countless	computer	cycles	have	been	
used in calculating the digits in these expansions.

The	set	of	real	numbers,	denoted	by	R,	can	now	be	defined	as	the	set	containing	
rational numbers together with the limits of Cauchy sequences of rational numbers. 
The set of complex numbers, denoted by C, is then introduced as the set of all ordered 
pairs (x, y) ∼ x+iy of real numbers. Once we know that every Cauchy sequence of real 
(or rational) numbers converges to a real number, it is a simple exercise to show that 
every Cauchy sequence of complex numbers converges to a complex number.

Sets	of	Real	and	Complex	Numbers

We also need some elementary definitions and results about sets of real and complex 
numbers that are generalized later to other structures.
Definition 6. For real numbers, we can define an open interval:

or a closed interval:

as well as semiopen (or semiclosed) intervals:

A neighborhood of the real number x0 is any open interval containing x0. An 
ε-neighborhood	of	x0	is	the	set	of	all	points	x	such	that

     (16)
This	concept	has	an	obvious	extension	to	complex	numbers:	An	(ε)-neighborhood	

of the complex number z0, denoted by Nε(z0), is the set of all points z such that

    (17)
Note that for complex numbers, we exclude the point z0 from the neighborhood 

Nε(z0).
Definition 7. The set S of real or complex numbers is open if for every x in S, there 

is a neighborhood of x lying entirely in S. S is closed if its complement is open. S is 
bounded if there is some positive M such that x

Definition 8. x is a limit point of the set S if every neighborhood of x contains at 
least one point of S.
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While	x	itself	need	not	be	a	member	of	the	set	S,	this	definition	implies	that	every	
neighborhood	of	x	in	fact	contains	an	infinite	number	of	points	of	S.	An	alternative	
definition	of	a	closed	set	can	be	given	in	terms	of	limit	points,	and	one	of	the	important	
results	of	analysis	is	that	every	bounded	infinite	set	contains	at	least	one	limit	point.

Difference	between	Real	Number	and	Complex	Number

A real number is a number that can take any value on the number line. A real number 
can be any of the rational and irrational numbers. Complex numbers are the numbers 
that exist in the form of a+ib, where a and b denotes real numbers and i denotes an 
imaginary part.

It is important to understand the concept of number line to learn about real numbers. 
Number line can be expressed as an actual geometric line where a point is chosen to be 
the origin. Points that fall in the right side of origin are considered positive numbers, 
whereas numbers lying in the left side of origin are considered to be negative. A real 
number refers to any number that can be found on this number line. Therefore, they 
consist of whole (0,1,3,9,26), rational (6/9, 78.98) and irrational numbers (square root 
of	3,	pi).	Infinity	does	not	fall	in	the	category	of	real	numbers.	Square	root	of	-1	is	also	
not a real number, and therefore it is referred to as an imaginary number.

Complex Numbers are considered to be an extension of the real number system. 
They have been designed in order to solve the problems that cannot be solved using 
real numbers. Complex numbers actually combine real and imaginary number (a+ib), 
where a and b denotes real numbers, whereas i denotes an imaginary number. By 
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definition,	imaginary	numbers	are	those	numbers	which	when	squared	give	a	negative	
result. This statement would not make out a lot of logic as when we calculate the 
square of a positive number, we get a positive result. Similarly, when a negative 
number is squared it also provides a positive number. Therefore, imaginary name 
is given to such numbers. However, unit imaginary number is considered to be the 
square root of -1

Comparison between Real Number and Complex Number

The comparison between real number and complex number are: 

 Real Number Complex Number
Definition A real number is a number 

that can take any value on 
the number line. They can 
be any of the rational and 
irrational numbers.

Complex Numbers are con-
sidered to be an extension 
of the real number system. 
Complex numbers actually 
combine real and imaginary 
number (a+ib), where a and 
b denotes real numbers, 
whereas i denotes an imagi-
nary number.

Number 
line

Can be plotted on the 
number line.

Cannot be plotted on the 
number line.

Includes This includes (but is not 
limited to) positives and 
negatives, integers and 
rational numbers, square 
roots,	cube	roots	,	π	(pi),	
etc.

This includes numbers like 3 
–	2i	or	5+√6i,	as	they	can	be	
written	as	the	sum	or	differ-
ence of a real number and an 
imaginary number.

Symbol R C
Members All real numbers are also 

complex numbers with 
zero for the imaginary 
part.

 

All imaginary numbers are 
also complex numbers with 
zero for the real part.



11

Infinite Sequences and Series

CORE	CONCEPT:	 
CONVERGENCE/DIVER-
GENCE
A series is said to be convergent if it approaches 
some limit. In mathematics, a series is the sum 
of the terms of an infinite sequence of numbers. 

Given an infinite sequence (a1, a2, a3, …..), the nth partial sum Sn is the sum of the first 
n terms of the sequence, that is,

1

n

n k
k

S a
=

=å

A series is convergent if the sequence of its partial sums {S1, S2, S3, …..} tends to 
a limit; that means that the partial sums become closer and closer to a given number 
when the number of their terms increases.

Convergence, in mathematics, property (exhibited by 
certain	 infinite	 series	 and	 functions) of approaching a limit 
more and more closely as an argument (variable) of the 
function increases or decreases or as the number of terms of the 
series increases. For example, the function y = 1/x converges 
to zero as x	increases.	Although	no	finite	value	of	x will cause 
the value of y to actually become zero, the limiting value of y is 
zero because y can be made as small as desired by choosing x 
large enough. The line y = 0 (the x-axis) is called an asymptote 
of the function.

Similarly, for any value of x	between	(but	not	including)	−1	
and +1, the series 1 + x + x2 +⋯+ xn converges toward the limit 
1/(1	−	x) as n,	the	number	of	terms,	increases.	The	interval	−1	<	
x < 1 is called the range of convergence of the series; for values 
of x outside this range, the series is said to diverge.

Convergence	of	Infinite	Products

There is a simple convergence test for infinite products that 
you think deserves to be better known.

Theorem. Let an be a sequence of positive numbers. Then 
the	infinite	product

Function is orig-
inally the ideal-
ization of how a 
varying quantity 
depends on an-
other quantity.
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( )n
n 1

1 a
∞

=

+Π
converges if and only if the series

n
n 1

a
∞

=
Σ
converges.
Proof: Taking the logarithm of the product gives the series

( )n
n 1

ln 1 a
∞

=

+Σ
,

whose convergence is equivalent to the convergence of the product. But observe that

x 0n 1

ln(1 x)lim 1
x

∞

→
=

+
=Σ

.

If we assume that na 0→ , this gives us that

n
n

n

ln(1 a )
lim 1

a→∞

+
=

,
and the theorem follows by the limit comparison test. Q.E.D.

Using	this	theorem,	everything	you	know	about	infinite	series	translates	directly	
to	the	world	of	infinite	products.	For	example,	the	product

p
n 1

11
n

∞

=

 
+ 

 Π

converges if and only if p>1.
Before we learned this theorem, we had imagined that there must be an entire 

theory of convergence	for	infinite	products,	as	complex	and	interesting	as	the	theory	
of series from calculus, but completely unknown to me. Instead, it turns out that no 
one ever talks about the convergence	of	infinite	products	because	there	is	basically	
nothing new to say.

The Harmonic Series

Harmonic function, mathematical function of two variables having the property that 
its value at any point is equal to the average of its values along any circle around that 
point, provided the function is defined within the circle. An infinite number of points 
are involved in this average, so that it must be found by means of an integral, which 
represents an infinite sum. In physical situations, harmonic functions describe those 
conditions of equilibrium such as the temperature or electrical charge distribution 
over a region in which the value at each point remains constant.
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Infinite Sequences and SeriesHarmonic	functions	can	also	be	defined	as	functions	that	satisfy	Laplace’s	equation,	
a	 condition	 that	 can	 be	 shown	 to	 be	 equivalent	 to	 the	first	 definition.	The	 surface	
defined	by	a	harmonic	function has zero convexity, and these functions thus have the 
important property that they have no maximum or minimum values inside the region 
in	which	they	are	defined.	Harmonic	functions	are	also	analytic,	which	means	that	they	
possess all derivatives (are perfectly “smooth”) and can be represented as polynomials 
with	an	infinite	number	of	terms,	called	power	series.	Spherical	harmonic	functions	
arise when the spherical coordinate system is used. (In this system, a point in space 
is located by three coordinates, one representing the distance from the origin and two 
others representing the angles of elevation and azimuth, as in astronomy.) Spherical 
harmonic	functions	are	commonly	used	to	describe	three-dimensional	fields,	such	as	
gravitational,	magnetic,	and	electrical	fields,	and	those	arising	from	certain	types	of	
fluid	motion.

Another reason you like this theorem is that it gives a nice proof that the harmonic 
series diverges. According to the theorem, the behavior of the harmonic series is the 
same as the behavior of the following product:

1 1 1(1 1) 1 1 1 ...
2 3 4

   
+ + + +   

   

But this is just
2 3 4 5 ...
1 2 3 4
× × × ×
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This clearly diverges, for the partial products are the 
sequence of positive integers.

Using	the	nth-Term	Test	for	Divergence

The nth-term test for divergence is a very important test, as it 
enables you to identify lots of series as divergent. Fortunately, 
it is also very easy to use. To show you why this test works, the 
following sequence meets the necessary condition — that is, a 
sequence that does not approach 0:

{ }n
1 2 3 na , , ,...,
2 3 4 n 1

=
+

Notice that the limit of the sequence is 1 rather than 0. So 
here’s the related series:

n 1

n 1 2 3 ...
n 1 2 3 4

∞

=

= + + +
+Σ

Because	this	series	is	the	sum	of	an	infinite	number	of	terms	
that	are	very	close	to	1,	it	naturally	produces	an	infinite	sum,	
so it is divergent.

For example, the harmonic sequence
1 11, , ...
2 3

approaches 0, but the harmonic series
1 11 ...
2 3

+ + +

is divergent.

Integral	Test	for	Convergence

In mathematics, the integral test for convergence is a method 
used to test infinite series of non-negative terms for convergence. 
It was developed by Colin Maclaurin and Augustin-Louis 
Cauchy and is sometimes known as the Maclaurin–Cauchy 
test.

It	is	generally	quite	difficult,	often	impossible,	to	determine	
the value of a series exactly. In many cases it is possible at least 
to determine whether or not the series converges, and so we 
will spend most of our time on this problem. If all of the terms 
an in a series are non-negative, then clearly the sequence of 
partial sums sn is non-decreasing.

Sequence is 
an enumerated 

collection of objects 
in which repetitions 

are allowed. Like 
a set, it contains 

members. The 
number of elements 
is called the length 

of the sequence.
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This means that if we can show that the sequence of partial sums is bounded, the 
series must converge. We know that if the series converges, the terms an approach 
zero, but this does not mean that an	≥	an+1 for every n. Many useful and interesting 
series do have this property, however, and they are among the easiest to understand. 
Let’s look at an example.
Example

Show that  converges.
The terms 1/n2 are positive and decreasing, and since , the terms 1/n2 

approach zero. We seek an upper bound for all the partial sums, that is, we want to 
find	a	number	N	so	that	sn	≤	N	for	every	n.	The	upper	bound	is	provided	courtesy	of	
integration,	and	is	inherent	in	below	figure.

Figure 1: Graph of y = 1/x2 with rectangles.

The	figure	 shows	 the	 graph of y = 1/x2 together with some rectangles that lie 
completely below the curve and that all have base length one. Because the heights of 
the rectangles are determined by the height of the curve, the areas of the rectangles are 
1/12 , 1/22 , 1/32 , and so on—in other words, exactly the terms of the series. The partial 
sum sn	is	simply	the	sum	of	the	areas	of	the	first	n	rectangles.	Because	the	rectangles	
all lie between the curve and the x-axis, any sum of rectangle areas is less than the 
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corresponding area under the curve, and so of course any sum 
of rectangle areas is less than the area under the entire curve, 
that	is,	all	the	way	to	infinity. There is a bit of trouble at the left 
end, where there is an asymptote, but we can work around that 
easily. Here it is: 

recalling that we computed this improper integral in section 
9.7. Since the sequence of partial sums sn is increasing and 
bounded above by 2, we know that , and so the 
series converges to some number less than 2. In fact, it is pos-
sible,	though	difficult,	to	show	that	L	=	π2	/6	≈	1.6.	We	already	
know that  1/n diverges. What goes wrong if we try to apply 
this technique to it? Here’s the calculation: 

The problem is that the improper integral does not converge. 
Note well that this does not prove that 1/n diverges, just that 
this particular calculation fails to prove that it converges. A 
slight	modification,	however,	allows	us	 to	prove	 in	a	 second	
way that 1/n diverges.

Theorem. A p-series with p > 0 converges if and only if p 
> 1.

Proof. We use the integral test; we have already done p = 1, 
so assume that p ≠ 1.

If	 p	 >	 1	 then	 1	 −	 p	 <	 0	 and	  so the integral 
converges.	If	0	<	p	<	1	then	1	−	p	>	0	and	  so the 
integral diverges.

Example. Approximate  to two decimal places.
Referring	 to	above	figure,	 if	we	approximate	 the	sum	by	

, the error we make is the total area of the remaining 
rectangles, all of which lie under the curve 1/x2 from x = N out 
to	infinity. So we know the true value of the series is larger than 
the approximation, and no bigger than the approximation plus 
the	area	under	the	curve	from	N	to	infinity. 

Calculation is a 
deliberate process 
that transforms one 
or more inputs into 
one or more results, 
with variable 
change.
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Roughly,	then,	we	need	to	find	N	so	that

We can compute the integral: 

so	N	=	100	is	a	good	starting	point.	Adding	up	the	first	100	terms	gives	approximately	
1.634983900, and that plus 1/100 is 1.644983900, so approximating the series by the 
value halfway between these will be at most 1/200 = 0.005 in error. The midpoint is 
1.639983900, but while this is correct to ±0.005, we cannot tell if the correct two-
decimal approximation is 1.63 or 1.64. We need to make N big enough to reduce the 
guaranteed	error,	perhaps	to	around	0.004	to	be	safe,	so	we	would	need	1/N	≈	0.008,	
or	N	=	125.	Now	the	sum	of	the	first	125	terms	is	approximately	1.636965982,	and	
that plus 0.008 is 1.644965982 and the point halfway between them is 1.640965982. 
The true value is then 1.640965982±0.004, and all numbers in this range round to 
1.64, so 1.64 is correct to two decimal places. We have mentioned that the true value 
of	this	series	can	be	shown	to	be	π2	 /6	≈	1.644934068	which	rounds	down	to	1.64	
(just barely) and is indeed below the upper bound of 1.644965982, again just barely. 
Frequently approximations will be even better than the “guaranteed” accuracy, but not 
always, as this example demonstrates.

Alternating	Series

Next we consider series with both positive and negative terms, but in a regular pattern: 
they alternate, as in the alternating harmonic series for example: 

In this series the sizes of the terms decrease, that is, |an| forms a decreasing 
sequence, but this is not required in an alternating series. As with positive term series, 
however, when the terms do have decreasing sizes it is easier to analyze the series, 
much easier, in fact, than positive term series. Consider pictorially what is going on 
in	the	alternating	harmonic	series,	shown	in	figure	2.	Because	the	sizes	of	the	terms	an 
are decreasing, the partial sums s1, s3, s5, and so on, form a decreasing sequence that 
is bounded below by s2, so this sequence must converge. Likewise, the partial sums 
s2, s4, s6, and so on, form an increasing sequence that is bounded above by s1, so this 
sequence also converges. Since all the even numbered partial sums are less than all 
the odd numbered ones, and since the “jumps” (that is, the ai terms) are getting smaller 
and smaller, the two sequences must converge to the same value, meaning the entire 
sequence of partial sums s1, s2, s3, . . . converges as well.
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Figure 2: The alternating harmonic series.

There’s nothing special about the alternating harmonic series—the same argument 
works for any alternating sequence with decreasing size terms. The alternating series 
test is worth calling a theorem.

Theorem. Suppose that  is a non-increasing sequence of positive numbers 

and . Then the alternating series  an converges.
Proof. The odd numbered partial sums, s1, s3, s5, and so on, form a non-increasing 

sequence, because s2k+3 = s2k+1	−	a2k+2 + a2k+3	≤	s2k+1, since a2k+2	≥	a2k+3. This sequence is 
bounded below by s2, so it must converge, say . Likewise, the partial 
sums s2, s4, s6, and so on, form a non-decreasing sequence that is bounded above by 

s1, so this sequence also converges, say  and s2k+1 = 
s2k + a2k+1,

so L = M, the two sequences of partial sums converge to the same limit, and this 
means the entire sequence of partial sums also converges to L.

Another useful fact is implicit in this discussion. Suppose that

and that we approximate L by a finite part of this sum, say

Because the terms are decreasing in size, we know that the true value of L must be 
between this approximation and the next one, that is, between
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Depending on whether N is odd or even, the second will be 
larger	or	smaller	than	the	first.

Comparison	Tests

As we begin to compile a list of convergent and divergent 
series, new ones can sometimes be analyzed by comparing 
them to ones that we already understand.

Comparison test can mean:
•	 Limit comparison test, a method of testing for the 

convergence	of	an	infinite	series.
•	 Direct comparison test, a way of deducing the 

convergence or divergence	of	an	infinite	series	or	an	
improper integral.

Example

The	 obvious	 first	 approach,	 based	 on	what	 we	 know,	 is	 the	
integral test. Unfortunately, we cannot compute the required 
anti-derivative. But looking at the series, it would appear that 
it must converge, because the terms we are adding are smaller 
than the terms of a p-series, that is,

when	n	≥	3.	Since	adding	up	the	terms	1/n2 does not get “too 
big”, the new series “should” also converge. Let’s make this 
more precise.

The series  converges if and only if  
converges—all we have done is dropped the initial term. We 

know that  converges. Looking at two typical partial 
sums: 

Since the p-series converges, say to L, and since the terms 
are positive, tn < L. Since the terms of the new series are 
positive, the sn form an increasing sequence and sn < tn < L for 
all n. Hence the sequence {sn} is bounded and so converges. 
Sometimes, even when the integral test applies, comparison to 

Divergence is a 
vector operator that 
produces a scalar 
field, giving the 
quantity of a vector 
field’s source at each 
point.



20

Co
re

 C
on

ce
pt

s 
in

 M
at

he
m

at
ic

s:
 C

al
cu

lu
s

a known series is easier, so it is generally a good idea to think about doing a comparison 
before doing the integral test.

Absolute	Convergence

In mathematics, an infinite series of numbers is said to converge absolutely (or to be 
absolutely convergent) if the sum of the absolute values of the summands is finite.

Roughly speaking there are two ways for a series to converge: As in the case of Σ
1/n2, the individual terms get small very quickly, so that the sum of all of them stays 
finite,	or,	as	in	the	case	of	Σ (−1)n−1 /n, the terms do not get small fast enough (Σ 1/n 
diverges), but a mixture of positive and negative terms provides enough cancellation 
to	keep	the	sum	finite.	You	might	guess	from	what	we	have	seen	that	if	the	terms	get	
small fast enough to do the job, then whether or not some terms are negative and some 
positive the series converges.
Theorem.

Proof.	Note	that	0	≤	an+|an|	≤	2|an| so by the comparison test  converges.
Now

So	given	a	series	Pan	with	both	positive	and	negative	terms,	you	should	first	ask	
whether Σ |an| converges. This may be an easier question to answer, because we have 
tests	that	apply	specifically	to	series	with	non-negative	terms.	If	Σ |an| converges then 
you know that Σ an converges as well. If Σ |an| diverges then it still may be true that 
Σ an converges—you will have to do more work to decide the question. Another way 
to think of this result is: it is (potentially) easier for Pan to converge than for Σ |an| to 
converge, because the latter series cannot take advantage of cancellation.

If Σ |an| converges we say that Σ an converges absolutely; to say that Σ an converges 
absolutely is to say that any cancellation that happens to come along is not really 
needed, as the terms already get small so fast that convergence is guaranteed by that 
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alone. If Σ an converges but Σ |an| does not, we say that Σ an converges conditionally. 
For example  converges conditionally.

The	Ratio	and	Root	Tests

Does the series converge? It is possible, but a bit unpleasant, to approach this 
with the integral test or the comparison test, but there is an easier way. Consider what 
happens as we move from one term to the next in this series: 

The denominator goes up by a factor of 5, 5n+1 = 5 · 5n , but the numerator goes up 
by much less: (n + 1)5 = n 5 + 5n 4 + 10n 3 + 10n 2 + 5n + 1, which is much less than 
5n 5 when n is large, because 5n 4 is much less than n 5 . So we might guess that in the 
long run it begins to look as if each term is 1/5 of the above term. We have seen series 
that behave like this: 

a geometric series. So we might try comparing the given series to some variation of 
this geometric series. This is possible, but a bit messy. We can in effect do the same 
thing, but bypass most of the unpleasant work. The key is to notice that

This	is	really	just	what	we	noticed	above,	done	a	bit	more	officially:	in	the	long	
run,	each	term	is	one	fifth	of	the	before	term.	Now	pick	some	number	between	1/5	and	
1, say 1/2. Because

then	when	n	is	big	enough,	say	n	≥	N	for	some	N,

So 
 and so on. 

The general form is aN+k < aN /2k . So if we look at the series
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its terms are less than or equal to the terms of the sequence

So by the comparison test,  converges, and this means that an 
converges,	since	we	have	just	added	the	fixed	number	a0 + a1 + · · · + aN−1.

Under what circumstances could we do this? What was crucial was that the limit 
of an+1/an, say L, was less than 1 so that we could pick a value r so that L < r < 1. The 
fact that L < r (1/5 < 1/2 in our example) means that we can compare the series Σ an 
to Σ r n, and the fact that r < 1 guarantees that Σ r n converges. That’s really all that is 
required to make the argument work. We also made use of the fact that the terms of the 
series were positive; in general we simply consider the absolute values of the terms 
and we end up testing for absolute convergence.

Theorem. The Ratio Test

Suppose that = L. If L < 1 the series Σ an converges absolutely, if L > 1 
the series diverges, and if L = 1 this test gives no information.

Proof.	The	example	above	essentially	proves	the	first	part	of	 this,	 if	we	simply	
replace 1/5 by L and 1/2 by r. Suppose that L > 1, and pick r so that 1 < r < L. Then 
for	n	≥	N,	for	some	N,

This implies that |aN+k| > rk |aN |, but since r > 1 this means that , 
which means also that . By the divergence test, the series diverges. To see 
that we get no information when L = 1, we need to exhibit two series with L = 1, one 
that converges and one that diverges. It is easy to see that Σ 1/n2 and Σ 1/n do the job.

Theorem. The Root Test

Suppose that . If L < 1 the series Σ an converges absolutely, if L > 1 the 
series diverges, and if L = 1 this test gives no information.
The proof of the root test is actually easier than that of the ratio test, and is a good 
exercise.
Example

The ratio test turns out to be a bit difficult on this series (try it). Using the root test: 
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Since 0 < 1, the series converges.
The root test is frequently useful when n appears as an exponent in the general term 
of the series.

CORE	CONCEPT:	POWER	 
SERIES
A power series (in one variable) is an infinite series 

of the form ( ) ( )
0

n

nn
f x a s c

¥

=
= -å , where an is the 

coefficient of the nth term and x varies around c.

Power	 series,	 in	 mathematics,	 an	 infinite	 series	 that	 can	 be	
thought of as a polynomial	with	an	infinite	number	of terms, 
such as 1 + x + x2 + x3 +⋯. Usually, a given power series will 
converge	 (that	 is,	 approach	 a	 finite	 sum)	 for	 all	 values	 of	 x 
within a certain interval around zero—in particular, whenever 
the absolute value of x is less than some positive number r, 
known as the radius of convergence. Outside of this interval 
the	series	diverges	(is	infinite),	while	the	series	may	converge	
or diverge when x = ± r. The radius of convergence can often 
be determined by a version of the ratio test for power series: 
given a general power seriesa0 + a1x + a2x

2 +⋯,in which the 
coefficients	are	known,	the	radius	of	convergence is equal to 
the limit of the ratio	of	successive	coefficients.

Symbolically, the series will converge for all values of x such 
that

n n 1n
x lim a / a r+→∞
< =

For	 instance,	 the	 infinite	series	1	+	x + x2 + x3 +⋯ has a 
radius of convergence	 of	 1	 (all	 the	 coefficients	 are	 1)—that	
is,	it	converges	for	all	−1	<	x < 1—and within that interval the 
infinite	series	is	equal	to	1/(1	−	x). Applying the ratio test to the 
series1 + x/1! + x2/2! + x3/3! +⋯(in which the factorial notation 
n! means the product of the counting numbers from 1 to n) 
gives a radius of convergence of

Ratio test is a test 
for the convergence 
of a series. Where 
each term is a real 
or complex number 
and an is nonzero 
when n is large.
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n

n

lim (1 / n!) / (1 / (n 1)!)

lim n 1
→∞

→∞

+

+ = ∞

so that the series converges for any value of x.
Most functions can be represented by a power series in some interval. Although 

a series may converge for all values of x, the convergence may be so slow for some 
values that using it to approximate a function will require calculating too many terms 
to make it useful. Instead of powers of x, sometimes a much faster convergence occurs 
for powers of (x	−	c), where c is some value near the desired value of x. Power series 
have	also	been	used	for	calculating	constants	such	as	π	and	the	natural	logarithm	base	
e	and	for	solving	differential	equations.

Recall that we were able to analyze all geometric series “simultaneously” to 
discover that

if	|x|	<	1,	and	that	the	series	diverges	when	|x|	≥	1.	At	the	time,	we	thought	of	x	as	an	
unspecified constant, but we could just as well think of it as a variable, in which case 
the series

is a function, namely, the function	k/(1	−	x),	as	 long	as	 |x|	<	1.	While	k/(1	−	x)	 is	
a reasonably easy function to deal with, the more complicated Σ kxn does have 
its attractions: it appears to be an infinite version of one of the simplest function 
types—a polynomial. This leads naturally to the questions: Do other functions have 
representations as series? Is there an advantage to viewing them in this way?

The geometric series has a special feature that makes it unlike a typical polynomial— 
the	coefficients	of	the	powers	of	x	are	the	same,	namely	k.	We	will	need	to	allow	more	
general	coefficients	if	we	are	to	get	anything	other	than	the	geometric	series.
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Definition. A power series has the form

with the understanding that an may depend on n but not on x.
Example

 is a power series. We can investigate convergence using the ratio test:

Thus when |x| < 1 the series converges and when |x| > 1 it diverges, leaving only 
two values in doubt. When x = 1 the series is the harmonic series and diverges; when x 
=	−1	it	is	the	alternating	harmonic	series	(actually	the	negative	of	the	usual	alternating	

harmonic series) and converges. Thus, we may think of  as a function from the 
interval	[−1,	1)	to	the	real	numbers.	A	bit	of	thought	reveals	that	the	ratio	test applied 
to a power series will always have the same nice form. In general, we will compute

assuming that lim |an+1|/|an| exists. Then the series converges if L|x| < 1, that is, 
if |x| < 1/L, and diverges if |x| > 1/L. Only the two values x = ±1/L require further 
investigation.	Thus	the	series	will	definitely	define	a	function	on	the	interval	(−1/L,	
1/L), and perhaps will extend to one or both endpoints as well. Two special cases 
deserve mention: if L = 0 the limit is 0 no matter what value x takes, so the series 
converges for all x and the function	is	defined	for	all	real	numbers.	If	L	=	∞,	then	no	
matter	what	value	x	takes	the	limit	is	infinite	and	the	series	converges	only	when	x	=	
0. The value 1/L is called the radius of convergence of the series, and the interval on 
which the series converges is the interval of convergence.
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Consider again the geometric series,

Whatever	benefits	there	might	be	in	using	the	series	form	of	
this function	are	only	available	to	us	when	x	is	between	−1	and	
1. Frequently we can address this shortcoming by modifying 
the power series slightly. Consider this series: 

because this is just a geometric series with x replaced by (x+ 
2)/3. Multiplying both sides by 1/3 gives

the same function as before. For what values of x does this 
series converge? Since it is a geometric series, we know that it 
converges when

So	we	have	a	series	representation	for	1/(1−x)	that	works	
on a larger interval than before, at the expense of a somewhat 
more complicated series. The endpoints of the interval of 
convergence	now	are	−5	and	1,	but	note	that	they	can	be	more	
compactly	described	as	−2	±	3.	We	say	that	3	is	the	radius of 
convergence,	and	we	now	say	that	the	series	is	centered	at	−2.

Calculus	with	Power	Series

Now we know that some functions can be expressed as power 
series, which look like infinite polynomials. Since calculus, 
that is, computation of derivatives and anti-derivatives, is easy 
for polynomials, the obvious question is whether the same is 
true for infinite series. The answer is yes:

Theorem. Suppose the power series  
has radius of convergence R. Then

Radius of con-
vergence of a 

power series is 
the radius of the 

largest disk in 
which the series 

converges.
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and these two series have radius of convergence R as well.
Example. Starting with the geometric series:

when	|x|	<	1.	The	series	does	not	converge	when	x	=	1	but	does	converge	when	x	=	−1	
or	1	−	x	=	2.	The	interval	of	convergence	is	[−1,	1),	or	0	<	1	−	x	≤	2,	so	we	can	use	the	
series	to	represent	ln(x)	when	0	<	x	≤	2.	For	example

and so

Because this is an alternating series with decreasing terms, we know that the true 
value	is	between	909/2240	and	909/2240	−	1/2048	=	29053/71680	≈	.4053,	so	correct	
to two decimal places the value is 0.41. What about ln(9/4)? Since 9/4 is larger than 2 
we cannot use the series directly, but

so in fact we get a lot more from this one calculation than first meets the eye. To 
estimate the true value accurately we actually need to be a bit more careful. When we 
multiply by two we know that the true value is between 0.8106 and 0.812, so rounded 
to two decimal places the true value is 0.81.

Taylor	Series

In mathematics, a Taylor series is a representation of a function as an infinite sum of 
terms that are calculated from the values of the function’s derivatives at a single point. 
The concept of a Taylor series was formulated by the Scottish mathematician James 
Gregory and formally introduced by the English mathematician Brook Taylor in 1715. 
If the Taylor series is centered at zero, then that series is also called a Maclaurin series, 
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named after the Scottish mathematician Colin Maclaurin, who 
made extensive use of this special case of Taylor series in the 
18th century.

A function	can	be	approximated	by	using	a	finite	number	of	
terms of its Taylor series. Taylor’s theorem gives quantitative 
estimates on the error introduced by the use of such an 
approximation. The polynomial formed by taking some initial 
terms of the Taylor series is called a Taylor polynomial. The 
Taylor series of a function is the limit of that function’s Taylor 
polynomials as the degree increases, provided that the limit 
exists. A function may not be equal to its Taylor series, even 
if its Taylor series converges at every point. A function that 
is equal to its Taylor series in an open interval (or a disc in 
the complex plane) is known as an analytic function in that 
interval.

We have seen that some functions can be represented as 
series, which may give valuable information about the function. 
So far, we have seen only those examples that result from 
manipulation of our one fundamental example, the geometric 
series. We would like to start with a given function and produce 
a series to represent it, if possible.

Geometric series 
is a series with 
a constant ratio 

between successive 
terms.
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Suppose that  on some interval of convergence. Then we know that 
we can compute derivatives of f by taking derivatives of the terms of the series. Let’s 
look	at	the	first	few	in	general:	

By examining these it is not hard to discern the general pattern. The kth derivative 
must be

We can shrink this quite a bit by using factorial notation: 

Now substitute x = 0:

and solve for ak:

Note the special case, obtained from the series for f itself, that gives f(0) = a0.
So if a function f can be represented by a series, we know just what series it is. 

Given a function f, the series

is called the Maclaurin series for f.
Example.	Find	the	Maclaurin	series	for	f(x)	=	1/(1	−	x).	We	need	to	compute	the	

derivatives of f (and hope to spot a pattern).
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So

and the Maclaurin series is

the geometric series.

A warning is in order here. Given a function f we may be able to compute the 
Maclaurin series, but that does not mean we have found a series representation for 
f. We still need to know where the series converges, and if, where it converges, it 
converges to f(x). While for most commonly encountered functions the Maclaurin 
series does indeed converge to f on some interval, this is not true of all functions, so 
care is required.

As a practical matter, if we are interested in using a series to approximate a 
function,	we	will	need	some	finite	number	of	terms	of	the	series.	Even	for	functions	
with messy derivatives we can compute these using computer software like Sage. 
If we want to know the whole series, that is, a typical term in the series, we need a 
function whose derivatives fall into a pattern that we can discern. A few of the most 
important functions are fortunately very easy.
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Example. Find the Maclaurin series for sin x
The	derivatives	are	quite	easy:	f	′	(x)	=	cos	x,	f	′′(x)	=	−	sin	x,	f	′′′(x)	=	−	cos	x,	f	

(4)(x) = sin x, and then the pattern repeats. We want to know the derivatives at zero: 
1,	0,	−1,	0,	1,	0,	−1,	0,.	.	.	,	and	so	the	Maclaurin	series	is

We should always determine the radius of convergence: 

so the series converges for every x. Since it turns out that this series does indeed 
converge to sin x everywhere, we have a series representation for sin x for every 
x. Here is an interactive plot of the sine and some of its series approximations. 
Sometimes the formula for the nth derivative of a function f is difficult to discover, 
but a combination of a known Maclaurin series and some algebraic manipulation 
leads easily to the Maclaurin series for f.

Taylor’s	Theorem

In calculus, Taylor’s theorem gives an approximation of a k-times differentiable 
function around a given point by a k-th order Taylor polynomial. For analytic functions 
the Taylor polynomials at a given point are finite order truncations of its Taylor series, 
which completely determines the function in some neighborhood of the point. The 
exact content of “Taylor’s theorem” is not universally agreed upon. Indeed, there 
are several versions of it applicable in different situations, and some of them contain 
explicit estimates on the approximation error of the function by its Taylor polynomial.

One	 of	 the	most	 important	 uses	 of	 infinite	 series	 is	 the	 potential	 for	 using	 an	
initial portion of the series for f to approximate f. We have seen, for example, that 
when	we	add	up	the	first	n	terms	of	an	alternating	series	with	decreasing	terms	that	



32

Co
re

 C
on

ce
pt

s 
in

 M
at

he
m

at
ic

s:
 C

al
cu

lu
s

the	difference	between	this	and	the	true	value	is	at	most	the	size	of	the	next	term.	A	
similar result is true of many Taylor series.

Theorem.	Suppose	that	f	is	defined	on	some	open	interval	I	around	a	and	suppose	
f (N+1)(x) exists on this interval. Then for each x ≠  a in I there is a value z between x 
and a so that

Proof. The proof requires some cleverness to set up, but then the details are quite 
elementary.	We	want	to	define	a	function F(t). Start with the equation

Here	we	have	replaced	a	by	t	 in	 the	first	N	+	1	 terms	of	 the	Taylor	series,	and	
added a carefully chosen term on the end, with B to be determined. Note that we are 
temporarily	keeping	x	fixed,	so	the	only	variable	in	this	equation	is	t,	and	we	will	be	
interested only in t between a and x. Now substitute t = a:

Set this equal to f(x):

Since x ≠  a, we can solve this for B, which is a “constant”—it depends on x and a 
but	those	are	temporarily	fixed.	Now	we	have	defined	a	function F(t) with the property 
that	F(a)	=	f(x).	Consider	also	F(x):	all	terms	with	a	positive	power	of	(x	−	t)	become	
zero when we substitute x for t, so we are left with F(x) = f (0)(x)/0! = f(x). So F(t) 
is a function with the same value on the endpoints of the interval [a, x]. By Rolle’s 
Theorem, we know that there is a value z ∈	(a,	x)	such	that	F	′	(z)	=	0.	Let’s	look	at	F	′	
(t).	Each	term	in	F(t),	except	the	first	term	and	the	extra	term	involving	B,	is	a	product,	
so to take the derivative we use the product rule on each of these terms. It will help to 
write	out	the	first	few	terms	of	the	definition:	

Now take the derivative: 
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Now most of the terms in this expression cancel out, leaving just

At	some	z,	F	′	(z)	=	0	so

Now we can write

Recalling that F(a) = f(x) we get

which is what we wanted to show. It may not be immediately obvious that this is 
particularly useful.
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CONCEPT:	POWER	SERIES
In calculus, a power series is a representation of a function as an infinite sum of terms, 
where each term is a constant multiplied by a variable raised to a non-negative integer 
exponent. Power series are a fundamental concept in analysis and have numerous 
applications in mathematics, physics, engineering, and other fields.

A power series is typically expressed in the following form:
f(x) = c₀ + c₁x + c₂x² + c₃x³	+	...	=	Σ	cnxⁿ
Here:
•	 f(x) is the function being represented.
•	 x is the variable.
•	 c0, c1, c2,	...	are	constants	called	the	coefficients	of	the	power	series.
•	 n is a non-negative integer exponent.
Power series are often used to approximate more complex functions with simpler 

ones,	 especially	when	 those	 functions	 are	difficult	 to	work	with	directly.	The	 idea	
is	that	by	taking	a	finite	number	of	terms	from	the	series,	you	can	approximate	the	
behavior	of	the	function	within	a	certain	interval	around	a	specific	point.

The convergence of a power series is crucial. A power series may converge 
to the function it represents for certain values of x, and diverge (not give accurate 
approximations) for others. The interval of convergence is the range of values of 
x for which the series converges to the actual function. The radius of convergence 
determines how far from the center of the series (often denoted as x = 0) the series 
remains convergent.

The most well-known example of a power series is the Maclaurin series, which is 
a	specific	type	of	power	series	centered	at	x	=	0.	The	Maclaurin	series	of	a	function	is	
its power series expansion around that point.

For example, the Maclaurin series of the exponential function e^x is:
e^x = 1 + x + x²/2! + x³/3! + ...
Power series are extensively used in calculus to express functions like trigonometric 

functions, exponential functions, logarithmic functions, and more complex functions 
as	approximations	based	on	simpler	polynomial	terms.	They	also	play	a	significant
role	in	solving	differential	equations	and	analyzing	the	behavior	of	functions	around	
specific	points.
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SUMMARY
•	 An	infinite	sequence	(sometimes	just	called	a	sequence)	is	a	function	with	a	

domain	of	all	positive	integers.	In	beginning	calculus,	the	range	of	an	infinite	
sequence is usually the set of real numbers, although it’s also possible for 
the range to include complex numbers.

•	 Infinite	sequences	of	functions	have	more	subtle	convergence	properties.	
In addition to point wise convergence of the sequence of values of the 
functions taken at a single point, there is a concept of uniform convergence 
on an interval of the real axis, or in a region of the complex plane.

•	 A real number is a value of a continuous quantity that can represent a 
distance along a line. The numbers we deal with in the real world (ignoring 
any units that go along with them, such as dollars, inches, degrees, etc.) are 
usually real numbers.

•	 Convergence,	 in	 mathematics,	 property	 (exhibited	 by	 certain	 infinite	
series and functions) of approaching a limit more and more closely as an 
argument (variable) of the function increases or decreases or as the number 
of terms of the series increases

•	 Power	series,	 in	mathematics,	an	infinite	series	 that	can	be	thought	of	as	
a polynomial	with	an	infinite	number	of	terms,	such	as	1	+	x	+	x2	+	x3	+⋯. 
Usually,	a	given	power	series	will	converge	(that	is,	approach	a	finite	sum)	
for all values of x within a certain interval around zero—in particular, 
whenever the absolute value of x is less than some positive number r, known 
as the radius of convergence.

•	 A	Taylor	series	is	a	representation	of	a	function	as	an	infinite	sum	of	terms	
that are calculated from the values of the function’s derivatives at a single 
point.
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MULTIPLE	CHOICE	QUESTIONS
1.  A series can also be denoted by symbol ____________

a.	 π	an
b.	 ∑an
c.	 Φ	an
d.	 θ	an

2.  1+2+3+4 or 10 is a series?
a. 1+2+3+4 only
b. 10 only
c. 1+2+3+4 and 10
d. Neither 1+2+3+4 nor 10

3.  Find sum of series 2+3+5+7.
a. 5
b. 10
c. 17
d.	 infinite

4.  Find the sum of first 5 terms of series 2+4+6+………………
a. 14
b. 16
c. 20
d. 30

5.  The sequence is same as series.
a. True
b. False

Answers

1. (b)  2. (a)  3. (c)  4. (d)  5. (a)
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REVIEW	QUESTIONS
1.	 Explain	the	difference	between	real	number and complex number.

2. Find a sequence an of real numbers such that naΣ  converges but n(1 a )Π +  
diverges.

3. Find an N so that  is between  and  + 0.005.

4. Compute  for the series Σ 1/n2.

5. Compute  for the series Σ 1/n.
6.	 Find	a	power	series	representation	for	1/(1	−	x)3 . What is the radius of 

convergence?
7.	 Find	 the	first	 four	 terms	of	 the	Maclaurin	series	 for	 tan	x	 (up	 to	and	

including the x3 term).
8. Use a combination of Maclaurin series and algebraic manipulation to 

find	a	series	centered	at	zero	for	x	cos	(x2).
9. Drive Taylor’s theorem.
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Curve sketching (or curve tracing) includes techniques 
that can be used to produce a rough idea of overall 
shape of a plane curve given its equation without 
computing the large numbers of points required for 
a detailed plot. It is an application of the theory of 
curves to find their main features.

After studying this chapter, you will understand the core concepts of:
•	 Maxima and Minima
•	 Polar Coordinate System
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CURVE SKETCHING



40

Co
re

 C
on

ce
pt

s 
in

 M
at

he
m

at
ic

s:
 C

al
cu

lu
s

INTRODUCTION
Curve sketching is the process of using algebra and calculus to find the features of a 
function and then plotting those features in order to draw the function on a coordinate 
plane. Sketching the curve is useful in calculus because it allows students to visualize 
functions and their features.
Curve sketching is another practical application of differential calculus. Whether we 
are interested in a function as a purely mathematical object or in connection with 
some application to the real world, it is often useful to know what the graph of the 
function looks like. We can obtain a good picture of the graph using certain crucial 
information provided by derivatives of the function and certain limits.

CORE	CONCEPT:	MAXIMA	
AND	MINIMA
The maxima and minima (the respective plurals 
of maximum and minimum) of a function, known 
collectively as extrema (the plural of extremum), are 
the largest and smallest value of the function, either 
within a given range (the local or relative extrema) 
or on the entire domain of a function (the global or 
absolute extrema).

 
A local maximum point on a function is a point (x, y) on the graph of the function 
whose  y coordinate is larger than all other y coordinates on the graph at points “close 
to’’ (x, y). More precisely, (x, f(x)) is a local maximum if there is an interval (a, b) 
with	a<x<b	and	f(x)≥f(z)	for	every	z	in	(a,	b).	Similarly,	(x,	y)	is	a	local	minimum	
point if it has locally the smallest y coordinate. Again being more precise: (x, f(x)) is 
a	local	minimum	if	there	is	an	interval	(a,	b)	with	a<x<b	and	f(x)≤f(z)	 for every z in 
(a, b). A local extremumis either a local minimum or a local maximum.

Local maximum and minimum points are quite distinctive on the graph of a 
function, and are therefore useful in understanding the shape of the graph. In many 
applied	problems	we	want	to	find	the	largest	or	smallest	value	that	a	function	achieves	
(for	example,	we	might	want	 to	find	the	minimum	cost	at	which	some	task	can	be	
performed) and so identifying maximum and minimum points will be useful for 
applied problems as well. Some examples of local maximum and minimum points are 
shown	in	figure	1.
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Figure 1: Some local maximum points (A) and minimum points (B).

If (x,f(x)) is a point where f(x) reaches a local maximum or 
minimum, and if the derivative of f exists at x, then the graph 
has a tangent line and the tangent line must be horizontal. This 
is important enough to state as a theorem, though we will not 
prove it.

Theorem: (Fermat’s Theorem) If f(x) has a local extremum 
at	x=a	and	f	is	differentiable	at	a,	then	f′(a)=0.

Thus, the only points at which a function can have a local 
maximum or minimum are points at which the derivative is 
zero,	 as	 in	 the	 left	 hand	 graph	 in	 figure	 1,	 or	 the	 derivative	
is	 undefined,	 as	 in	 the	 right	 hand	 graph.	Any	value	 of	 x	 for	
which	f′(x)	is	zero	or	undefined	is	called	a	critical	value	for	f.	
When looking for local maximum and minimum points, you 
are likely to make two sorts of mistakes: You may forget that 
a maximum or minimum can occur where the derivative does 
not exist, and so forget to check whether the derivative exists 
everywhere. You might also assume that any place that the 
derivative is zero is a local maximum or minimum point, but 
this is not true. A portion of the graph of f(x)=x3 is shown in 
figure	2.	The	derivative	of	f	is	f′(x)=3x2,	and	f′(0)=0,	but	there	
is neither a maximum nor minimum at (0,0).

Figure 2: No maximum or minimum even though the derivative is 
zero.

Coordinates 
are distances or 
angles, represented 
by numbers that 
uniquely identify 
points on surfaces 
of two dimensions 
(2D) or in space of 
three dimensions 
(3D).
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Since	 the	 derivative	 is	 zero	 or	 undefined	 at	 both	 local	 maximum	 and	 local	
minimum points, we need a way to determine which, if either, actually occurs. The 
most	elementary	approach,	but	one	that	is	often	tedious	or	difficult,	is	to	test	directly	
whether the y coordinates “near’’ the potential maximum or minimum are above or 
below the y coordinate at the point of interest. There are too many points “near’’ the 
point to test, but a little thought shows we need only test two provided we know that f 
is continuous (recall that this means that the graph of f has no jumps or gaps).

Suppose,	 for	 example,	 that	we	 have	 identified	 three	 points	 at	which	 f′	 is	 zero	
or nonexistent: (x1,y1), (x2,y2), (x3,y3), and x1<x2<x3	(see	figure	3).	Suppose	that	we	
compute the value of f(a) for x1<a<x2, and that f(a)<f(x2). What can we say about the 
graph between a and x2? Could there be a point (b,f(b)), a<b<x2 with f(b)>f(x2)? No: 
if there were, the graph would go up from (a,f(a)) to (b,f(b)) then down to (x2,f(x2)) 
and somewhere in between would have a local maximum point. But at that local 
maximum point the derivative of f would be zero or nonexistent, yet we already know 
that the derivative is zero or nonexistent only at x1, x2, and x3. The upshot is that one 
computation tells us that (x2,f(x2)) has the largest y coordinate of any point on the 
graph near x2 and to the left of x2.	We	can	perform	the	same	test	on	the	right.	If	we	find	
that on both sides of x2 the values are smaller, then there must be a local maximum 
at (x2,f(x2));	if	we	find	that	on	both	sides	of	x2 the values are larger, then there must 
be a local minimum at (x2,f(x2));	if	we	find	one	of	each,	then	there	is	neither	a	local	
maximum or minimum at x2.

Figure 3: Testing for a maximum or minimum.

It is not always easy to compute the value of a function at a particular point. The 
task is made easier by the availability of calculators and computers, but they have 
their own drawbacks—they do not always allow us to distinguish between values that 
are very close together. Nevertheless, because this method is conceptually simple and 
sometimes easy to perform, you should always consider it.

The	First	Derivative	Test

We	can	instead	use	information	about	 the	derivative	f′(x)	 to	decide;	since	we	have	
already had to compute the derivative to find the critical values, there is often relatively 
little extra work involved in this method.
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How can the derivative tell us whether there is a maximum, minimum, or neither 
at	a	point?	Suppose	that	f′(a)=0.	If	there	is	a	local	maximum	when	x=a,	the	function	
must be lower near x=a than it is right at x=a. If the derivative exists near x=a, this 
means	f′(x)>0	when	x	is	near	a	and	x<a,	because	the	function	must	“slope	up’’	just	
to	the	left	of	a.	Similarly,	f′(x)<0	when	x	is	near	a	and	x>a,	because	f	slopes	down	
from the local maximum as we move to the right. Using the same reasoning, if there 
is a local minimum at x=a, the derivative of f must be negative just to the left of a 
and positive just to the right. If the derivative exists near a but does not change from 
positive to negative or negative to positive, that is, it is positive on both sides or 
negative on both sides, then there is neither a maximum nor minimum when x=a. See 
the	first	graph	in	figure	1	and	the	graph	in	figure	2	for	examples.

Example

Find all local maximum and minimum points for f(x)=sin x+cos x using the first 
derivative	 test.	The	derivative	 is	 f′(x)=cos	x−sin	x	and	from	example	3	 the	critical	
values	we	need	to	consider	are	π/4	and	5π/4.

The	graphs	of	sin	x	and	cos	x	are	shown	in	figure	4.	Just	 to	 the	 left	of	π/4	 the	
cosine	is	larger	than	the	sine,	so	f′(x)	is	positive;	just	to	the	right	the	cosine	is	smaller	
than	the	sine,	so	f′(x)	is	negative.	This	means	there	is	a	local	maximum	at	π/4.	Just	to	
the	left	of	5π/4	the	cosine	is	smaller	than	the	sine,	and	to	the	right	the	cosine	is	larger	
than	the	sine.	This	means	that	the	derivative	f′(x)	is	negative	to	the	left	and	positive	to	
the	right,	so	f	has	a	local	minimum	at	5π/4.

Figure 4: The sine and cosine.

The	Second	Derivative	Test

The basis of the first derivative test is that if the derivative changes from positive to 
negative at a point at which the derivative is zero then there is a local maximum at the 
point,	and	similarly	for	a	local	minimum.	If	f′	changes	from	positive	to	negative	it	is	
decreasing;	this	means	that	the	derivative	of	f′,	f′′,	might	be	negative,	and	if	in	fact	f′′	
is	negative	then	f′	is	definitely	decreasing,	so	there	is	a	local	maximum	at	the	point	in	
question.	Note	well	that	f′	might	change	from	positive	to	negative	while	f′′	is	zero,	in	
which	case	f′′	gives	us	no	information	about	the	critical	value.	Similarly,	if	f′	changes	



44

Co
re

 C
on

ce
pt

s 
in

 M
at

he
m

at
ic

s:
 C

al
cu

lu
s

from	negative	to	positive	there	is	a	local	minimum	at	the	point,	and	f′	is	increasing.	
If	f′′>0	at	the	point,	this	tells	us	that	f′	is	increasing,	and	so	there	is	a	local	minimum.

Concavity	and	Inflection	Points

We know that the sign of the derivative tells us whether a function is increasing or 
decreasing;	 for	 example,	 when	 f′(x)>0,	 f(x)	 is	 increasing.	The	 sign	 of	 the	 second	
derivative	f′′(x)	tells	us	whether	f′	is	increasing	or	decreasing;	we	have	seen	that	if	f′	
is	zero	and	increasing	at	a	point	then	there	is	a	local	minimum	at	the	point,	and	if	f′	
is zero and decreasing at a point then there is a local maximum at the point. Thus, we 
extracted	information	about	f	from	information	about	f′′.

We	can	get	information	from	the	sign	of	f′′	even	when	f′	is	not	zero.	Suppose	that	
f′′(a)>0.	This	means	that	near	x=a,	f′	is	increasing.	If	f′(a)>0,	this	means	that	f	slopes	
up	and	is	getting	steeper;	if	f′(a)<0,	this	means	that	f	slopes	down	and	is	getting	{\it	
less\/}	steep.	The	two	situations	are	shown	in	figure	5.	A	curve	that	is	shaped	like	this	
is called concave up.

Figure 5:	f′′(a)>0:	f′(a)	positive	and	increasing,	f′(a)	negative	and	increasing.

Now	suppose	that	f′′(a)<0.	This	means	that	near	x=a,	f′	is	decreasing.	If	f′(a)>0,	
this	means	that	f	slopes	up	and	is	getting	less	steep;	if	f′(a)<0,	this	means	that	f	slopes	
down	and	is	getting	steeper.	The	two	situations	are	shown	in	figure	6.	A	curve	that	is	
shaped like this is called concave down.

Figure 6:	f′′(a)<0:	f′(a)	positive	and	decreasing,	f′(a)	negative	and	decreasing.

If we are trying to understand the shape of the graph of a function, knowing 
where it is concave up and concave down helps us to get a more accurate picture. 



45

Curve Sketching

Of particular interest are points at which the concavity changes from up to down or 
down	to	up;	such	points	are	called	inflection	points.	If	 the	concavity	changes	from	
up	to	down	at	x=a,	f′′	changes	from	positive	to	the	left	of	a	too	negative	to	the	right	
of	a,	and	usually	f′′(a)=0.	We	can	identify	such	points	by	first	finding	where	f′′(x)	is	
zero	and	then	checking	to	see	whether	f′′(x)	does	in	fact	go	from	positive	to	negative	
or	negative	 to	positive	at	 these	points.	Note	 that	 it	 is	possible	 that	 f′′(a)=0	but	 the	
concavity is the same on both sides; f(x)=x4 at x=0 is an example.

Asymptotes	and	Other	Things	to	Look	For

A vertical asymptote is a place where the function becomes infinite, typically because 
the formula for the function has a denominator that becomes zero. For example, the 
reciprocal function f(x)=1/x has a vertical asymptote at x=0, and the function tanx has 
a	vertical	asymptote	at	x=π/2	(and	also	at	x=−π/2,	x=3π/2,	etc.).	Whenever	the	formula	
for a function contains a denominator it is worth looking for a vertical asymptote by 
checking to see if the denominator can ever be zero, and then checking the limit at 
such points. Note that there is not always a vertical asymptote where the denominator 

is zero: f(x)=(sinx)/x has a zero denominator at x=0, but since  (sinx)/x=1 there 
is no asymptote there.

A horizontal asymptote is a horizontal line to which f(x) gets closer and closer 
as	x	approaches	∞	(or	as	x	approaches	−∞).	For	example,	the	reciprocal	function	has	
the	 x-axis	 for	 a	 horizontal	 asymptote.	Horizontal	 asymptotes	 can	 be	 identified	 by	

computing the limits x
lim
→∞ f(x) and x

lim
→∞ f(x). Since x

lim
→∞ 1/x= x

lim
→∞ 1/x=0, the line y=0 

(that is, the x-axis) is a horizontal asymptote in both directions.
Some functions have asymptotes that are neither horizontal nor vertical, but some 

other	line.	Such	asymptotes	are	somewhat	more	difficult	to	identify	and	we	will	ignore	
them.

If	the	domain	of	the	function	does	not	extend	out	to	infinity,	we	should	also	ask	
what happens as x approaches the boundary of the domain. For example, the function 
y=f(x)=1/ 2 2r x− 	has	domain	−r<x<r,	and	y	becomes	infinite	as	x	approaches	either	
r	or	−r.	In	this	case	we	might	also	identify	this	behavior	because	when	x=±rx=±r the 
denominator of the function is zero.

If there are any points where the derivative fails to exist (a cusp or corner), then 
we should take special note of what the function does at such a point.

Finally, it is worthwhile to notice any symmetry. A function f(x) that has the 
same	value	for	−x	as	for	x,	i.e.,	f(−x)=f(x),	is	called	an	“even	function.’’	Its	graph	is	
symmetric with respect to the y-axis. Some examples of even functions are: xn when 
n is an even number, cos x, and sin2	x.	On	the	other	hand,	a	function	that	satisfies	the	
property	f(−x)=−f(x)	is	called	an	“odd	function.’’	Its	graph	is	symmetric	with	respect	
to the origin. Some examples of odd functions are: xn when n is an odd number, sin 
x, and tan x. Of course, most functions are neither even nor odd, and do not have any 
particular symmetry.
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CORE	CONCEPT:	POLAR	CO-
ORDINATE	SYSTEM
The polar coordinate system is a two-dimensional 
coordinate system in which points are given by an 
angle and a distance from a central point known 
as the pole (equivalent to the origin in the more 
familiar Cartesian coordinate system). The polar 
coordinate system is used in many fields, including 
mathematics, physics, engineering, navigation and 
robotics. It is especially useful in situations where 

the relationship between two points is most easily expressed in terms of angles and 
distance; in the Cartesian coordinate system, such a relationship can only be found 
through trigonometric formulae.

The polar coordinate system is a two-dimensional coordinate 
system in which each point on a plane is determined by a 
distance from a reference point and an angle from a reference 
direction.

When we think about plotting points in the plane, we 
usually think of rectangular coordinates (x, y)(x, y) in the 
Cartesian coordinate plane. However, there are other ways 
of writing a coordinate pair and other types of grid systems. 
Polar coordinates are points labeled (r, θ)(r, θ)	and	 plotted	
on a polar grid. The polar grid is represented as a series of 
concentric circles radiating out from the pole, or the origin of 
the coordinate plane.

The reference point (analogous to the origin of a Cartesian 
system) is called the pole, and the ray from the pole in the 
reference direction is the polar axis. The distance from the 
pole is called the radial coordinate or radius, and the angle 
is called the angular coordinate, polar angle, or azimuth. The 
radial	 coordinate	 is	often	denoted	by	 r	or	ρ,	 and	 the	angular	
coordinate by ϕ,	θ,	or	t.

Angles in polar notation are generally expressed in either 
degrees	or	 radians	 (2π	 rad	being	equal	 to	360∘). Degrees are 
traditionally used in navigation, surveying, and many applied 
disciplines, while radians are more common in mathematics 
and mathematical physics.  In many contexts, a positive angular 
coordinate means that the angle ϕ is measured counterclockwise 
from the axis.  In mathematical literature, the polar axis is often 
drawn horizontal and pointing to the right.

Rectangular 
coordinate system 

is also known as the 
Cartesian coordinate 

system after Rene 
Descartes, who 
popularized its 
use in analytic 

geometry.
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Figure 7: Examples of Polar Coordinates: Points in the polar coordinate system with pole 00 
and polar axis LL. In green, the point with radial coordinate 33 and angular coordinate 6060 
degrees or (3,60∘)(3,60∘). In blue, the point (4,210∘)(4,210∘).

Figure 8: Polar Graph Paper: A polar grid with several angles labeled in degrees.

Plotting	Points	Using	Polar	Coordinates

The polar grid is scaled as the unit circle with the positive x–axis now viewed as the 
polar axis and the origin as the pole. The first coordinate r is the radius or length of 
the	directed	line	segment	from	the	pole.	The	angle	θ,	measured	in	radians,	indicates	
the	direction	of	 r.	We	move	counterclockwise	from	the	polar	axis	by	an	angle	of	θ,	
and	measure	a	directed	line	segment	the	length	of	r	in	the	direction	of	θ.	Even	though	
we	measure	θ	first	and	then	r,	the	polar	point	is	written	with	the	r-coordinate	first.	For	

example, to plot the point 
(2, )

4
π

, we would move 4
π

 units in the counterclockwise 
direction and then a length of 2 from the pole. This point is plotted on the grid in 
Figure 9.
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Figure 9: Plotting a point on a Polar Grid: Plot of the point 
(2, )

4
π

,by moving 4
π

 units in the 
counterclockwise direction and then a length of 2 from the pole.

Uniqueness of Polar Coordinates

Adding any number of full turns (360∘	or	2π	radians)	to	the	angular	coordinate	does	
not change the corresponding direction. Also, a negative radial coordinate is best 
interpreted as the corresponding positive distance measured in the opposite direction. 
Therefore, the same point can be expressed with an infinite number of different polar 
coordinates(r,ϕ±n⋅360°)	 or	 (−r,ϕ±(2n+1)⋅180°−r,	ϕ±(2n+1)⋅180°), where n is any 
integer. Moreover, the pole itself can be expressed as (0,ϕ) for any angle ϕ.

Converting	Between	Polar	and	Cartesian	Coordinates

Polar and Cartesian coordinates can be interconverted using the Pythagorean 
Theorem and trigonometry.

Polar Coordinates to Rectangular (Cartesian) Coordinates

When given a set of polar coordinates, we may need to convert them to rectangular 
coordinates. To do so, we can recall the relationships that exist among the 
variables	x,	y,	r,	and	θ,	from	the	definitions	of	cos	θ	and	sin θ.		Solving	for	the	variables	
x and y yields the following formulas: 
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An easy way to remember the equations above is to think of cos θ	as	the	adjacent	
side over the hypotenuse and sin θ	as	the	opposite	side	over	the	hypotenuse.		Dropping	
a perpendicular from the point in the plane to the x–axis forms a right triangle, as 
illustrated in Figure 10.

Figure 10: Trigonometry Right Triangle: A right triangle with rectangular (Cartesian) coordi-
nates and equivalent polar coordinates.

To convert polar coordinates (r, θ)	to	rectangular	coordinates (x, y) follow these 
steps:

1)  Write .
2)  Evaluate cos θ	and	sin θ.
3)  Multiply cos θ	by	r	to	find	the	x-coordinate	of	the	rectangular	form.
4)  Multiply sin θ	by	r	to	find	the	y-coordinate	of	the	rectangular	form.

Example: Write the polar coordinates 
(3, )

2
π

 as rectangular coordinates.

The rectangular coordinates are (0, 3).
Polar and Coordinate Grid of Equivalent Points: The rectangular coordinate (0, 3) 

is the same as the polar coordinate 
(3, )

2
π

 as plotted on the two grids below.
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Rectangular (Cartesian) Coordinates to Polar Coordinates

To convert rectangular coordinates to polar coordinates, we will use two other 
familiar relationships. With this conversion, however, we need to be aware that a set 
of rectangular coordinates will yield more than one polar point.

Converting from rectangular coordinates to polar coordinates requires the use of 
one or more of the relationships illustrated below. Recall:

Trigonometry Right Triangle: A right triangle with rectangular (Cartesian) coordinates and 
equivalent polar coordinates.

Conics	in	Polar	Coordinates

Polar coordinates allow conic sections to be expressed in an elegant way.
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Defining a Conic

We learned how a parabola is defined by the focus (a fixed point) and the directrix (a 
fixed line).

Parts of a Parabola: Consider the parabola x=2+y2. Any conic may be determined 
by	three	characteristics:	a	single	focus,	a	fixed	line	called	the	directrix,	and	the	ratio	
of the distances of each to a point on the graph.

We	can	define	any	conic	in	the	polar	coordinate	system	in	terms	of	a	fixed	point,	
the focus P(r, θ)	at	 the	pole,	and	a	 line,	 the	directrix, which is perpendicular to the 
polar axis.

For a conic with eccentricity e,
1. If	0≤e<1,	the	conic	is	an	ellipse.

2. If e=1, the conic is a parabola.

3. If e>1, the conic is an hyperbola .

With	this	definition,	we	may	now	define	a	conic	in	terms	of	the	directrix:	x=±p,	
the	eccentricity	e,	and	the	angle	θ.	Thus,	each	conic	may	be	written	as	a	polar	equation	
in	terms	of	r	and	θ.

For a conic with a focus at the origin, if the directrix is x=±p, where p is a positive 
real number, and the eccentricity is a positive real number e, the conic has a polar 
equation:

For a conic with a focus at the origin, if the directrix is y=±p, where p is a positive 
real number, and the eccentricity is a positive real number e, the conic has a polar 
equation:
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Other	Curves	in	Polar	Coordinates

Some curves have a simple expression in polar coordinates, 
whereas they would be very complex to represent in Cartesian 
coordinates. To graph in the rectangular coordinate system 
we construct a table of x and y  values. To graph in the polar 
coordinate system	we	construct	 a	 table	of	r	 and	θ	values.	We	
enter	values	of	θ	into	a	polar	equation and calculate r. However, 
using	the	properties	of	symmetry	and	finding	key	values	of	θ	
and r means fewer calculations will be needed.

Investigating Rose Curves

Polar equations can be used to generate unique graphs. The 
following type of polar equation produces a petal-like shape 
called a rose curve. Although the graphs look complex, a 
simple polar equation generates the pattern. The formulas that 
generate the graph of a rose curve are given by:
r=a⋅cos(nθ)	and	r=a⋅sin(nθ)	where	a≠0

If n is even, the curve has 2n petals. If n is odd, the curve 
has n petals.

Rose Curves: Complex graphs generated by the simple polar formulas 
that generate rose curves:	r=a	cos	nθ and r=a	sin	nθ	where	a≠0.

Investigating the Archimedes’ Spiral

Archimedes’ spiral is named for its discoverer, the Greek 
mathematician Archimedes, who is credited with numerous 
discoveries in the fields of geometry and mechanics.

The formula that generates the graph of the Archimedes’ 
spiral is given by:
R	=	a	+	bθ	for	θ	≥	0

As	θ	 increases,	r	 increases	 at	 a	 constant	 rate	 in	 an	 ever-
widening, never-ending, spiraling path.

Polar equation is 
any equation that 

describes a relation 
between	r	and	θ	,	

where r represents 
the distance from 

the pole (origin) to 
a point on a curve, 
and	θ	represents	the	

counterclockwise 
angle made by a 
point on a curve, 
the pole, and the 
positive x -axis.
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Archimedes’ Spiral: The formula that generates the graph of a spiral is r = θ	for	θ	≥	0.

Example

Sketch the graph of r = θ 	over	[0,	2π]
Solution

As	r	is	equal	to	θ,	the	plot	of	the	Archimedes’	spiral begins at the pole at the point (0, 
0). While the graph hints of symmetry, there is no formal symmetry with regard to 
passing the symmetry tests. Further, there is no maximum value, unless the domain 
is restricted.

Create a table such as the one below.

Notice that the r-values are just the decimal form of the angle measured in radians. 
We can see them on a graph in Figure.

Graphs	of	Polar	Equations

The polar coordinate system is very similar to that of the rectangular coordinate 
system. In a polar coordinate grid, there will be a series of circles extending out from 
the pole (or origin in a rectangular coordinate grid) and five different lines passing 
through the pole to represent the angles at which the exact values are known for the 
trigonometric functions.
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Graphing a polar equation is accomplished in pretty much 
the same manner as rectangular equations are graphed. They 
can be graphed by point-plotting, using the trigonometric 
functions period, and using the equation’s symmetry (if any). 
When graphing rectangular equations by point-plotting you 
would pick values for x and then evaluate the equation to 
determine its corresponding y value. For a polar equation, you 
would	 pick	 angle	measurements	 for	 θ	 and	 then	 evaluate	 the	
equation to determine its corresponding r value.

Symmetry tests for polar coordinates
1.		 Replace	 θ	 with	 -θ.	 If	 an	 equivalent	 equation	

results, the graph is symmetric with respect to 
the polar axis.

2.		 Replace	θ	with	-θ	and	r	with	-r.	If	an	equivalent	
equation results, the graph is symmetric with 

respect	to	θ	=	 2
π

.
3.  Replace r with -r. If an equivalent equation 

results, the graph is symmetric with respect to 
the pole.

When you started to graph functions (in rectangular form) 
you stared by learning the basic shapes of certain functions 
such as lines, parabolas, circles, square roots, and absolute 
value functions just to name a few. Polar equations also have 
some general types of equations. Learning to recognize the 
formulas of these equations will help in sketching the graphs.

Circles in Polar Form

1.	r	=	a	cos	θ	is	a	circle	where	“a”	is	the	diameter	of	the	circle	
that has its left-most edge at the pole.

The trigonometric 
functions (also 
called circular 

functions, angle 
functions or 
goniometric 

functions) are 
functions of an 

angle. They relate 
the angles of a 
triangle to the 

lengths of its sides.
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2.	r	=	a	sin	θ	is	a	circle	where	“a”	is	the	diameter	of	the	circle	that	has	its	bottom-most	
edge at the pole.

Limaçons (Snails)

1.  r	=	a	±	b	sin	θ,	where	a	>	0	and	b	>	0
2.  r = a ± b cos	θ,	where	a	>	0	and	b	>	0

The limaçons containing sine will be above the horizontal axis if the sign between 
a and b is plus or below the horizontal axis if the sign if minus. If the limaçon contains 
the function cosine then the graph will be either to the right of the vertical axis if the 
sign is plus or to the left if the sign is minus.

The ratio of 
a
b  will determine the exact shape of the limaçon
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The graphs of limaçons with cosine would have 
similar shapes but along the horizontal axis.

Rose Curves

A rose curve is a graph that is produced from a polar 
equation in the form of:
r	=	a	sin	nθ	or	r	=	a	cos	nθ,	where	a	≠	0	and	n	is	an	
integer > 1

They are called rose curves because the loops that are formed resemble petals. The 
number of petals that are present will depend on the value of n. The value of a will 
determine the length of the petals.

If n is an even integer, then the rose will have 2n petals.

If n is an odd integer, then the rose will have n petals.

Lemniscates

The last type of polar equation that we will cover here is the lemniscates, which has 
the shape of a figure or a propeller. Lemniscates have the general polar equation of:

It is possible for a polar 
equation to fail a test and 
still exhibit that type of 
symmetry when you finish 
graphing the function over 
a full period.
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A lemniscate containing the sine function will be symmetric to the pole while the 
lemniscate	containing	the	cosine	function	will	be	symmetric	to	the	polar	axis,	to	θ	=	

2
π

, and the pole.

Example

Sketch the graph of r2 = 4cos2θ.

Solution

The equation exhibits symmetry with respect to the line 2
π

θ =
, the polar axis, and the 

pole.
Let’s	find	the	zeros.	It	should	be	routine	by	now,	but	we	will	approach	this	equation	

a	little	differently	by	making	the	substitution	u	=	2θ.

So, the point 
0,

4
 π 
 
   is a zero of the equation.

Now	let’s	find	the	maximum	value.	Since	the	maximum	of	cos	u=1 when u=0, the 
maximum cos2θ=1 when 2θ=0. Thus,

We have a maximum at (2, 0). Since this graph is symmetric with respect to the 

pole, the line 2
π

θ =
,	and	the	polar	axis,	we	only	need	to	plot	points	in	the	first	quadrant.

Make a table similar to the table below.
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Plot the points on the graph, such as the one shown in Figure.
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CONCEPT:	POLAR	COORDINATE	SYSTEM
The polar coordinate system is a mathematical framework used to describe the 
positions of points in a plane using distance and angle relative to a reference point 
and axis. It provides an alternative way to represent points compared to the standard 
Cartesian coordinate system, which uses x and y coordinates.

In	the	polar	coordinate	system,	a	point	is	uniquely	identified	by	two	values:
• Radius (r): The distance from the origin (reference point) to the point in 

question.
• Angle (θ): The angle formed between the reference axis (usually the 

positive x-axis) and the line connecting the origin and the point. The angle 
is measured in a counter-clockwise direction.

To	specify	a	point	in	polar	coordinates,	you	write	it	as	(r,	θ),	where	‘r’	is	the	radius	
and	‘θ’	is	the	angle.	The	reference	point	(origin)	is	typically	denoted	as	O,	and	the	
reference axis (usually the positive x-axis) is denoted as the polar axis.

Converting from Polar to Cartesian Coordinates: Given a point in polar coordinates 
(r,	θ),	you	can	convert	it	to	Cartesian	coordinates	(x,	y)	using	the	following	relationships:

x	=	r	*	cos(θ)	y	=	r	*	sin(θ)
Converting from Cartesian to Polar Coordinates: Given a point in Cartesian 

coordinates	(x,	y),	you	can	convert	it	to	polar	coordinates	(r,	θ)	using	the	following	
relationships:

r	=	√(x²	+	y²)	θ	=	atan2(y,	x)
Here,	atan2(y,	x)	is	the	arctangent	function	that	considers	the	signs	of	both	‘x’	and	

‘y’	to	correctly	determine	the	angle	in	the	appropriate	quadrant.
Polar coordinates are particularly useful for describing points in a circular or radial 

manner.	They	find	applications	in	various	fields,	including	physics,	engineering,	and	
geometry. For instance, polar coordinates are used to describe circular motion, wave 
propagation, and antenna radiation patterns, among other phenomena.

Keep in mind that while polar coordinates can be more intuitive in certain 
situations, they might not be as straightforward for describing certain complex 
shapes and relationships as Cartesian coordinates. It’s often a matter of choosing the 
coordinate system that suits the problem at hand.
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SUMMARY
•	 Curve	 sketching	 is	 the	process	 of	 using	 algebra	 and	 calculus	 to	find	 the	

features of a function and then plotting those features in order to draw the 
function on a coordinate plane. 

•	 Curve	 sketching	 is	 another	 practical	 application	 of	 differential	 calculus.	
Whether we are interested in a function as a purely mathematical object or 
in connection with some application to the real world, it is often useful to 
know what the graph of the function looks like. 

•	 The	basis	of	the	first	derivative	test	is	that	if	the	derivative	changes	from	
positive to negative at a point at which the derivative is zero then there is a 
local maximum at the point, and similarly for a local minimum.

•	 A	vertical	asymptote	is	a	place	where	the	function	becomes	infinite,	typically	
because the formula for the function has a denominator that becomes zero.

•	 The polar coordinate system is a two-dimensional coordinate system in 
which each point on a plane is determined by a distance from a reference 
point and an angle from a reference direction.

•	 The polar grid is scaled as the unit circle with the positive x–axis now 
viewed	as	the	polar	axis	and	the	origin	as	the	pole.	The	first	coordinate	r	is	
the radius or length of the directed line segment from the pole.

•	 To graph in the rectangular coordinate system we construct a table 
of x and y  values. To graph in the polar coordinate system we construct a 
table	of	r	and	θ	values.



61

Curve Sketching

MULTIPLE	CHOICE	QUESTIONS
1.  Curve sketching is another practical application of differential calculus. 

a. True 
b. False 

2.  In many contexts, a positive angular coordinate means that the angle ϕ is 
measured counterclockwise from the axis. 
a. True 
b. False 

3.  Polar equation is any equation that describes a relation between r and 
θ , where r represents the distance from the pole (origin) to a point on a 
curve, and θ represents the counterclockwise angle made by a point on a 
curve, the pole, and the positive x -axis.
a. True 
b. False 

4.  The trigonometric functions (also called circular functions, angle 
functions or goniometric functions) are functions of an angle.
a. True 
b. False 

5.  It is possible for a polar equation to fail a test and still exhibit that type of 
symmetry when you finish graphing the function over a full period.
a. True 
b. False 

Answers

1. (a)  2. (a)  3. (a)  4. (a)  5. (a)
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REVIEW	QUESTIONS
1. Explain why the function f(x)=1/x has no local maxima or minima.
2. Let f(x)=ax2+bx+c	with	a≠0.	Show	that	f	has	exactly	one	critical	point.	

Give conditions on a and b which guarantee that the critical point will 
be a maximum. It is possible to see this without using calculus at all; 
explain.

3. Let r>0. Find the local maxima and minima of the function 
2 2f(x) r x= −  

on	its	domain	[−r,	r].
4. Identify the intervals on which the graph of the function f(x)=x4−4x3+10 

is of one of these four shapes: concave up and increasing; concave 
up and decreasing; concave down and increasing; concave down and 
decreasing.

5. Convert each of the following into an equation in the given coordinate 
system.

6. Convert 
32x 5x 1 xy− = +  into polar coordinates.

7. Convert r 8cos= − θ  into Cartesian coordinates
8.	 Graph	the	polar	equation	r	=	1	–	2	cos	θ.
9. Graph the polar equation r = 3 cos	2θ.
10. Describe the concavity of y=x3+bx2+cx+d. You will need to consider 

different	cases,	depending	on	the	values	of	the	coefficients.
11. Let f(x)=1/(x2−a2),	 where	 a≥0.	 Find	 any	 vertical	 and	 horizontal	

asymptotes and the intervals upon which the given function is concave 
up and increasing; concave up and decreasing; concave down and 
increasing; concave down and decreasing. Discuss how the value of a 
affects	these	features.

12. Graph r 5 5sin , r 7 6 cos , and r 2 4 cos= − θ = − θ = + θ .
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An indeterminate form is an expression involving two 
functions whose limit cannot be determined solely 
from the limits of the individual functions. These forms 
are common in calculus; indeed, the limit definition 
of the derivative is the limit of an indeterminate form.
An integral is an improper integral if either the interval 
of integration is not finite (improper integral of type 
1) or if the function to integrate is not continuous 
(not bounded) in the interval of integration (improper 
integral of type 2).

After studying this chapter, you will understand the core concepts of: 
•	 Indeterminate Forms
•	 Improper Integral

C
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3
INDETERMINATE FORMS AND  
IMPROPER INTEGRAL
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INTRODUCTION
In calculus and other branches of mathematical analysis, when the limit of the sum, 
difference, product, quotient or power of two functions is taken, it may often be 
possible to simply add, subtract, multiply, divide or exponentiate the corresponding 
limits of these two functions respectively. However, there are occasions where it is 
unclear what the sum, difference, product or power of these two limits ought to be. 
For example, it is unclear what the following expressions ought to evaluate to:

These	 seven	 expressions	 are	 known	as	 indeterminate	 forms.	More	 specifically,	
such expressions are obtained by naively applying the algebraic limit theorem to 
evaluate the limit of the corresponding arithmetic operation of two functions, yet there 
are examples of pairs of functions that after being operated on converge to 0, converge 
to	another	finite	value,	diverge	to	infinity	or	just	diverge.	This	inability	to	decide	what	
the limit ought to be explains why these forms are regarded as indeterminate. 

An	improper	integral	is	an	extension	of	the	notion	of	a	definite	integral	to	cases	
that violate the usual assumptions for that kind of integral. In the context of Riemann 
integrals (or, equivalently, Darboux integrals), this typically involves unboundedness, 
either of the set over which the integral is taken or of the integrand (the function being 
integrated), or both. It may also involve bounded but not closed sets or bounded but 
not continuous functions. While an improper integral is typically written symbolically 
just	like	a	standard	definite	integral,	it	actually	represents	a	limit	of	a	definite	integral	
or a sum of such limits; thus improper integrals are said to converge or diverge. If 
a	regular	definite	integral	(which	may	retronymically	be	called	a	proper	integral)	is	
worked out as if it is improper, the same answer will result.

The term “indeterminate” is sometimes used as a synonym for unknown or 
variable.

A	mathematical	expression	can	also	be	said	to	be	indeterminate	if	it	is	not	definitively	
or precisely determined. Certain forms of limits are said to be indeterminate when 
merely knowing the limiting behavior of individual parts of the expression is not 
sufficient	 to	 actually	determine	 the	overall	 limit.	For example, a limit of the form 

0/0, i.e., 0

( )lim
( )x

f x

g x®  where 0 0
lim ( ) lim ( ) 0
x x

f x g x
® ®

= = , is indeterminate since the value of the 
overall limit actually depends on the limiting behavior of the combination of the two 

functions (e.g., 0
lim 1
x

x

x®
= , while 0

2

im 0l
x

x

x®
= ).

There	are	seven	indeterminate	forms	involving	0,	1,	and	∞:
0 00 ,0 , , ,0 1,

0
, ¥¥×¥ ¥-¥ ¥

¥

Note, however, that there is a certain ambiguity in this enumeration in the sense 
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that symbolic expressions of the form 
¥
¥  can perhaps be written as 1-¥¥ , etc.

If	complex	infinity ¥  is allowed as well, then six additional indeterminate forms 
result:

0 , , , , ,1 .¥¥ ¥ ¥×¥ ¥-¥
¥ ¥ ¥



 

  

 

Improper integral	is	the	limit	of	a	definite	integral as an endpoint of the interval(s) 
of	integration	approaches	either	a	specified	real	number,	 ,¥ -¥ , or in some instances 
as both endpoints approach limits. Such an integral is often written symbolically just 
like	a	standard	definite	integral, in some cases with infinity as a limit of integration.

Specifically,	an	improper	integral is a limit of the form:

lim ( ) , lim ( ) ,
b b

b a
a a

f x dx f x dx
®¥ ®-¥ò ò

or

lim ( ) , lim ( ) ,
c b

c b c a
a c

f x dx f x dx
- +® ®ò ò

in which one takes a limit in one or the other (or sometimes both) endpoints.
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CORE	CONCEPT:	 
INDETERMINATE	FORMS
The term “indeterminate” is sometimes used as a 
synonym for unknown or variable. A mathematical 
expression which is not definitively or precisely 
determined may be considered as indeterminate form.

The	indeterminate	forms	involving	0,	1	and	∞	are
0 00 , ,0 , , 0 ,1,

0
¥¥ ´¥ ¥-¥ ¥

¥

An indeterminate form takes place if by knowing the limits of the functions involved 
we cannot determine what is the overall limit. We have to do a further analysis to 
solve this kind of situations.

Example

If ( )f x x=  and 
1( ) 1g x
x

= +
 then we know that 

lim ( )
x

f x
®+¥

=+¥
 and 

lim ( ) 1
x

g x
®+¥

=
 but we 

cannot know beforehand the result of the limit 
( )lim ( ) 1f x

x
g x +¥

®+¥
=

.

The main indeterminate forms are:  ( ) ( ) ( ) ( )0 00, 0 , , ,1 , 0 , 
0

±¥ ±¥+¥ - +¥ × ±¥ +¥
±¥  where all 

the values that appear are limits of functions.
( )lim lim 1

lim lim 0
( )

 lim ( ) 0 lim 0

lim l

1 1

0 0

( ) 0

0 0im 01
( )

f x

x x

x x

x x

x x

f x
If f x f x

f x

®+¥ ®+¥

®+¥ ®+¥

®+¥ ®+¥

®+¥ ®+¥

ìï = =ïïïïï =ïïïïï®¥Þí × =ïïïïï =ïï

=

=

î

=

ïïïï

Indeterminate	Form	0/0

Let us suppose that 
lim ( ) 0

x
f x

¥®+
=

 and lim ( ) 0
x

g x
¥®+

= , then we have that 
( ) 0lim
( ) 0x

f x

g x¥®+
=  and 

thus there is an indeterminate form.
In this case we have to ask ourselves what function tends more rapidly toward 

zero: if it is f(x), then the limit will be zero, and if it is g(x) then the limit will be 
infinity.
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Note that 
( ) 0lim
( ) 0x

f x

g x¥®+
=

 implies that 

1
( ) ( )lim lim 1( )

( )
x x

f x g x

g x
f x

¥ ¥

¥
¥®+ ®+

±= =
±

 
so we have changed the indeterminate form zero over zero by 
the	one	we	already	know,	infinity	over	infinty.

Example

1. 

2 32 2

2 3

2 2

01 1lim lim lim lim 12 20 ( 1) (2 )x x x x

x x
x x xx x

x x x x x
x x

¥ ¥ ¥ ¥®+ ®+ ®+ ®+

×- -= Þ = = =+ + - × +

 since 

a
a bb

c b c
d

×=
×

2. 

2

2 2

2
(2 )lnlim lim limln ln lnx x x

x
x x xx

x x x
x

¥ ¥ ¥
¥

®+ ®+ ®+

+
× += = =+

Indeterminate	Form	Infinity/Infinity	(∞/∞)

Let us suppose that 
lim ( )

x
f X

¥
¥

®+
=±

 and 
lim ( )

x
g x

¥
¥

®+
=±

, then 

we have that 
( )lim
( )x

f x

g x¥

¥
¥®+

±=
± , so that we have an indeterminate 

form.
To know the value of the limit we will have to look at the 

functional	form	of	every	function	and	find	the	term	of	highest	
order. Then, according to the position of this element of highest 
order	we	will	determine	whether	the	limit	is	infinite,	zero,	or	in	
case of being in both sides of the fraction, the value to which 
the limit is converging.

Let us remember how the limits of the main functions are 
ordered:

log  where  and 0n m x x x
r x x x a b x n m b a<< << << << << < > >

Example

1. If 0b a> >  then lim lim 0
k x x

r
±x x

x log a a

±¥ ¥®+ ®+

+ + = =
-

2. 

2

2

4

2

4 3 4

2 ln
3lim lim

x xx x x x

x x x x
¥ ¥®+ ®+

+ - -=
- +

=-¥

Infinity is a 
concept describing 
something without 
any bound or larger 
than any natural 
number.

Fraction is a number 
that represents a 
part of a whole. 
It consists of a 
numerator and a 
denominator. The 
numerator represents 
the number of 
equal parts of a 
whole, while the 
denominator is the 
total number of parts 
that make up said 
whole.
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3. 
2

1 3
2 log 2 2lim lim

33

x x

x xx x

e x e

ex e¥ ¥®+ ®+

- = =
+ -

4. 
( )

( ) 22

2 2lim lim lim
2

1 1 0
1 2 1

x x

xxx x x

x x

x xx¥ ¥ ¥®+ ®+ ®+

- × - × -
××

=
-

=
+

=

Indeterminate	Form	0	x	Infinity	(0	×	∞)

We will suppose that 
lim ( ) 0

x
f x

¥®+
=

 and 
lim ( )

x
g x

¥
¥

®+
=±

, then we will have that 
lim ( ) ( ) 0 ( )

x
f x g x

¥
¥

®+
× = ×± .

In other words, we are wondering what function goes more rapidly to its limit, 
( )f x  to zero or ( )g x 	to	infinity.

To solve this type of indeterminate form we will do a simple step:
1 ( )lim ( ) ( ) lim ( ) lim1 1
( ) ( )

x x x

g x
f x g x g x

f x f x

¥ ¥ ¥

¥
¥®+ ®+ ®+

±× = × = =
±

and we will solve the limit.

Example

1. 23 3 3 3

2 2 2 ln 2 ln 2 lnlim ln 0 ( ) lim ln lim lim lim 0
1 1 1x x x x x

x x x x x x x
x x

x x x x x¥ ¥ ¥ ¥ ¥
¥

®+ ®+ ®+ ®+ ®+

× ×× = × + Þ × = = = =
- - -

2. 

2lim 2 lim 0x

x x

x
x

x
x

x¥ ¥®+ ®+

- × = =

3. 

( )
( ) ( )

22 ln 1lnlim lim lim 0
1 ln 1 1 ln

1
1x x x

x xx x
x

x x x x¥ ¥ ¥®+ ®+ ®+

- × - --× = -=
+ + × -

=-
-

Indeterminate	Form	Infinity	minus	Infinity	(∞	–	∞)

Let us suppose that 
lim ( )

x
f x

¥
¥

®+
=±

 and 
lim ( )

x
g x

¥
¥

®+
=±

, then we have that
lim ( ) ( ) ( ) ( )

x
f x g x

¥
¥ ¥

®+
- = ± - ±

and thus, we have an indeterminate form.
To solve for this limit we have three options:

•	 When one sees the limit straight away: Sometimes it can be seen straight 
away that one of the two inities is greater than the other:

Example

1. 
lim 2x

x
x

¥
¥

®+
- =-
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2. 
( )2lim ln 2 1

1x

x
x

x¥®+

æ ö- ÷ç - - =+¥÷ç ÷÷çè ø-

•	 When it is possible simplify the expression: Another option is to do the 
subtraction and to obtain only one expression where probably we will have 
an indeterminate form	of	the	type	infinity	divided	by	infinity,	which	we	can	
already solve.

Example

 

2 22 5 2 5 2 ( 3) 11lim 2 lim lim 11
3 3 3x x x

x x x x x
x

x x x¥ ¥ ¥®+ ®+ ®+

æ ö÷ç ÷ç ÷ç
- - - × + -- = = =-
+ + +÷çè ø

•	 When there are square roots involved: If we have f(x) or g(x) with a square 
root	is	not	easy	to	find	the	limit.

 An option is to add expressions in the following way:

 
( )

2 2( ) ( )( ) ( ) ( ) ( )
( ) ( )

f x g x
f x g x f x g x

f x g x

+- = - ×
+

 in order to obtain an expression which we can:

Example

( ) ( )2 2

2

2

2 2

2

2
2

2

lim 2 lim
2

lim lim

lim l 1
2 2

im

x x

x x

x x

x x x x x x
x x

x x

x x x

x x x x

x

x x

x
x

x x

x

¥ ¥

¥ ¥

¥ ¥

®+ ®+

®+ ®+

®+ ®+

- - × - +
- - =

- +

- -=
- + -

-=

-
+

= = - -=
+

Indeterminate	Form	1	Raised	To	Infinity	(1∞)

Let us suppose that 
lim ( ) 1

x
f x

¥®+
=

 and 
lim ( )

x
g x

¥
¥

®+
=±

, then we have that
( )lim ( ) 1g x

x
f x ¥

¥

±

®+
=

and we have again an indeterminate form.

The basic problem of this indeterminate form is to know from where ( )f x  tends 
to one (right or left) and what function reaches its limit more rapidly.

To solve this limit we will use the following two formulae, depending on which 
it is more convenient. These convert the indeterminate form to one that we can solve.

The two formulae are the following: If 
lim ( ) 1

x
f x

¥®+
=

 and 
lim ( )

x
g x

¥
¥

®+
=±

 then,
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1. 
( )( ) ( )lim 1( )lim ( ) x

f x g X
g x

x
f x e ¥

¥
®+

-æ ö÷ç ÷çè

®

÷ç ø×

+
=

2. 
lim ( ) ln ( )( )lim ( ) x

g x f x
g x

x
f x e ¥

¥
®+

æ ö÷ç ÷çè ×ç

®

ø

+

÷=

Example

1. 

2

2 2

2 2

2

3

2

12 lim 1 2
1

2

1 1lim 2 lim 21 1 1

2lim
1

1lim
1

0

x

x x

x

x
x

x

x xx x
x x x

x

x

x e
x

e e

e e

¥

¥ ¥

¥

¥

®+

®+ ®+

®+

æ ö÷ç ÷ç ÷ç ÷çè ø

æ

- ×
+

®+

+ -- × ×+

ö÷ç ÷
+ +

-
-

ç ÷ç ÷ç ÷

¥+

çè ø

æ ö÷ç ÷ç ÷çè ø
=

= =

=

+

==

2. 
( )

2

2

12 lim 2
1

2

lim ln 12

1lim
1

0

x

x

x
x

x

x

x e
x

e e

¥

¥

¥

®+

®+

æ ö÷ç ÷×ç ÷ç ÷çè ø+

®+

-¥× +-

æ ö÷ç ÷ç ÷çè ø

= =

+

=

=

3. 

lim 1 1

lim

lim 1 ¥

¥

¥

®+

®+

æ ö÷ç ÷ç ÷÷çè ø

æ ö÷ç ÷

- -

ç ÷ç ÷ç ÷çè

×

®+

ø -

æ ö÷ç ÷ç ÷çè ø

= =

- =

4. 

1lim 1 1 lim 02 21lim 1 1
2

x xx x

x x
x

xx
e e e¥ ¥

¥

®+ ®+

æ ö÷ç ÷ç ÷÷çè
+ - ×

®+

øæ ö÷ç ÷+ = = =ç ÷çè
=

ø

CORE	CONCEPT:	 
IMPROPER	INTEGRAL
An improper integral is a definite integral that has 
either or both limits infinite or an integrand that 
approaches infinity at one or more points in the 
range of integration. Improper integrals cannot be 

computed using a normal Riemann integral.

An improper integral is a type of definite integral in which the integrand is undefined 
at one or both of the endpoints. Strictly speaking, it is the limit of the definite integral 
as the interval approaches its desired size.
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Improper	integrals	may	be	evaluated	by	finding	a	limit	of	
the	indefinite	integral of the integrand. However, such a value 
is meaningful only if the improper integral converges in the 
first	place.

Improper integrals appear frequently in the study of 
probability distributions, asymptotic behavior, and calculus 
in general. In order to evaluate them properly, it is crucial to 
understand precisely what is meant by these integrals.

Definition	of	Improper	Integral

One type of improper integral is an integral where one of the 
endpoints is (approaching) infinity. For instance,

2 20 0

1 1lim .
1 1b

b

dx dx
x x

¥

®¥
=

+ +ò ò
Another type of improper integral is an integral where both 

of	the	endpoints	are	(approaching)	infinity. For instance,
2 2 20

0

x x xe dx e d e dxx
- -

¥ ¥
- - -

¥ ¥
= +ò ò ò

is an integral used in Gaussian distributions.
A third type of improper integral is an integral for which 

an asymptote appears at one (or both) of the endpoints. For 
instance,

0

1 1

0

1 1lim .
a a

dx dx
x x+®

=ò ò
A fourth type of improper integral is one that is not properly 

defined:	an	 integral	whose	 integrand	 is	not	defined	at	all	 the	
values within the interval of integration. For instance,

2

20 3 1)
1

(
d

x
x

-ò

Asymptote is a 
line such that the 
distance between 
the curve and the 
line approaches 
zero as one or 
both of the x or y 
coordinates tends 
to infinity.
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23
( )

(
1

1)
f x

x
=

-  is not defined throughout the 

interval of integration, even though its anti-derivative 
3( ) 3 1F x x= -  is defined 

throughout the interval of integration. A concept known as the Cauchy principal value 
permits a reinterpretation of the integral as

2 2

2 2 20 01 13 3 3(
1 1

1) (
1lim li

1) ( 1
m

)

b

b a a
dx dx d

x x
x

x
+-® ®- -

= +
-ò ò ò

in order to assign a value to determine a value for it, provided each of the integrals 
converges. In general, the Cauchy principal value splits the interval of integration of 
an improper integral	into	closed	intervals,	on	whose	interiors	the	integrand	is	defined.

Improper	Integrals	of	Type-	I

When we defined definite integral 
( )

b

a

f x dxò
 we 

assumed that interval [a, b] is finite and that function 
f does not have infinite discontinuities. Let us extend 
integral to the case where interval [a, b] is infinite.

Consider	the	infinite	region	S	that	lies	below	the	

curve ( )y f x=  , above the x-axis and to the right of 
the line x = a.

You	might	think	that,	since	S	is	infinite	in	extent,	
its	area	must	be	infinite,	but	let	us	take	a	closer	look.	
The area of the part of S that lies to the

left of the line x=t is 
( ) ( ) ( ) ( )

t

a

A t f x dx F t F a= = -ò
 

where F is antiderivative of f.

Although the curves 2

1
y

X
=

 
and 

1
y

X
=  look very similar 

for x > 0, the region under 
2

1
y

X
=

 to the right of x = 1 
has finite area whereas 
the corresponding region 
under 1

y
X

=  has infinite 
area. Note that both 

2

1
X

 and 
1
X  approach 0 as x→∞x→∞ 
but 2

1
X  approaches faster 

than 
1
X  . The values of 

1
X  do 

not decrease fast enough 
for its integral to have a 
finite value.
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For example, if 
( ) 2

1
f x

x
=

 and a = 1 then 
( ) 2

1

1 11
t

A t dx
x t

= = -ò
.

Observe that in this case 
( ) 1lim lim 1 0

t t
A t

t¥ ¥® ®

æ ö÷ç= - =÷ç ÷çè ø .
So,	we	define	the	integral of f	(not	necessarily	a	positive	function)	over	an	infinite	

interval	as	the	limit	of	integrals	over	finite	intervals.

Definition of an Improper Integral of Type 1

1. If 
( )

t

a

f x dxò
 exists for every number t a³ , then 

( ) ( )lim
t

t
a a

f x dx f x dx
¥

¥®
=ò ò

 
provided	this	limit	exists	(as	a	finite	number).

2. If 
( )

b

t

f x dxò
 exists for every number t b£ , then 

( ) ( )lim
b b

t
t

f x dx f x dx
¥

¥
®

-

=ò ò
 

provided	this	limit	exists	(as	a	finite	number).

3. The improper integrals 
( )

a

f x dx
¥

ò
 and 

( )
b

f x dx
¥-
ò

 are called convergent are 
called convergent if the corresponding limit exists and divergent if the 
limit does not exist.

4. If both 
( )

a

f x dx
¥

ò
 and 

( )
a

f x dx
¥-
ò

 are convergent then 

( ) ( ) ( )
a

a

f x dx f x dx f x dx
¥ ¥

¥ ¥- -

= +ò ò ò
. Note, that any real number can be 

used. Once again only when BOTH integrals are convergent, convergent 

is also an integral 
( )f x dx

¥

¥-
ò

. Otherwise, it is divergent.
Any	of	the	improper	integrals	in	Definition	can	be	interpreted	as	an	area	provided	

that f is a positive function.

Example

For which p is integral 1

1
p

dx
x

¥

ò
 convergent?

Let us handle two cases: p = 1 and p	≠	1.

If p = 1 then 
( ) ( ) ( )( )1

1 1

1 1lim lim ln lim ln ln 1
t

t

t t t
dx dx x t

x x

¥

¥ ¥ ¥
¥

® ® ®
= = = - =ò ò ∣

Thus, when p = 1 integral is divergent.
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If p	≠	1	then	

1
1 1

1 1

1 1 1 1 1lim lim lim 1
1 1

t
p t

p p pt t t
dx dx x

x x p p t

¥

¥ ¥ ¥

- +
-® ® ®

æ ö æ ö÷ç ÷ç= = ÷= - ÷ç ç÷ ÷çç ÷ç è ø- + -è øò ò ∣
.

If p > 1 then p – 1 > 0 and 
1

1 0
pt - ®

 as t	→	∞.	Therefore,	 1

1 1
1p

dx
x p

¥

=
-ò

 when 
p > 1.

If p < 1 then p	−	1	<	0	and	
1

1
pt

¥- ®
 as t	→	∞.	Therefore,	integral is divergent.

Therefore, 1

1
p

dx
x

¥

ò
 is convergent for p > 1.

Example

Evaluate 

1
2xe dx

¥

-

-
ò

.
By definition 

1 1
2 2 2 1 2 2 2

2

1 1 1 1 1lim lim lim 0
2 2 2 2 2

x x x t
t

t t t
t

e dx e dx e e e e
e¥ ¥ ¥

¥

- -
- - -

®- ®- ®-
-

æ ö æ ö÷ ÷ç ç= = = - = - =÷ ÷ç ç÷ ÷ç çè ø è øò ò ∣

Example

Calculate if possible 
2

1
4

dr
r

¥

¥- +ò
.

It is convenient to take a	=	0	in	definition.
0

2 2 2
0

1 1 1 .
4 4 4

dr dr dr
r r r

¥ ¥

¥ ¥- -

= +
+ + +ò ò ò

Now 
0 0

1 0 1 1
2 2

1

1 1 1 1 0 1lim lim tan lim tan tan
4 4 2 2 2 2 2 2

1 1lim 0 tan 0
2 2 2 2

t
t t t

t

t

r t
dr dr

r r

t

¥ ¥ ¥
¥

¥

p p

- - -

®- ®- ®-
-

-

®-

æ ö æ öæ ö æ ö æ ö÷ ÷ç ÷ ç ÷ ÷ç ç ç= = = -÷ ÷÷ ÷ ÷ç çç ç ç÷ ÷÷ ÷ ÷ç ç çç ç÷ ÷è ø è ø è ø+ + è ø è ø
æ ö æ öæ ö æ ö÷ ÷ç ÷ ç ÷ç ç= - = - × - =÷ ÷÷ ÷ç çç ç÷ ÷÷ ÷ç çç ç÷ ÷è ø è øè ø è ø

ò ò ∣

.
4

Similarly 

1 1 1
02 2

0 0

1

1 1 1 1 1 0lim lim tan lim tan tan
4 4 2 2 2 2 2 2

1 1lim tan 0 0 .
2 2 2 2 4

t
t

t t t

t

r t
dr dr

r r

t

¥

¥ ¥ ¥

¥

p p

- - -

® ® ®-

-

®

æ ö æ öæ ö æ ö æ ö÷ ÷ç ÷ ç ÷ ÷ç ç ç= = = -÷ ÷÷ ÷ ÷ç çç ç ç÷ ÷÷ ÷ ÷ç ç çç ç÷ ÷è ø è ø è ø+ + è ø è ø
æ öæ ö ÷ç ÷ç= - = × - =÷÷ç ç ÷÷çç ÷è øè ø

ò ò ∣
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Since both of these integrals are convergent, the given integral is convergent and 

2

1 .
4 4 4 2

dr
r

¥

¥

p p p

-

= + =
+ò

.

Since 
2

1 0
4x
>

+ , the given improper integral can be interpreted as the area of the 

infinite	region	that	lies	under	the	curve	
2

1
4

y
x

=
+  and above the x-axis.

Example

Find 

1
dx

x

¥

¥-
ò

.
Here we will choose a = 1.

1

1

1 1 1 .dx dx dx
x x x

¥ ¥

¥ ¥- -

= +ò ò ò

It was shown in example above that 1

1
dx

x

¥

ò
 is divergent, so we do not need to 

calculate second integral. Since at least one integral is divergent then 

1
dx

x

¥

¥

-

ò
 is also 

divergent.

Improper	Integrals	of	Type	–	II

Suppose that f is a positive continuous function defined on a finite interval [a, b) 
but has a vertical asymptote at b. Let S be the unbounded region under the graph of 
f and above the x-axis between a and b. The area of the part of S between a and t is 

( ) ( )
t

a

A t f x dx= ò
.

If	it	happens	that	A(t)	approaches	a	definite	number	as	 t b-® , then we say that 

the area of the region S is A and we write 
( )lim

t

t b
a

A f x dx
-®

= ò
. We use this equation to 

define	an	improper	integral of Type 2 even when f is not a positive function, no matter 
what type of discontinuity f has at b.

Definition of an Improper Integral of Type 2

1. If is continuous on [a, b) and is discontinuous at b, then 
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( ) ( )lim
b t

t b
a a

f x dx f x dx
-®

=ò ò
	if	this	limit	exists	(as	a	finite	number).

2. If is continuous on (a, b] and is discontinuous at a, then 

( ) ( )lim
b b

t a
a t

f x dx f x dx
+®

=ò ò
	if	this	limit	exists	(as	a	finite	number).

3. The improper integral 
( )

b

a

f x dxò
 is called convergent if the 

corresponding limit exists and divergent if the limit does not exist.

4. If f has a discontinuity at c, where a < c < b, and both 
( )

c

a

f x dxò
 and 

( )
b

c

f x dxò
 are convergent, then 

( ) ( ) ( )
b c b

a a c

f x dx f x dx f x dx= +ò ò ò
. 

Only when BOTH integrals are convergent, convergent is 
( )

b

a

f x dxò
. Otherwise it is divergent.

Example

Find 

7

3

1
3

dx
x-ò

.

Integral is improper because 
( ) 1

3
f x

x
=

- 	has	infinite	discontinuity	at	x = 3.

Thus, 

( ) ( )

( )

7 7
7

3 3 3
3

1 1lim lim 2 3 2 lim 7 3 3
3 3

2 7 3 3 4.

t
t t t

t

dx dx x t
x x

t

+ + +® ® ®
= = - = - - -

- -

= - - - =

ò ò ∣

Example

Find 
( )

2

0

tan x dx

p

ò
 if possible.

Integral is divergent because 

( )
2

lim tan
t

x
p

¥
-æ ö÷ç® ÷ç ÷÷çè ø

=

.
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Therefore, 

( ) ( ) ( )( )

( ) ( )( ) ( )( )

2

0
0 02 2

2 2

tan lim tan lim ln cos

lim ln cos ln cos 0 lim ln cos .

t
t

t t

t t

x dx x dx x

t t

p

p p

p p
¥

- -

- -

æ ö æ ö÷ ÷ç ç® ®÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø

æ ö æ ö÷ ÷ç ç® ®÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø

= = -

= - + = - =

ò ò ∣

Thus, integral is divergent.

Example

Evaluate 

3

0

1
1

dx
x-ò

.
This integral is improper because x=1 is a vertical asymptote. Thus, 

3 1 3

0 0 1

1 1 1 .
1 1 1

dx dx dx
x x x

= +
- - -ò ò ò

( ) ( )
1

01 1 1 1
0 0

1 1lim lim ln 1 lim ln 1 ln 0 1 lim ln 1 .
1 1

t
t

t t t t
dx dx x t t

x x
¥

- - - -® ® ® ®
= = - = - - - = - =-

- -ò ò ∣

Therefore, 

1

0

1
1

dx
x-ò

 is divergent. This implies that 

3

0

1
1

dx
x-ò

 is divergent.

Example

Find if possible 
3

0

1
dx

x

¥

ò
.

Note that 
( ) 3

1
f x

x
=

	has	discontinuity	at	x=0	and	also	interval	is	infinite.	So,	this	
integral belongs to both types. To handle it, we split it into 2 integrals. We can split it 
up anywhere, but pick a value that will be convenient for evaluation purposes.

1

3 3 3
0 0 1

1 1 1 .dx dx dx
x x x

¥ ¥

= +ò ò ò

Handle first integral: 
1 1

1
3 3 2 2 2 20 0 0 0

0

1 1 1 1 1 1 1 1 1lim lim lim lim 1 .
2 2 1 2t

t t t t
t

dx dx
x x x t t

¥
+ + + +® ® ® ®

æ ö æ ö æ ö÷ ÷ ÷ç ç ç= = - =- - = - =÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè ø è ø è øò ò ∣

So, integral is divergent and so the whole integral is also divergent.

Comparison	Test	for	Improper	Integrals

Sometimes it is impossible to find the exact value of an improper integral and yet it is 
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important to know whether it is convergent or divergent. In such cases the following 
test is useful. Although we state it for Type 1 integrals, a similar theorem is true for 
Type 2 integrals.

Comparison Test

Suppose that f and g are continuous functions with ( ) ( ) 0f x g x³ ³ .

1. If 
( )

a

f x dx
¥

ò
 is convergent, then 

( )
a

g x dx
¥

ò
 is also convergent.

2. If 
( )

a

g x dx
¥

ò
 is divergent, then 

( )
a

f x dx
¥

ò
 is also divergent.

In terms of area the Comparison Test makes a lot of sense. If f(x) is larger than g(x) 
then the area under f(x) must also be larger than the area under g(x).

So,	if	the	area	under	the	larger	function	is	finite	( ( )
a

f x dx
¥

ò  converges) then the area 

under	the	smaller	function	must	also	be	finite	(
( )

a

g x dx
¥

ò  converges). Similarly, if the 

area	under	the	smaller	function	is	infinite	( ( )
a

g x dx
¥

ò  diverges) then the area under the 

larger	function	must	also	be	infinite	( ( )
a

f x dx
¥

ò  diverges).

You should correctly understand this test. Divergence of 
( )

a

f x dx
¥

ò
 does not imply 

divergence of 
( )

a

g x dx
¥

ò
 (it may or may not diverge). Convergence of 

( )
a

g x dx
¥

ò
 does not 

imply convergence of 
( )

a

f x dx
¥

ò
 (it may or may not converge).

Example

Determine whether 

2

0

xe dx
¥

-ò
 is convergent.

We cannot evaluate the integral directly because 

the antiderivative of 
2xe-
 is not an elementary 

function. However, note that 
2x x³  for 1x ³ .  

This means that 
2x x- £-  and 

2x xe e- -£  for 1x ³ .
However, we have integral	from	0	to	∞	instead	

of	1	to	∞.

An improper integral 
converges if the limit exists, 
that is, if the limit equals a 
finite number. Otherwise, 
an improper integral is 
said to diverge.
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So, we split integral as follows: 

2 2 2
1

0 0 1

.x x xe dx e dx e dx
¥ ¥

- - -= +ò ò ò

First integral	on	the	right-hand	side	is	just	an	ordinary	definite	integral and, thus, 
has	finite	value.

For the second integral with use comparison test (
2x xe e- -£  for 1x ³ ).

( ) ( )1
1

1 1

1lim lim lim .
t

x x x t t

t t t
e dx e dx e e e

e

¥

¥ ¥ ¥

- - - - -

® ® ®
= = - = - + =ò ò ∣

Thus, taking ( ) xf x e-=  and ( ) 2xg x e-=  in the Comparison Test, we see that 
2

1

xe dx
¥

-ò
 is convergent. It follows that is 

2

0

xe dx
¥

-ò
 is convergent.

Example

Determine if the integral 1

1
x

dx
x e

¥

+ò
 is convergent or divergent.

We can write that 
1 1

xx e x
<

+  but we cannot say nothing about integral because 

1

1
dx

x

¥

ò  is divergent.

So, let us try to drop out x: 
1 1 x

x x
e

x e e
-< =

+  for x	≥	1.

1

xe dx
¥

-ò
 is convergent, so 1

1
x

dx
x e

¥

+ò
 is also convergent by Comparison Test.

Example

Determine if the integral 
1

1 xe
dx

x

¥ +ò  convergent or divergent.

Integral is divergent by Comparison Test because 
1 1xe

x x

+ >  and 
1

1
dx

x

¥

ò  is divergent.

Example

Determine if the integral 
( )

2
1

cos x
dx

x

¥

ò
 convergent or divergent.

Since ( )cos 1x £  then integral is convergent by Comparison Test because 
( )

2 2

cos 1x

x x
<

 

and 
2

1

1
dx

x

¥

ò
 is convergent.
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CONCEPT:	IMPROPER	INTEGRAL
An improper integral is a type of integral that involves integrating a function over 
an interval where the function might not be defined at certain points or the interval 
extends to infinity. Improper integrals are important in calculus and analysis because 
they allow us to extend the concept of integration beyond the limits of a finite interval.

There are two main types of improper integrals:
• Type 1: Infinite Interval An improper integral of Type 1 occurs when 

one	 or	 both	 of	 the	 limits	 of	 integration	 are	 infinite.	Mathematically,	 it’s	
expressed as:

∫[a,	∞)	f(x)	dx	or	∫(–∞,	b]	f(x)	dx	or	∫(–∞,	∞)	f(x)	dx
	 Here,	‘a’	and	‘b’	are	real	numbers,	and	f(x)	is	the	integrand.
 To evaluate these integrals, you often take a limit as a or b approaches 

infinity	or	negative	infinity,	depending	on	the	situation.
• Type 2: Discontinuities An improper integral of Type 2 occurs when 

the function has a discontinuity within the interval of integration. 
Mathematically, it’s expressed as:

∫[a,	b]	f(x)	dx
where	‘f(x)’	has	a	discontinuity	at	some	point	within	[a,	b].
To evaluate these integrals, you break down the interval into subintervals around 

the point(s) of discontinuity and then take a limit as the size of these subintervals 
approaches zero.

When evaluating improper integrals, you need to be cautious about the convergence 
or divergence of the integral. An improper integral is said to converge if the limit of 
its	 value	 exists	 and	 is	finite.	 It’s	 said	 to	 diverge	 if	 the	 limit	 does	 not	 exist	 or	 if	 it	
approaches	infinity.

Some improper integrals converge, some diverge, and others might be conditionally 
convergent (convergent under certain conditions). Determining the convergence or 
divergence often involves applying techniques from calculus, such as limit comparison 
test, comparison test, ratio test, and more.

Improper	 integrals	 are	 used	 in	 various	 fields	 of	 mathematics	 and	 science,
including physics, engineering, probability theory, and more. They provide a way to 
calculate	areas,	volumes,	probabilities,	and	other	quantities	that	might	not	fit	within	
the framework of a standard, well-behaved integral.
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SUMMARY
•	 In calculus and other branches of mathematical analysis, when the limit 

of	 the	 sum,	 difference,	 product,	 quotient	 or	 power	 of	 two	 functions	 is	
taken, it may often be possible to simply add, subtract, multiply, divide or 
exponentiate the corresponding limits of these two functions respectively. 

•	 An	improper	integral	is	an	extension	of	the	notion	of	a	definite	integral	to	
cases that violate the usual assumptions for that kind of integral.

•	 An indeterminate form takes place if by knowing the limits of the functions 
involved we cannot determine what is the overall limit.

•	 An	improper	integral	is	a	type	of	definite	integral	in	which	the	integrand	is	
undefined	at	one	or	both	of	the	endpoints.	Strictly	speaking,	it	is	the	limit	of	
the	definite	integral	as	the	interval	approaches	its	desired	size.

•	 Sometimes	it	is	impossible	to	find	the	exact	value	of	an	improper	integral	
and yet it is important to know whether it is convergent or divergent.
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MULTIPLE	CHOICE	QUESTIONS
1. Let f on (f(x)) denote the composition of f(x) with itself n number of times 

then the value of ltn → ∞ f o
n (sin(x)) =

a. -1
b. 2
c.	 ∞
d. 0

2.  If differentiation of any function is zero at any point and constant at other 
points then it means?
a. Function is parallel to x-axis at that point
b. Function is parallel to y-axis at that point
c. Function is constant
d. Function is discontinuous at that point

3.  The term “indeterminate” is sometimes used as a synonym for unknown 
or variable.
a. True
b. False 

4.  Infinity is a concept describing something without any bound or larger 
than any natural number.
a. True
b. False 

5.  Fraction is a number that represents a part of a whole. It consists of a 
numerator and a denominator.
a. True
b. False 

Answers

1. (d)  2. (a)  3. (a)  4. (a)  5. (a)
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REVIEW	QUESTIONS
1. What do you understand by indeterminate form? Explain.

2. Describe the indeterminate form 0/0.

3. Discuss about the indeterminate form	infinity/infinity	(∞/∞).

4. Explain the indeterminate form	0	x	infinity	(0	×	∞).

5. Discuss the indeterminate form	infinity	minus	infinity	(∞	–	∞)

6. What is improper integral?	Define.

7. Discuss about the improper integrals of type- I.

8. Explain about the improper integrals of type – II.
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Differential calculus is a subfield of calculus concerned 
with the study of the rates at which quantities change. 
It is one of the two traditional divisions of calculus, 
the other being integral calculus, the study of the area 
beneath a curve.

After studying this chapter, you will understand the core concepts of:
•	 Differential	Calculus
•	 Differentiation	of	Implicit	Functions
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INTRODUCTION
Differential calculus, Branch of mathematical analysis, devised by Isaac Newton and 
G.W. Leibniz, and concerned with the problem of finding the rate of change of a 
function with respect to the variable on which it depends. Thus it involves calculating 
derivatives and using them to solve problems involving non-constant rates of change. 
Typical applications include finding maximum and minimum values of functions 
in order to solve practical problems in optimization. Differential calculus is the 
variation of a function with respect to changes in independent variables, especially 
the use of differentiation to calculate rates of change of a function and the maximum 
and minimum values of a function. Differential calculus has applications such as 
calculating compound interest, organic growth, and slopes of curves, and studying 
the acceleration of moving bodies. Compare calculus of variations, integral calculus, 
and differential calculus is a subfield of calculus concerned with the study of the rates 
at which quantities change. It is one of the two traditional divisions of calculus, the 
other being integral calculus. The primary objects of study in differential calculus 
are the derivative of a function, related notions such as the differential, and their 
applications. The derivative of a function at a chosen input value describes the rate 
of change of the function near that input value. The process of finding a derivative 
is called differentiation. Geometrically, the derivative at a point is the slope of the 
tangent line to the graph of the function at that point, provided that the derivative exists 
and is defined at that point. For a real-valued function of a single real variable, the 
derivative of a function at a point generally determines the best linear approximation 
to the function at that point. Differential calculus is the study of instantaneous rates of 
change; these rates of change are known as derivatives.

 
CORE	CONCEPT:	 
DIFFERENTIAL	CALCULUS
Differential calculus deals with the study of the 
rates at which quantities change. It is one of the two 
principal areas of calculus (integration being the 
other). 

Differential calculus describes the methods by which, given a function, you can find its 
associated rate of change function, called the “derivative.” The function must describe 
a constantly changing system, such as the temperature variation over the course of 
the day or the velocity of a planet around a star over the course of one rotation. The 
derivative of those functions would give you the rate that the temperature changed and 
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the acceleration of the planet, respectively. Calculus approaches 
the paths of objects in motion as curves, or functions, and then 
determines the value of these functions to calculate their rate of 
change, area, or volume. In the 18th century, Sir Isaac Newton 
and Gottfried Leibniz simultaneously, yet separately, described 
calculus to help solve problems in physics. The two divisions 
of	calculus,	differential	and	integral,	can	solve	problems	like	
the velocity of a moving object at a certain moment in time, or 
the surface area of a complex object like a lampshade.

Differential	 calculus relies on the fundamental principle 
that you can always use approximations of increasing accuracy 
to	find	the	exact	answer.	For	instance,	you	can	approximate	a	
curve by a series of straight lines: the shorter the lines, the closer 
they are to resembling a curve. You can also approximate a 
spherical solid by a series of cubes that get smaller and smaller 
with	each	iteration	that	fits	inside	the	sphere.	Using	calculus,	
you can determine that the approximations tend toward the 
precise end result, called the limit, until you have accurately 
described and reproduced the curve, surface, or solid. 

Limits	and	Continuity

When two variables are functionally related, it is reasonable 
to ask what the behavior of one (dependent) variable is as the 
other (independent) variable exhibits the specific behavior 
of “approaching” a particular number. When the dependent 
variable also approaches a particular number, we call that 
number a limit. The concept of limit is very powerful, but the 
Greeks were limited in their advances because modem algebraic 
notation had not yet been invented. Limit is the fundamental 
concept of calculus. In fact, a simplistic definition of calculus 
would be a study of limits. It is in this theme that we begin our 
calculus adventure. 

The	concept	of	continuity	is	an	important	first	step	in	the	
analysis	leading	to	differential	and	integral	calculus. It is also 
an	 important	analytical	 tool	 in	 its	own	right,	with	significant	
practical applications. Fortunately the main theorems are 
intuitive, though their proofs can be technically challenging. 
Nonetheless we prove most of the continuity theorems we state, 
while the remaining theorems we discuss and apply without 
proof, since they are intuitive and useful but their proofs require 
background material from at least a junior level real analysis 
or topology. Related to continuity is the concept of limit, 
which is vital for calculus since it puts calculus on the same 

Velocity is a 
physical vector 
quantity; both 
magnitude and 
direction are needed 
to define it, also it 
is the measurement 
of the rate at which 
an object changes its 
position.
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rigorous footing as other mathematical disciplines 
such as algebra and geometry. In our more modern 
times it has further conceptual appeal, as it is often 
only possible to approximate the solution to some 
problem, even though our method of approximation 
may be arbitrarily close to the actual solution if 
given enough computing resources. However, the 
real value of limits lies in its use in confronting an 
interesting phenomenon. 

This is the fact that in mathematics we at times 
find	our	analysis	(algebraic,	geometric	or	otherwise)	
breaking down at exactly the value of some variable 
where we would like to compute something; that 
is, we are allowed to let that variable “approach” 
the desired value as closely as we would like but 
it cannot equal that value according to our classical, pre-calculus mathematics. The 
relatively modern mathematical tool called “limits” can often break through the 
analytic barrier at that value, in turn opening us to the extensive and spectacularly 
useful	field	we	call	calculus.	Many	examples	of	continuity	and	limits	in	action	seem
straightforward	enough,	but	without	a	sufficiently	deep	understanding	it	is	all	too	easy	
for students to fall victim to common errors. For this reason we introduce the rather 
technical	definition	of	continuity	here,	and	develop	a	method	to	prove	continuity	in	
cases which may seem obvious. Some powerful continuity theorems follow, as do 
applications. We then employ limits for cases where continuity is “broken,” and in 
numerous other contexts to make calculus possible, and as an analytical tool in its 
own right. 

Limit

A sequence is said to approach x0 or converge to x0 from below if it converges to x0 
and all its member are less than x0.

We say that the limit of f from below at x0 is h, written as −→
=

0x x
lim f(x) h

 if for any 
sequence {xj} that approaches x0 from below, {f(xj)} approaches h.

Similarly the limit of f from above at x0 is h, written as +→
=

0x x
lim f(x) h

 , if for any 
sequence {xj} that approaches x0 from above, {f(xj)} approaches h.

We write →
=

0x x
lim f(x) h

 when the limits from above and below are both h.
With	these	definitions,	we	can	prove	that	if

0 0

lim f(x) a and lim g(x) b
x x x x

= =
® ®

Limits and continuity 
sufficiently to avoid 
numerous common 
mistakes requires a care 
and depth of thought. 
After continuity, we use a 
“forms” approach to limits, 
those forms themselves 
being ultimately intuitive 
but nonetheless requiring 
students to study them 
carefully and extensively 
to achieve satisfactory 
proficiency.
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Then

0

lim [f(x) g(x)] a b
x x

+ = +
®       (1)

0

lim [f(x) g(x)] ab
x x

+ =
®       (2)

Proof of (1) Statement

Consider a sequence {xj} that converges to x, so that {f(xj)} converges to a and {g(xj)} 
converges to b. Given a criterion q, q > 0, choose n such that all terms xj for j > n have

j j
q qf(x ) a ,and g(x ) b
2 2

- < - <

Then we get , and we can conclude that the limit of f + 
g is a + b.

Proof of (2) Statement

As in the last argument, choose n so that all xj for j > n obey

j j
1 q 1 qf (x ) a and g(x ) b 1 q| b | 1 2 2| a |

| b | 1 2

− < − <
+ +

+     (3)
We then have

( ) ( )j j j j j
q qf(x )g(x ) ab f(x )a b g(x ) b f(x ) q
2 2

- = + - < + =
 0(4)

which means that fg converges to ab.
Thus the limit of sum is the sum of the limits of the terms summed; and the limit 

of a product is the product of the limits of its factors, (when they exist).
The limit of a function f(x) as x approaches c is the value that f(x) approaches as 

x approaches the number c. mathematically this is written as:

        (5)
A limit looks at the behavior of f(x) as x gets closer and closer to c. The truth is 

that when we are looking for limits, we are not interested in what happens to f(x) 
when x actually equals c – we are only concerned with its behavior as x gets closer 
and closer to c. 
Example: Consider the following function

     (6)
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What	happens	as	x	→	2.	
Note that this function looks just like the function f(x) = x2+2, except that f (2) = 9 

here instead of 6. It can be seen from the graph on the next page that as x approaches 2, 
from both the positive and the negative side, the function f(x) approaches 6. Therefore 
the limit of f(x) as x approaches 2 is clearly 6 even though at x = 2 the function is 
clearly 9.

Left and Right Hand Limits

The last example is an example of a two-sided limit. It is considered two-sided 
because we get the same value for the limit whether we let x approach c “from the 
negative side” (left-hand limit) i.e. from values of x less than c or “from the positive 
side” (right-hand limit) i.e. from values of x greater than c. However, not all functions 
behave like this. Some functions approach different values depending on whether we 
let x approach c from the negative or the positive side. In general,

   (7)
In other words, the two-sided limit exists only if the left-hand and right-hand 

limits both exist and are equal. 

Continuity

A function f is continuous at x0 in its domain if for every sequence (xn) with xn in the 
domain of f for every n and lim xn = x0, we have lim f(xn) = f(x0). We say that f is 
continuous if it is continuous at every point in its domain.

What does this say? It says that any time a sequence converges in the domain, the 
image of the sequence in the range also converges. In other words, we could either 
take	the	limit	first,	and	then	apply	the	function,	or	apply	the	function	first,	and	then	
take the limits. Informally, f is continuous if:
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This	is	a	powerful	definition	because	we	have	spent	a	lot	
of time studying sequences and limits, so we can use what we 
know to deduce results about continuity. In particular, we can 
use all the limit rules to avoid tedious calculations.

However, there is a ε	−	δ	definition,	similar	to	the	definition	
of a limit, which goes as follows:

A function f is continuous at x0 in its domain if for every 
ε > 0 there is a δ > 0 such that whenever x is in the domain of 
f	and	|x	−	x0| < δ,	we	have	|f(x)	−	f(x0)|	<	ε. Again, we say f is 
continuous if it is continuous at every point in its domain.

The	 definition	 of	 continuity	 gives	 you	 a	 fair	 amount	 of	
information about a function, but this is all a waste of time 
unless you can show the function you are interested in is 
continuous. Fortunately for us, a lot of natural functions are 
continuous,	 and	 it	 is	 not	 too	 difficult	 to	 illustrate	 this	 is	 the	
case. There are three main techniques:

To show a function is continuous, we can do one of three 
things:

(i)		 Show	 it	 satisfies	 the	 sequence	 definition	 of	
continuity 

(ii)		 Show	it	satisfies	the	ε	−	δ	definition	of	continuity
(iii)  Decompose it into simpler functions we already 

know to be continuous
The most direct approach is (i): to show a function is 

continuous,	we	show	it	satisfies	the	definition	of	continuity.	In	
other words, if we have a convergent sequence in the domain, 
then the image of the sequence converges (to the right limit). 
Note that this has to hold for every convergent sequence - you 
cannot show it works for just one. This is often a nice and clean 
approach for simple functions, as we can use the limit rules.

For example, suppose we have the function

   (8)
Note that the domain of this function is: the numerator 

and denominator are polynomials,	hence	defined	 for	all	 real	
numbers. Moreover, as x4	 ≥	 0,	 the	denominator	 is	 always	 at	
least 1, so we never divide by 0.

Now suppose we have a convergent sequence (xn) with lim 
xn = x0. Then, using the limit rules, we have

Polynomial is 
an expression 
consisting of 
variables and 
coefficients which 
only employs 
the operations of 
addition, subtraction, 
multiplication, and 
non-negative integer 
exponents.
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     (9)
Hence	f	satisfies	the	definition	of	continuity,	and	is	thus	continuous.
Thus it should be used in two situations: when we cannot compute the limit, or 

when we need some information about how continuous the function is.
For example, consider the function

       (10)
Suppose we wish to show this is continuous using the ε	−	δ	definition.	Then	we	

need	to	control	the	error	|f(x)	−	f(x0)|	in	terms	of	|x	−	x0|. We have

    (11)
where in the last inequality we use the triangle inequality. The first factor is in the 
form	we	want,	as	it	is	in	terms	of	x	−	x0. However, the second term also depends on x, 
so	we	must	rewrite	it	in	terms	of	x	−	x0. We can then use the triangle inequality again 
to obtain an upper bound.

   (12)
Thus	we	have	bounded	the	error	|f(x)	−	f(x0)|	in	terms	of	|x	−	x0|. We now need to 

show that given any ε> 0, we can choose δ	>	0	small	enough	so	that	if	|x	−	x0| < δ, then 
|f(x)	−	f(x0)| < ε.	Indeed,	suppose	|x	−	x0| < 1. Then we have

 (13)
If we further have 

        (14)
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Then

  (15)

as desired. Hence we may take  in the ε−δ 
definition, showing that f is continuous. Note that in this case δ 
depends on both ε and x0, but this is permitted.

The	final	method,	of	decomposing	a	function	into	simple	
continuous functions, is the simplest, but requires that you 
have a set of basic continuous functions to start with - somewhat 
akin	to	using	limit	rules	to	find	limits.	So,	for	example,	if	we	
know that both g(x) = x and the constant function h(x) = k (for 
k ∈ ) are continuous , then we can show that

    (16)
is continuous, since it is the quotient of f1(x) = x2	−2x+	2	and	
f2(x) = x4 + 1. Now x2 and 2x are the products of continuous 
functions, hence continuous, and 2 is a continuous function, 
so f1(x) = x2	−2x+	2	is	continuous.	As	x2 is continuous, x4 is 
continuous (either since it is x2 multiplied by itself, or x 2 
composed with itself), and so f2(x) = x4 +1 is continuous. As 
f2(x) 6= 0 for all x, the quotient f(x) = f1(x) f2(x) is continuous 
everywhere.

Partial	Derivatives

Just as derivatives can be used to explore the properties of 
functions of 1 variable, so also derivatives can be used to 
explore functions of 2 variables.

Let f(x, y) be a function with two variables. If we keep y 
constant	and	differentiate	f	(assuming	f	is	differentiable)	with	
respect to the variable x, we obtain what is called the partial 
derivative of f with respect to x which is denoted by

Similarly	If	we	keep	x	constant	and	differentiate	f	(assuming	
f	is	differentiable)	with	respect	to	the	variable	y,	we	obtain	what	
is called the partial derivative of f with respect to y which is 
denoted by

Continuous 
function is a 
function for which 
sufficiently small 
changes in the input 
result in arbitrarily 
small changes in the 
output. Otherwise, 
a function is said to 
be a discontinuous 
function.
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We	might	also	define	partial	derivatives of function f as follows:

     (17)
We now present several examples with detailed solution on how to calculate 

partial derivatives.
Example: Find the partial derivatives fx and fy if f(x, y) is given by:

     (18)
Solution: Assume	y	is	constant	and	differentiate	with	respect	to	x	to	obtain

 (19)
Now	assume	x	is	constant	and	differentiate	with	respect	to	y	to	obtain

 (20)
Now that we have the brief discussion on limits out of the way we can proceed 

into taking derivatives of functions of more than one variable. Before we actually 
start taking derivatives of functions of more than one variable let’s recall an important 
interpretation of derivatives of functions of one variable. 

Recall that given a function of one variable, f(x)  the derivative, ′f (x)  represents 
the rate of change of the function as x changes. This is an important interpretation 
of derivatives and we are not going to want to lose it with functions of more than 
one variable.  The problem with functions of more than one variable is that there is 
more than one variable.  In other words, what do we do if we only want one of the 
variables to change, or if we want more than one of them to change?  In fact, if we 
are going to allow more than one of the variables to change there are then going to be 
an	infinite	amount	of	ways	for	them	to	change.		For	instance,	one	variable	could	be	
changing faster than the other variable(s) in the function.  Notice as well that it will 
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be	completely	possible	for	the	function	to	be	changing	differently	depending	on	how	
we allow one or more of the variables to change. We will need to develop ways, and 
notations, for dealing with all of these cases.  

Let’s start with the function = 2 3f(x,y) 2x y  and let’s determine the rate at which the 
function is changing at a point, (a,b) if we hold y	fixed	and	allow	x to vary and if we 
hold x	fixed	and	allow	y to vary.

We will start by looking at the case of holding y	fixed	and	allowing	x to vary.  
Since we are interested in the rate of change of the function at (a, b) and are holding 
y	fixed	this	means	that	we	are	going	to	always	have	y=b	(if	we	did	not	have	this	then	
eventually y would have to change in order to get to the point). Doing this will give us 
a function involving only x’s	and	we	can	define	a	new	function	as	follows:

= = 2 3g(x) f(x,b) 2x b     (21)
Now, this is a function of a single variable and at this point all that we are asking 

is to determine the rate of change of g(x) at x=a.  In other words, we want to compute 
g’(a) and since this is a function of a single variable we already know how to do that.  
Here is the rate of change of the function at (a, b) if we hold y	fixed	and	allow	x to 
vary.

= 3g '(a) 4ab

We will call g’(a) the partial derivative of f(x,y) with respect to x at (a,b) and we 
will denote it in the following way,

= 3
xf (a, b) 4ab

Now, let’s do it the other way.  We will now hold x	fixed	and	allow	y to vary.  We 
can do this in a similar way. Since we are holding x	fixed	it	must	be	fixed	at	x=a	and	so	
we	can	define	a	new	function	of	y	and	then	differentiate	this	as	we	have	always	done	
with functions of one variable.

Here is the work for this,

= = ⇒ =2 3 2 2h(y) f(a,y) 2a y h'(b) 6a b  (22)

In this case we call h’(a) the partial derivative of f(x,y) with respect to y at (a,b) 
and we denote it as follows,

= 2 2
yf (a, b) 6a b

     (23)
These two partial derivatives	are	sometimes	called	the	first	order	partial	derivatives. 

Just as with functions of one variable we can have derivatives of all orders. We will be 
looking at higher order derivatives.

The notation for partial derivatives	 is	 different	 than	 that	 for	 derivatives	 of	
functions of a single variable. With functions of a single variable we could denote the 
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derivative with a single prime. However, with partial derivatives we will always need 
to	remember	the	variable	that	we	are	differentiating	with	respect	to	and	so	we	will	
subscript	the	variable	that	we	differentiated	with	respect	to.	We	will	shortly	be	seeing	
some alternate notation for partial derivatives as well.

Note as well that we usually do not use the (a,b) notation for partial derivatives.  
The more standard notation is to just continue to use(x,y).  So, the partial derivatives 
will more commonly be written as,

= =3 2 2
x yf (x,y) 4xy and f (x,y) 6x y

Now, as this quick example has shown taking derivatives of functions of more 
than one variable is done in pretty much the same manner as taking derivatives of a 
single variable.  To compute fx(x,y) all we need to do is treat all the y’s as constants (or 
numbers)	and	then	differentiate	the	x’s as we have always done. Likewise, to compute 
fy(x,y) we will treat all the x’s	as	constants	and	then	differentiate	the	y’s as we are used 
to	doing.	Before	we	work	any	examples	let’s	get	the	formal	definition	of	the	partial	
derivative out of the way as well as some alternate notation.

Since we can think of the two partial derivatives above as derivatives of single 
variable	functions	it	should	not	be	too	surprising	that	the	definition	of	each	is	very	
similar	to	the	definition	of	the	derivative	for	single	variable	functions.		

Here	are	the	formal	definitions	of	the	two	partial	derivatives:

→ →

+ − + −
= =x y

h 0 h 0

f(x h,y) f(x,y) f(x,y h) f(x,y)
f (x, y) lim f (x,y) lim

h h

Now let’s take a quick look at some of the possible alternate notations for partial 
derivatives.  Given the function z=f(x,y) the following are all equivalent notations,

= = = = = =

= = = = = =

x x x x

y y y y

df d dzf (x,y) f (f(x, y)) z D f
dx dx dx
df d dzf (x,y) f (f(x, y)) z D f
dy dy dy  (24)

For the fractional notation for the partial derivative	notice	the	difference	between	
the partial derivative and the ordinary derivative from single variable calculus.

⇒ =

⇒ = =x y

dff(x) f '(x)
dx

df dff(x, y) f (x,y) & f (x,y)
dx dy    (25)

Total	Derivative

A total derivative or full derivative of a function f of several variables, e.g., t, x, y, etc., 
with respect to an exogenous argument, e.g., t, is the limiting ratio of the change in 
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the function’s value to the change in the exogenous argument’s value (for arbitrarily 
small changes), taking into account the exogenous argument’s direct effect as well as 
its indirect effects via the other arguments of the function. 

The total derivative	 of	 a	 function	 is	 different	 from	 its	 corresponding	 partial	
derivative (δ). Calculation of the total derivative of f with respect to t does not assume 
that the other arguments are constant while t varies; instead, it allows the other 
arguments to depend on t. The total derivative adds in these indirect dependencies to 
find	the	overall	dependency	of	f	on	tfor	example,	the	total	derivative of f(t,x,y) with 
respect to t is
df f dt f dx f dy
dt t dt x dt y dt

∂ ∂ ∂
= + +
∂ ∂ ∂     (26)

Which	simplifies	to
df f f dx f dy
dt t x dt y dt

∂ ∂ ∂
= + +
∂ ∂ ∂     (27)

Consider	multiplying	both	sides	of	the	equation	by	the	differential	dt:
f f fdf dt dx dy
t x y

∂ ∂ ∂
= + +
∂ ∂ ∂      (28)
The	 result	 is	 the	 differential	 change	 df	 in,	 or	 total	 differential	 of,	 the	 function	

f. Because f depends on t, some of that change will be due to the partial derivative 
of f with respect to t. However, some of that change will also be due to the partial 
derivatives	of	f	with	respect	to	the	variables	x	and	y.	So,	the	differential	dt	is	applied	
to	the	total	derivatives	of	x	and	y	to	find	differentials	dx	and	dy,	which	can	then	be	
used	to	find	the	contribution	to	df.

Differentiation with Indirect Dependencies

Suppose that f is a function of two variables, x and y. normally these variables are 
assumed to be independent. However, in some situations they may be dependent on 
each other. For example y could be a function of x, constraining the domain of f to a 
curve in R2. In this case the partial derivative of f with respect to x does not give the 
true rate of change of f with respect to changing x because changing x necessarily 
changes y. The total derivative takes such dependencies into account.

For example, suppose

f (x, y)=xy
The rate of change of f with respect to x is usually the partial derivative of f with 

respect to x; in this case,

df y
dx

=
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However, if y depends on x, the partial derivative does not give the true rate of 
change of f as x changes because it holds y	fixed.

Suppose we are constrained to the line

Y=x
then

f (x, y)=f (x, x)=x2

In that case, the total derivative of f with respect to x is

df 2x
dx

=

Instead of immediately substituting for y in terms of x, this can be found 
equivalently using the chain rule:

df f f dy y x 1 x y
dx x y dx

∂ ∂
= + = + = +
∂ ∂



  (29)
Notice that this is not equal to the partial derivative:
df f2x y x
dx x

∂
= ≠ = =

∂ .     (30)
While one can often perform substitutions to eliminate indirect dependencies, the 

chain	rule	provides	for	a	more	efficient	and	general	technique.	Suppose	M	(t,	p1, ..., 
pn) is a function of time t and n variables  which themselves depend on time. Then, 
the total time derivative of M is

1 n
dM d M(t,p (t),.....,p (t))
dt dt     (31)
The	chain	rule	for	differentiating	a	function	of	several	variables	implies	that

n n
i i

i 1 i 1i i

dM M M dp dp (M)
dt t p dt t dt p= =

 ∂ ∂ ∂ ∂
= + = +  ∂ ∂ ∂ ∂ 

∑ ∑
   (32)

This expression is often used in physics for a gauge transformation of the Lagrangian, 
as	two	Lagrangians	that	differ	only	by	the	total	time	derivative	of	a	function	of	time	
and the n generalized coordinates lead to the same equations of motion. An interesting 
example concerns the resolution of causality concerning the Wheeler–Feynman time-
symmetric	theory.	The	operator	in	brackets	(in	the	final	expression)	is	also	called	the	
total derivative operator (with respect to t).
For example, the total derivative of f(x(t), y(t)) is
df f dx f dy
dt x dt y dt

∂ ∂
= +
∂ ∂      (33)
Here	 there	 is	no	∂f	 /	∂t term since f itself does not depend on the independent 

variable t directly.
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The total derivative via differentials

Differentials provide a simple way to understand the total derivative. For instance, 
suppose M (t, p1, . . . . .pn) is a function of time t and n variables . Then, the 
differential of M is

n

i
i 1 i

M MdM dt dp
t p=

∂ ∂
= +

∂ ∂∑
     (34)

This expression is often interpreted heuristically as a relation between 
infinitesimals.	However,	if	the	variables	t	and	pi are interpreted as functions, and M 
(t, p1, . . . . .pn) is interpreted to mean the composite of M with these functions, then 
the	above	expression	makes	perfect	sense	as	an	equality	of	differential	1-forms,	and	is	
immediate from the chain rule for the exterior derivative. The advantage of this point 
of view is that it takes into account arbitrary dependencies between the variables. 

For example, if 
2
1 2 3p p p=  then 1 1 3 2 2 32p dp p dp p dp= + . In particular, if the variables pi are 

all functions of t, then
n

i

i 1 i

M M pdM dt dt
t p t=

∂ ∂ ∂
= +

∂ ∂ ∂∑
  (35)

Dividing through by dt gives the total derivative dM / dt.

The total derivative as a linear map

Let nU ⊆   be an open subset. Then a function mf : U →   is said to be (totally) differentiable 
at a point p U∈ , if there exists a linear map  (also denoted Dpf or Df(p)) such 
that

p

x p

f (x) f (p) df (x p)
lim 0

x p→

− − −
=

−
    (36)

The linear map dfp is called the (total) derivative or 
(total) differential of f at P. A function is (totally) 
differentiable if its total derivative exists at every 
point in its domain.

Note	 that	 f	 is	differentiable	 if	 and	only	 if	 each	
of its components if : U →  	 is	 differentiable.	 For	 this	
it	 is	 necessary,	 but	 not	 sufficient,	 that	 the	 partial	
derivatives of each function fj exist. However, if 
these partial derivatives exist and are continuous, 
then	 f	 is	 differentiable	 and	 it’s	 differential	 at	 any	
point is the linear map determined by the Jacobian 
matrix of partial derivatives at that point.

A partial derivative of 
a function of several 
variables is its derivative 
with respect to one of those 
variables, with the others 
held constant (as opposed 
to the total derivative, in 
which all variables are 
allowed to vary). Partial 
derivatives are used 
in vector calculus and 
differential geometry.
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CORE	CONCEPT:	 
DIFFERENTIATION	OF	 
IMPLICIT	FUNCTIONS
An implicit function is a function that is defined 
implicitly by an implicit equation, by associating one 

of the variables (the value) with the others (the arguments).
Sometimes functions are given not in the form y = f(x) but in a more complicated 
form in which it is difficult or impossible to express y explicitly in terms of x. Such 
functions are called implicit functions.

Consider an expression such as

    (37)

It	would	be	quite	difficult	to	re-arrange	this	so y	was	given	explicitly	as	a	function	
of x. We could perhaps, given values of x, use the expression to work out the values 
of	y	and	thereby	draw	a	graph.	In	general	even	if	this	is	possible,	it	will	be	difficult.	A	
function	given	in	this	way	is	said	to	be	defined	implicitly.	

Example:	Suppose	we	want	to	differentiate	the	implicit	function

     (38)
with respect x.

We	differentiate	each	term	with	respect	to	x:

  (39)
Differentiating	 functions	 of	 x	 with	 respect	 to	 x	 is	 straightforward.	 But	 when	

differentiating	a	function	of	y	with	respect	to	x	we	must	remember	the	rule	given	in	
the	next	key	point.	We	find

 (40)
that is

    (41)



103

D
ifferential Calculus O

f Several Variables

We rearrange this to collect all terms involving dy/dx together

     (42)
Then

     (43)
so	that,	finally

      (44)
This is the expression for dy/dx.

Example:	Suppose	we	want	to	differentiate,	with	respect	to	x,	the	implicit	function

    (45)
We	differentiate	each	term	with	respect	to	x.

  (46)
Recognize that the second term is a product and we will need the product rule. We 

will	also	use	the	chain	rule	to	differentiate	the	functions	of	y.	We	find

 (47)
so that

 (48)
Tidying this up gives

  (49)
We now start to collect together terms involving dy/dx.
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   (50)
So that, finally

     (51)
We have deliberately included plenty of detail in this calculation. With practice 

you will be able to omit many of the intermediate stages. The following two examples 
show how you should aim to condense the solution.

Jacobian	Properties

Jacobian is a determinant which is defined for a finite number of functions of the same 
number of variables and in which each row consists of the first partial derivatives of 
the same function with respect to each of the variables.

Most mechanisms of interest to computer animation are too complex to allow an 
analytic solution. For these, the motion can be incrementally constructed. At each time 
step, the best way to change each joint angle in order to direct the current position 
and	orientation	of	the	end	effector	toward	the	desired	configuration	is	computed.	The	
computation is performed by forming the Jacobian matrix which is a matrix of partial 
derivatives.

In order to explain the Jacobian from a strictly mathematical point of view, 
consider the six arbitrary functions of equation (52), each of which is a function of six 
independent	variables.	Given	specific	values	for	the	input	variables,	the	xis, each of 
the output variables, the yis, can be computed by its respective function.

    (52)
The	differentials	of	yi	can	be	written	in	terms	of	the	differentials	of	xi using the 

chain rule. The generates Equation (53)
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 (53)
Equation (52) and (53) can be put in vector notation producing Equation (54) and 

Equation 5.

        (54)

       (55)

The 6x6 matrix of partial derivatives
F
X
∂
∂  is called the Jacobian and is a function of 

the current values of the xi. The Jacobian can be thought of mapping the velocities of 
X to the velocities of Y (Equation (56)). At any particular point in time, the Jacobian 
is a linear function of the xi’s. At the next instant of time, X has changed and so has 
the linear transformation represented by the Jacobian.

       (56)
In applying the Jacobian to a linked appendage, the input variables, xis, become 

the joint angles and the output variables, yis,	become	the	end	effector	position	and	
orientation. In this case, the Jacobian relates the velocities of the joint angles to the 
velocities	of	the	end	effector	position	and	orientation	(Equation	(57)).

       (57)
V is the vector of linear and rotational velocities and represents the desired change 

in	the	end	effector.	The	desired	change	will	be	based	on	the	difference	between	its	
current	position/orientation	to	that	specified	by	the	goal	configuration.	These	velocities	
are vectors in three-space so each has an x, y, and z component (Equation (58)) is a 
vector of joint angles velocities and are the unknowns of the equation (Equation (59)). 
J, the Jacobian, is a matrix which relates the two and is a function of the current pose 
(Equation (60)).

     (58)

     (59)
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  (60)

Each	term	of	the	Jacobian	relates	the	change	of	a	specific	joint	with	a	change	in	
the	end	effector.	The	rotational	change	in	the	end	effector,	ω, is merely the velocity of 
the joint angle about the axis of revolution at the joint under consideration. The linear 
change	in	the	end	effector	is	the	cross	product	of	the	axis	of	revolution	and	a	vector	
from	the	joint	to	the	end	effector.	This	is	the	linear	direction	of	travel	instantaneously	
induced	at	the	end	effector	by	the	rotation	at	the	joint.	(See	Figure	1).

Figure 1: Angular and linear velocities induced by joint axis rotation.

The	desired	angular	and	linear	velocities	are	computed	from	the	difference	between	
the	current	configuration	of	the	end	effector	and	the	desired	configuration.	The	angular	
and	linear	velocities	of	the	end	effector	induced	by	the	rotation	of	a	specific	joint	axis	
are determined by the computations shown in Figure 1. The problem is to determine 
the best linear combination of velocities induced by the various joints that would 
result	in	the	desired	velocities	of	the	end	effector.	By	posing	the	problem	in	matrix	
form, the Jacobian is formed. In assembling the Jacobian, it is important to make 
sure that all of the coordinate values are in the same coordinate system. It is often 
the	case	that	joint	specific	information	is	given	in	the	coordinate	system	local	to	that	
joint. In forming the Jacobian matrix, this information must be converted into some 
common coordinate system such as the global inertial coordinate system or the end 
effector	coordinate	system.	Various	methods	have	been	developed	for	computing	the	
Jacobian	based	on	attaining	maximum	computational	efficiency	given	 the	 required	
information in local coordinate systems but all methods produce the derivative matrix 
in a common coordinate system.
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A Simple Example 

Consider the simple three revolute joint, planar manipulator of Figure 2. In this 
example the objective is to move the end effector, E, to the goal position, G. The 
orientation of the end effector is of no concern in this example.

Figure 2: Planar, three joint manipulator.

The	axis	of	rotation	of	each	joint	is	perpendicular	to	the	figure,	coming	out	of	the	
paper.	The	effect	of	an	incremental	rotation,	gi, of each joint can be determined by 
the	cross	product	of	the	joint	axis	and	the	vector	from	the	joint	to	the	end	effector,	Vi 
(Figure 3). Notice that the magnitude of the gi’s is a function of the distance between 
the	locations	of	the	joint	and	the	end	effector.	

Figure 3: Instantaneous changes in position induced by joint angle rotations.

The	desired	change	to	the	end	effector	is	the	difference	between	the	current	position	
of	the	end	effector	and	the	goal	position.	A	vector	of	the	desired	change	values	is	set	
equal to the Jacobian matrix multiplied by a vector of the unknown values: the change 
to the joint angles (Equation (61)) 
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 (61)

Solution Using the Inverse Jacobian

Once the Jacobian has been computed, then an equation in the form of Equation (62) 
must be solved.

       (62)
In the case that J is square, the inverse of the Jacobian is needed to compute the 

joint	angle	velocities	given	the	end	effector	velocities.

       (63)

If the inverse of the Jacobian (J-1) does not exist, then the system is said to be 
singular for the given joint angles. A singularity occurs when a linear combination 
of	 the	 joint	 angle	 velocities	 cannot	 be	 formed	 to	 produce	 the	 desired	 end	 effector	
velocities. As a simple example of such a situation, consider a fully extended, planar 
arm with a goal position somewhere on the forearm. In such a case, a change in each 
joint angle would produce a vector perpendicular to the desired direction. Obviously, 
no linear combination of these vectors could produce the desired motion vector. 
Unfortunately, determining all of the singularities of a system cannot be determined 
simply	by	visually	inspecting	the	possible	geometric	configurations	of	the	linkage.

Problems with singularities can be reduced if the manipulator is redundant - when 
there	are	more	degrees	of	freedom	than	there	are	constraints	to	be	satisfied.	In	this	
case,	the	Jacobian	is	not	a	square	matrix	and	there	are	an	infinite	number	of	solutions	
to the inverse kinematics problem. Because the Jacobian is not square, a conventional 
inverse does not exist. Instead, the pseudo inverse, J+, can be used (Equation (64)).
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  (64)
Equation (64) works because a matrix multiplied by its own 
transpose will be a square n by n matrix.

1T 1 T T T)J (J J) J J (JJ
−+ −= =  is called the pseudo-inverse of J. It 

maps the desired velocities of the end effector to the required 
velocities of the joint angles.

    (65)

     (66)

     (67)
Gaussian elimination can be used to solve EQ 15 for β. 

This can then be substituted into Equation (67) to solve for θ .
The pseudo inverse solution computes one of many 

possible solutions. This solution minimizes joint angle rates. 
The	 configurations	 produced,	 however,	 do	 not	 necessarily	
correspond to what might be considered natural poses. In order 
to better control the kinematic model, a control expression can 
be added to the pseudo inverse Jacobian solution. The control 
expression is used to solve for control angle rates with certain 
attributes. The added solution contributes nothing to the desired 
end effector motion. The form for the control expression is 
shown in Equation (68). It is shown that expression does not 
add anything to the velocities (Equation (69)). 

    (68)

End effector is a 
device or tool that’s 
connected to the 
end of a robot arm 
where the hand 
would be. The end 
effector is the part 
of the robot that 
interacts with the 
environment.
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      (69)
As a consequence, the control expression can be combined with the pseudo inverse 

Jacobian	solution	so	that	the	given	velocities	are	still	satisfied.
In	order	to	bias	the	solution	toward	specific	joint	angles,	H	is	defined	as	in	Equation	

(70)where θi are the current joint angles, θci are the desired joint angles, αi are the 
desired angle gains, ψ and is the ψth norm (for even ψ). z is equal to the gradient of 
H, H∇  (Equation (71)).

     (70)

   (71)
The desired angles and gains are input parameters. The gain indicates the relative 

importance	of	the	associated	desired	angle.	The	higher	the	gain,	the	stiffer	the	joint.	
If the gain for a particular joint is high, then the solution will be such that the joint 
angle quickly approaches the desired joint angle. The control expression is added to 
the solution indicated by the conventional pseudo inverse of the Jacobian (Equation 
(72)). If all gains are zero, then the solution will reduce to the conventional pseudo 
inverse of the Jacobian.

    (72)
Equation (73) can be solved by rearranging terms as shown in Equation (73).

    (73)
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In order to solve this, set 
T 1(JJ ) (V J H)−

θβ = + ∇ so that Equation (73) becomes Equation 
(74). Use Gaussian elimination to solve for in Equation (75). Substitute the solution 
for into Equation (74) to solve for θ .

     (74)

    (75)
Simple Euler integration can be used at this point to update the joint angles. At the 

next time step, the Jacobian has changed so the computation must be performed again 
and	another	step	taken.	This	process	repeats	until	 the	end	effector	reaches	the	goal	
configuration	within	some	acceptable	(i.e.,	user	defined)	tolerance.	

Maxima	and	Minima	of	Functions	of	Two	Variables

The problem of determining the maximum or 
minimum of function is encountered in geometry, 
mechanics, physics, and other fields, and was one 
of the motivating factors in the development of the 
calculus in the seventeenth century.

Let us recall the procedure for the case of a 
function of one variable y=f(x). First, we determine 
points x_c where f’(x)=0. These points are called 
critical points. At critical points the tangent line is 
horizontal.	This	is	shown	in	the	figure.

The second derivative test is employed to determine if a critical point is a relative 
maximum or a relative minimum. If f’’(x_c)>0, then x_c is a relative minimum. If 
f’’(x_c)<0, then x_c is a maximum. If f’’(x_c)=0, then the test gives no information. 

The Jacobian generalizes 
the gradient of a scalar-
valued function of multiple 
variables, which itself 
generalizes the derivative 
of a scalar-valued function 
of a single variable.
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The notions of critical points and the second derivative test carry over to functions 
of two variables. Let z=f(x, y). Critical points are points in the xy-plane where the 
tangent plane is horizontal. 

Since the normal vector of the tangent plane at (x,y) is given by

x yf (x,y)i f (x,y)j k+ −
     (76)

The tangent plane is horizontal if its normal vector points in the z direction. Hence, 
critical points are solutions of the equations:

x yf (x,y) 0 and f (x,y) 0= =
    (77)

because horizontal planes have normal vector parallel to z-axis. The two equations 
above must be solved simultaneously.

Example:	Let	us	find	the	critical	points	of

3 21z f(x,y) exp( x x y )
3

= = − + −
    (78)

The partial derivatives are

2 3 2
x

3 2
y

1f (x, y) ( x 1)exp( x x y )
3

1f (x, y) 2y exp( x x y )
3

= − + − + −

= − − + −
   (79)
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f_x=0 if 1-x^2=0 or the exponential term is 0. f_y=0 if -2y=0 or the exponential term 
is 0. The exponential term is not 0 except in the degenerate case. Hence we require 
1-x^2=0 and -2y=0, implying x=1 or x=-1 and y=0. There are two critical points (-1,0) 
and (1,0).

The Second Derivative Test for Functions of Two Variables

How can we determine if the critical points found above are relative maxima or 
minima? We apply a second derivative test for functions of two variables.

Let	(x_c,y_c)	be	a	critical	point	and	define
2

c c xx c c yy c c xy c cD(x ,y ) f (x ,y )f (x ,y ) [f (x ,y )]= −
 (80)

We have the following cases:
•	 If D>0 and f_xx(x_c,y_c)<0, then f(x,y) has a relative maximum at 

(x_c,y_c).
•	 If D>0 and f_xx(x_c,y_c)>0, then f(x,y) has a relative minimum at (x_c,y_c).
•	 If D<0, then f(x,y) has a saddle point at (x_c,y_c).
•	 If D=0, the second derivative test is inconclusive.
An example of a saddle point is shown below.

2 2 3 2
xx

2 3 2
yy

2 3 2
xy

1f (x,y) ( 2x (1 x ) )exp( x x y )
3

1f (x,y) ( 2 4y )exp( x x y )
3
1f (x, y) 2y(1 x )exp( x x y )
3

= − + − − + −

= − + − + −

= − − − + −
  (81)

For x=1 and y=0, we have D(1,0)=4exp(4/3)>0 with f_xx(1,0)=-2exp(2/3)<0. 
Hence, (1,0) is a relative maximum. For x=-1 and y=0, we have D(-1,0)=-4exp(-4/3)<0. 
Hence, (-1,0) is a saddle point

The	figure	show	the	plots	of	the	surface	z=f(x,	y).
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Notice the relative maximum at (x=1, y=0). (x=-1, y=0) 
is a relative maximum if one travels in the y direction and a 
relative minimum if one travels in the x-direction. Near (-1, 0) 
the surface looks like a saddle, hence the name.

Lagrange’s	Method	of	Multipliers

Lagrange multipliers are used in multivariable calculus to find 
maxima and minima of a function subject to constraints (like 
“find the highest elevation along the given path” or “minimize 
the cost of materials for a box enclosing a given volume”). It 
is a useful technique, but all too often it is poorly taught and 
poorly understood. 

One of the most common problems in calculus is that 
of	 finding	 maxima	 or	 minima	 (in	 general,	 “extrema”)	 of	 a	
function,	but	it	 is	often	difficult	to	find	a	closed	form	for	the	
function	being	extremized.	Such	difficulties	often	arise	when	
one	wishes	to	maximize	or	minimize	a	function	subject	to	fixed	
outside conditions or constraints. The method of Lagrange 
multipliers is a powerful tool for solving this class of problems 
without the need to explicitly solve the conditions and use them 
to eliminate extra variables.

In general, Lagrange multipliers are useful when some of 
the variables in the simplest description of a problem are made 
redundant by the constraints.

The Mathematics of Lagrange Multipliers

In multivariable calculus, the gradient of a function h (written 
∇h) is a normal vector to a curve (in two dimensions) or a surface 
(in higher dimensions) on which h is constant: n = ∇h (P). 

Constraint is 
a condition of 

an optimization 
problem that the 

solution must satisfy.
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The length of the normal vector does not matter: any constant multiple of ∇h (P) 
is also a normal vector. In our case, we have two functions whose normal vectors are 
parallel, so

f( ) g( )∇ = λ∇P P

The unknown constant multiplier λ is necessary because the magnitudes of the 
two	gradients	may	be	different.	(Remember,	all	we	know	is	that	their	directions	are	
the same.)

In D dimensions, we now have D+1 equations in D+1 unknowns. D of the 
unknowns are the coordinates of P (e.g. x, y, and z for D = 3), and the other is the 
new unknown constant λ. The equation for the gradients derived above is a vector 
equation, so it provides D equations of constraint. Anyone can once got stuck on an 
exam at this point: do not let it happen to you. The original constraint equation g(P) = 
0	is	the	final	equation	in	the	system.	Thus,	in	general,	a	unique	solution	exists.	

As in many maximum/minimum problems, cases do exist with multiple solutions. 
There	can	even	be	an	infinite	number	of	solutions	if	the	constraints	are	particularly	
degenerate: imagine if the milkmaid and the cow were both already standing right 
at the bank of a straight river, for example. In many cases, the actual value of the 
Lagrange multiplier is not interesting, but there are some situations in which it can 
give useful information (as discussed below).

Just set the gradient of the function you want to extremism equal to the gradient 
of the constraint function. You will get a vector’s worth of (algebraic) equations, and 
together with the original constraint equation they determine the solution.
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CONCEPT:	DIFFERENTIAL	CALCULUS
Differential calculus is a branch of calculus that deals with the concept of the 
derivative and its applications. It focuses on understanding how functions change as 
their input values (independent variable) change. Differential calculus provides tools 
for measuring rates of change, finding slopes of curves, and analyzing the behavior of 
functions locally around specific points.

Here	are	some	key	concepts	and	ideas	in	differential	calculus:
• Derivative: The derivative of a function represents its rate of change at a 

particular point. It provides the instantaneous rate of change, or slope, of 
the function’s graph at that point. The derivative of a function f(x) with 
respect to its independent variable x is denoted as f’(x) or dy/dx.

• Differentiability:	A	 function	 is	 said	 to	 be	 differentiable	 at	 a	 point	 if	 its	
derivative exists at that point. In other words, the function’s graph has a 
well-defined	tangent	line	at	that	point.

• Rules for Differentiation: There are several rules and techniques for 
finding	 derivatives	 of	 various	 types	 of	 functions.	 Some	 important	 rules	
include the power rule, product rule, quotient rule, chain rule, and implicit 
differentiation.

• Applications:	Differential	calculus	has	numerous	applications	 in	various	
fields.	For	example,	it’s	used	to	analyze	motion,	solve	optimization	problems,	
calculate marginal and instantaneous rates of change in economics, and 
study the behavior of physical quantities like velocity, acceleration, and 
electric	fields.

• Local Behavior of Functions:	Differential	calculus	enables	 the	study	of	
the	local	behavior	of	functions	around	specific	points.	The	first	derivative	
provides information about increasing or decreasing behavior and the 
concavity of a function. The second derivative helps determine points of 
inflection	and	the	concavity	of	the	graph.

• Approximation: Derivatives can be used to approximate the behavior of 
a function near a point. The tangent line at a point is often used to estimate 
the function’s values nearby.

• Higher Derivatives:	The	 second	 derivative	 is	 the	 derivative	 of	 the	 first	
derivative,	and	higher-order	derivatives	can	be	similarly	defined.	Higher-
order derivatives provide information about the higher-order rates of change 
and concavity.

Differential	calculus	is	fundamental	to	understanding	the	relationship	between	a	
function and its instantaneous behavior. It’s the foundation for many advanced topics 
in calculus and is used extensively in physics, engineering, economics, biology, and 
other	scientific	disciplines	to	model	and	analyze	real-world	phenomena.
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SUMMARY
•	 Differential	calculus	is	the	variation	of	a	function	with	respect	to	changes	

in	independent	variables,	especially	the	use	of	differentiation	to	calculate	
rates of change of a function and the maximum and minimum values of a 
function.

•	 Calculus approaches the paths of objects in motion as curves, or functions, 
and then determines the value of these functions to calculate their rate of 
change, area, or volume.

•	 The	concept	of	continuity	is	an	important	first	step	in	the	analysis	leading	
to	differential	and	integral	calculus.	It	is	also	an	important	analytical	tool	in	
its	own	right,	with	significant	practical	applications.

•	 The	notation	for	partial	derivatives	is	different	than	that	for	derivatives	of	
functions of a single variable. With functions of a single variable we could 
denote the derivative with a single prime.

•	 The problem of determining the maximum or minimum of function is 
encountered	 in	 geometry,	mechanics,	 physics,	 and	 other	 fields,	 and	was	
one of the motivating factors in the development of the calculus in the 
seventeenth century.

•	 One	of	the	most	common	problems	in	calculus	is	that	of	finding	maxima	
or	minima	(in	general,	“extrema”)	of	a	function,	but	it	is	often	difficult	to	
find	a	closed	form	for	the	function	being	extremized.	Such	difficulties	often	
arise	when	one	wishes	to	maximize	or	minimize	a	function	subject	to	fixed	
outside conditions or constraints.
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MULTIPLE	CHOICE	QUESTIONS
1.  Two men on a 3-D surface want to meet each other. The surface is given 

by f(x, y)=x−6.y7/x+y. They make their move horizontally or vertically with 
the X-Y plane as their reference. It was observed that one man was initially 
at (200, 400) and the other at (100, 100). Their meet point is decided as (0, 
0). Given that they travel in straight lines, will they meet?
a. They will meet
b. They will not meet
c.	 They	meet	with	probability	1⁄2
d.	 Insufficient	information

2.  Velocity is a physical vector quantity; both magnitude and direction are 
needed to define it, also it is the measurement of the rate at which an 
object changes its position.
a. True
b. False 

3.  It is also an important analytical tool in its own right, with significant 
practical applications.
a. True
b. False 

4.  Limits and continuity sufficiently to avoid numerous common mistakes 
requires a care and depth of thought.
a. True
b. False 

5.  Polynomial is an expression consisting of variables and coefficients which 
only employs the operations of addition, subtraction, multiplication, and 
non-negative integer exponents.
a. True
b. False 

Answers

1. (b)  2. (a)  3. (a)  4. (a)  5. (a)
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REVIEW	QUESTIONS
1. What do you understand by the limits and continuity?

2. Elaborate the function of partial derivatives.

3. What are implicit functions? Explain.

4. Describe the properties of Jacobian.

5. What are Lagrange’s multipliers? Explain.

6. Find all numbers x which satisfy 
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Related rates problems are applied problems where 
we find the rate at which one quantity is changing by 
relating it to other quantities whose rates are known.

After studying this chapter, you will understand the core concepts of:
•	 Higher-order Derivatives of Functions
•	 Chain	Rule	of	Differentiation

C
H

A
PT

E
R

5
SITUATIONAL PROBLEMS INVOLVING 
RELATED RATES
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INTRODUCTION
Calculus is primarily the mathematical study of how things change. One specific 
problem type is determining how the rates of two related items change at the same 
time. The keys to solving a related rates problem are identifying the variables that are 
changing and then determining a formula that connects those variables to each other. 
Once that is done, you find the derivative of the formula, and you can calculate the 
rates that you need. Related rate problems involve equations where a relationship 
exists between two or more derivatives. For example, you might want to find out 
the rate that the distance is increasing between two airplanes. Solving related rate 
problems has many real life applications. For example, a gas tank company might 
want to know the rate at which a tank is filling up, or an environmentalist might be 
concerned with the rate at which a certain marshland is flooding. Solving the problems 
usually involves knowledge of geometry and algebra in addition to calculus. Often, 
the “hard” part is the geometry or algebra — not the calculus, so you will want to 
make sure you brush up on those skills. Solving related relate problems also involves 
applications of the chain rule and implicit differentiation — where you differentiate 
both sides of the equation.

CORE	CONCEPT:	 
HIGHER-ORDER	 
DERIVATIVES	OF	FUNCTIONS
A higher-order function (also functional, functional 
form or functor) is a function that does at least one of 

the following:
•	 Takes one or more functions as arguments (i.e. procedural parameters),
•	 Returns a function as its result.

Let’s start with a function f: R2	→	 R	 and	 only	 consider	 its	 second	 order	 partial	
derivatives. Take, for example,

f(x, y) = (x + y)ey.

We	can	easily	compute	its	two	first-order	partial	derivatives.
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Each of these two functions, in turn, has two partial derivatives. Their partials 
with respect to x are

Notice	how	 the	 two	different	notations	 for	partials	 indicate	 the	order	of	 taking	
derivatives	differently.	The	partials	with	respect	to	y	are

Thus, there are four second-order partial derivatives of this function f. Notice that 
in this example the two mixed partial derivatives are equal, that is fyx = fxy. These two 
mixed partials are usually equal. We would not prove the following theorem, but you 
will frequently use it.

Theorem 1

When the first and second partials of a function of two variables x and y are all 
continuous functions, the order that the partials are taken does not matter, that is, fyx 
= fxy, or in partial notation

Functions	 that	 have	 continuous	 first	 and	 second	 partial	 derivatives	 are	 called	
C2 functions, or functions of class C2. The concept of second-order derivatives 
generalizes as you would expect it to for third- and higher order derivatives, and not 
just to functions R2	→	R	but	to	scalar-valued	functions	
Rn	→	R	in	general.	The	text	has	several	examples,	and	
you will be working out more in the exercises.
Preview of an application of second-order partial 
derivatives. You will recall from calculus of one 
variable that second derivatives were used in something 
called the second-derivative test for extreme values. 
You used it on critical points, that is, values of x where 
f′(x)	was	0.	 It	 said	 that	 if	 the	 second	derivative	was	

Partial Derivative of 
a function of several 
variables is its derivative 
with respect to one of those 
variables, with the others 
held constant (as opposed 
to the total derivative, in 
which all variables are 
allowed to vary).
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positive at a critical point, then f had a minimum there, but if the second derivative 
was negative, then a maximum.

Things are more complicated in higher dimensions since there are more directions 
to consider. All the second order partial derivatives come into play. A particular matrix 
called	 the	Hessian	 is	 filled	with	 them,	 and	 it’s	 used	 to	 determine	 the	 character	 of	
critical points.

Minimal Surfaces, another Application. A surface with a given boundary is called 
a minimal surface if among all surfaces with that boundary it has the least area. Of 
course, a circle bounds its interior, but that’s not interesting since it’s planar. You are 
interested	in	the	non-planar	ones.	The	first	two	were	the	catenoid	and	helicoid.

An	 interesting	 minimal	 surface	 is	 Costa’s,	 illustrated	 in	 figure.	 Its	 boundary	
consists of three circular components.

You can make your own minimal surfaces by dipping bent clothes hangers in 
a soapy solution, but do not let there be any bubbles. A spherical bubble is not a 
minimal surface.

It turns out that if a minimal surface is the graph z = f(x, y) of a function two 
variables, then

and conversely, functions whose derivatives satisfy that partial differential equation 
have graphs that are minimal surfaces.

Example 2. Heinrich Scherk constructed some embedded minimal surfaces in 
1834. This surface has the equation

ez cos y = cos x.

The	part	of	 the	surface	above	 the	square	 [−1.5,	1.5]	×	 [−1.5,	1.5]	 is	 illustrated	
in	figure.	As	an	exercise,	verify	 that	  holds for this 
surface.
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Higher-Order Derivatives of an Explicit Function

Let	the	function	y=f(x)	have	a	finite	derivative	f′(x)	in	a	certain	interval	(a,	b),	i.e.	the	
derivative	f′(x)	is	also	a	function	in	this	interval.	If	this	function	is	differentiable,	we	
can find the second derivative of the original function f(x), which is denoted as

Similarly,	if	f	exists	and	is	differentiable,	we	can	calculate	the	third	Derivative	of	
the function f(x):

The	derivatives	of	higher	order	(if	they	exist)	are	defined	as

Thus, the notion of the nth order derivative is introduced inductively by sequential 
calculation	of	n	derivatives	starting	from	the	first	order	derivative.	Transition	to	the	
next higher-order derivative is performed using the recurrence formula

In some cases, we can derive a general formula for the derivative of an arbitrary 
nth order without computing intermediate derivatives. Some examples are considered 
below.

Note	that	the	following	linear	relationships	can	be	used	for	finding	higher-order	
derivatives:
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Higher-Order Derivatives of an Implicit Function

The nth order derivative of an implicit function can be 
found by sequential (n times) differentiation of the equation 
F(x, y) = 0. At each step, after appropriate substitutions and 
transformations, we can obtain an explicit expression for the 
derivative, which depends only on the variables x and y, i.e. the 
derivatives have the form

Higher-Order Derivatives of a Parametric Function

Consider a function y=f(x) given parametrically by the 
equations

The	first	derivative	of	this	function	is	given	by

Differentiating	 once	more	with	 respect	 to	 x,	we	 find	 the	
second derivative:

Similarly,	we	define	the	derivatives	of	the	third	and	higher	
order:

Example 1:

Find	y′′,	if	y=x	ln	x.

Solution:

Calculate the first derivative using the product rule:

Transformation is 
a general term for 

four specific ways to 
manipulate the shape 

of a point, a line, or 
shape. The original 
shape of the object 

is called the pre-
image and the final 
shape and position 
of the object is the 

image under the 
transformation.
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Now	we	can	find	the	second	derivative:

Example 2: 

Find the second derivative of the function 4 1y x= + .

Solution:

We start with first derivative:

Differentiate	again	to	find	the	second	derivative:

Example 3:

Calculate	y′′	for	the	parabola	equation	y2=4x.

Solution.

By implicit differentiation,

2yy′=4,	⇒yy′=2.
Differentiating	again	and	using	the	product	rule,	we	obtain

y′y′	+	yy′′=0.
Multiply both sides by y2:

As	yy′=2	and,	hence,	(yy′)2 =4, we can write the last equation as

4+ y3y′′=0.
Then
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Theorem	1	(Clairout’s	Theorem)

Suppose f is defined on a disk D that contains the point (a, b). 
If the functions fxy and fyx are both continuous on D, the

This essentially says that for “nice” functions the mixed 
partial derivatives are equal, which means that the order in 
which	 we	 differentiate	 would	 not	 matter	 in	 most/all	 of	 the	
problems you will see here.

One example of a function whose mixed partials are 
different	 (so,	 it	 does	 not	 satisfy	 the	 hypotheses	 of	Clairout’s	
Theorem) is

One	can	use	the	limit	definition	of	the	derivatives	to	show	
that fxy(0, 0) = 1 but fyx(0,	0)	=	−1

Matrix	of	partial	derivatives

Partial derivatives of functions are usually displayed in 
a matrix, the so-called matrix of partial derivatives. If 

 -valued function of n variables, we 
arrange its partial derivatives as

We will denote this matrix by Tf. For example, if 
 is real valued (only one component, f = f1), then 

the matrix  reduces to a vector

Matrix is a 
rectangular array of 
numbers, symbols, 

or expressions, 
arranged in rows 

and columns.
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In this particular case, the vector of partial derivatives is called the gradient of f 
and	it	is	alternatively	denoted	by	∆f.

Example If

Then its gradient is

and the matrix of second order partial derivatives is

Observe that

CORE	CONCEPT:	CHAIN	RULE	OF	
DIFFERENTIATION
The chain rule can be used to derive some well-known 
differentiation rules. For example, the quotient rule is a 
consequence of the chain rule and the product rule. To see this, 
write the function f(x)/g(x) as the product f(x) 1/g(x).

The chain rule is a formula for computing the derivative of the composition of two 
or more functions. That is, if f and g are functions, then the chain rule expresses the 
derivative of their composition f ∘ g (the function which maps x to f(g(x)) ) in terms 
of the derivatives of f and g and the product of functions as follows:

( ) ( ) .f g f g go o′ ′ ′= ⋅
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This can be written more explicitly in terms of the variable. Let F = f ∘ g, or 
equivalently, F(x) = f(g(x)) for all x. Then one can also write

The chain rule may be written, in Leibniz’s notation, in the following way. If a 
variable z depends on the variable y, which itself depends on the variable x, so that 
y and z are therefore dependent variables, then z, via the intermediate variable of y, 
depends on x as well. The chain rule then states,

The two versions of the chain rule are related, if ,  
then

Solve	Problems	using	the	Chain	Rule

The following problems require the use of the chain rule. The chain rule is a rule for 
differentiating compositions of functions. In the following discussion and solutions 
the derivative of a function h(x) will be denoted by { ( )}D h x  or h’(x). Most problems 
are average. A few are somewhat challenging. The chain rule states formally that

{ ( ( ))} ( ( )) ( ).D f h x f g x g x′ ′=

However, we rarely use this formal approach when applying the chain rule 
to	 specific	 problems.	 Instead,	we	 invoke	 an	 intuitive	 approach.	 For	 example,	 it	 is	
sometimes easier to think of the functions f and gas ``layers’’ of a problem. Function 
f is the ``outer layer’’ and function g is the ``inner layer.’’ Thus, the chain rule tells 
us	to	first	differentiate	the	outer	layer,	leaving	the	inner	layer	unchanged	(the	term	f’(	
g(x)	)	)	,	then	differentiate	the	inner	layer	(the	term	g’(x)	)	.	This	process	will	become	
clearer	as	you	do	 the	problems.	In	most	cases,	final	answers	are	given	 in	 the	most	
simplified	form.

Problem 1: Differentiate  2(3 1)y x= +
Solution 1: The outer layer is ̀ `the square’’ and the inner layer is (3x+1). Differentiate 
``the square’’ first, leaving (3x+1) unchanged. Then differentiate (3x+1). Thus,

2 2 1(3 1) 2(3 1) (3 1)D x x D x−+ = + +

2 (3x+1) (3)

= 6 (3x+1).

Problem 2: Differentiate y = sin(5x)
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Solution 2: The outer layer is ``the sine function’’ and the inner 
layer is (5x). Differentiate ``the sine function’’ first, leaving 
(5x) unchanged. Then differentiate (5x). Thus,

{sin(5 )} cos(5 ) (5 )D x x D x=

cos(5 ) (5)
5cos(5 ).

x

x

=
=

Implicit	Differentiation

Sometimes functions are given not in the form y = f(x) but in 
a more complicated form in which it is difficult or impossible 
to express y explicitly in terms of x. Such functions are called 
implicit functions. We explain how these can be differentiated 
using implicit differentiation.

In order to master the techniques explained here it is vital 
that you undertake plenty of practice exercises so that they 
become second nature.

We	look	at	how	we	might	differentiate	functions	of	y	with	
respect to x. Consider an expression such as

x2 + y2	−	4x	+	5y	−	8	=	0

It	would	be	quite	difficult	to	re-arrange	this	so	y	was	given	
explicitly as a function of x. We could perhaps, given values of 
x, use the expression to work out the values of y and thereby 
draw a graph. In general even if this is possible, it will be 
difficult.	A	 function	 given	 in	 this	way	 is	 said	 to	 be	 defined	
implicitly. 

It will be necessary to use a rule known as the chain rule 
or	the	rule	for	differentiating	a	function	of	a	function.	In	this	
unit we will refer to it as the chain rule. There is a separate unit 
which covers this particular rule thoroughly, although we will 
revise	it	briefly	here.

Solve	Problems	(including	logarithmic,	and	
inverse	trigonometric	functions)	 
using	Implicit	Differentiation

Taking the derivatives of some complicated functions can 
be simplified by using logarithms. This is called logarithmic 
differentiation.

Example: Revision of the chain rule

Function is a 
relation between a 
set of inputs and a 
set of permissible 
outputs with the 
property that each 
input is related to 
exactly one output.
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Suppose	we	wish	to	differentiate	y	=	(5	+	2x)10 in order to calculate dy/dx. 
We make a substitution and let u = 5 + 2x so that y = u10.
The chain rule states

Now

and

hence

So	we	have	used	the	chain	rule	in	order	to	differentiate	the	function	y	=	(5	+	2x)10.

In quoting the chain rule in the form  note that we write y in terms 
of u, and u in terms of x. i.e

y = y(u) and u = u(x)
We	will	need	to	work	with	different	variables.	Suppose	we	have	z	in	terms	of	y,	

and y in terms of x, i.e.

z = z(y) and y = y(x)

The chain rule would then state:

Example:	Implicit	differentiation	

y2 + x3	−	y3 + 6 = 3y
with respect x.
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We	differentiate	each	term	with	respect	to	x:

Differentiating	 functions	 of	 x	 with	 respect	 to	 x	 is	 straightforward.	 But	 when	
differentiating	a	function	of	y	with	respect	to	x	we	must	remember	the	rule	given	in	
the	previous	key-point.	We	find

That is

We rearrange this to collect all terms involving dy/dx together.

then

so that, finally,

This is our expression for dy/dx.

Example

Suppose we want to differentiate, with respect to x, the implicit function

As	before,	we	differentiate	each	term	with	respect	to	x.

Recognize that the second term is a product and we will need the product rule. We 
will	also	use	the	chain	rule	to	differentiate	the	functions	of	y.	We	find
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So that

Tidying this up gives

We now start to collect together terms involving dy/dx.

so	that,	finally

We have deliberately included plenty of detail in this 
calculation. With practice you will be able to omit many of the 
intermediate stages. The following two examples show how 
you should aim to condense the solution.

Derivatives	of	Inverse	Trigonometric	 
Functions

Differentiation of inverse trigonometric functions is a small 
and specialized topic. However, these particular derivatives 
are interesting to us for two reasons. First, computation of 
these derivatives provides a good workout in the use of the 
chain rule, the definition of inverse functions, and some 
basic trigonometry. Second, it turns out that the derivatives 
of the inverse trigonometric functions are actually algebraic 
functions!! This is an unexpected and interesting connection 
between two seeming lay very different classes of functions.

It is possible to form inverse functions for restricted versions 
of all six basic trigonometric functions. One can construct and 
use an inverse cosecant function, for example. However, it is 
generally enough to consider the inverse sine and the inverse 
tangent functions. We will restrict our attention to these two 
functions.

Inverse function 
is a function that 

“reverses” another 
function: if the 

function f applied 
to an input x gives 
a result of y, then 

applying its inverse 
function g to y 

gives the result x, 
and vice versa. i.e., 
f(x) = y if and only 

if g(y) = x.
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The	 arctangent	 function	 is	 differentiable	 on	 the	 entire	 real	 line.	 The	 arcsine	
function	is	differentiable	only	on	the	open	interval	(-1,	1).	Even	though	both	1	and	
-1	are	in	the	domain	of	the	arcsine	function,	the	arcsine	is	not	differentiable	at	these	
points. From an algebraic point of view, we see that neither 1 nor -1 can be plugged 
into the derivative formula for arcsine...there’s that thing about never dividing by zero 
again!! From a graphical point of view, the graph of the arcsine function has vertical 
tangent lines at the endpoints (1, /2) and (-1,- /2).

y = arcsin(x)

-1  x  1
In	order	to	verify	the	differentiation	formula	for	the	arcsine	function,	let	us	set

y = arc sin(x).
We	want	to	compute	dy/dx.	The	first	step	is	to	use	the	fact	that	the	arcsine	function	

is the inverse of the sine function. Among other things, this means that

sin(y) = sin(arcsin(x)) = x.
Next,	differentiate	both	ends	of	this	formula.	We	apply	the	chain	rule	to	the	left	

end, remembering that the derivative of the sine function is the cosine function and 
that	y	is	a	differentiable	function of x.
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The next step is to solve for dy/dx. (After all, this is the thing that we want to 
compute!)

This	looks	like	progress,	but	it	is	not	the	answer.	Remember,	when	we	differentiate	
a function of x in terms of x (this is the meaning of the dx in d/dx), we must express 
our answer in terms of x. Therefore the question remains.

If sin(y)=x, what is cos(y) in terms of x?

sin(y) = x
The key is to construct a “reference triangle” to record the relationship between 

x and y. This is a right triangle with the angle y (measured in radians) as one of the 
acute angles. The trigonometric functions of y can then be expressed as ratios of side 
lengths in this triangle. Note that we built our triangle in such a way that the side 
opposite to y has length x and so that the hypotenuse has length 1. This provides that

The length of the third side of the reference triangle is determined by the 
Pythagorean Theorem.

12=x2+(third side)2

(third side)2 = 1-x2

third side=sqrt(1-x2)
The last step is to express the trigonometric functions of y in terms of ratios of 

side lengths in the reference triangle. In particular, the secant of y is equal to the 
hypotenuse length divided by the adjacent side length.

Verification	 of	 the	 derivative	 formula	 for	 the	 arctangent	 function	 is	 left	 as	 an	
exercise.....an exercise that is highly recommended!! The procedure is the same as the 
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one	that	we	used	above.	Begin	by	setting	y=arctan(x)	so	that	tan(y)=x.	Differentiating	
both sides of this equation and applying the chain rule, one can solve for dy/dx in terms 
of y. One wants to compute dy/dx in terms of x. A reference triangle is constructed as 
shown, and this can be used to complete the expression of the derivative of arctan(x) 
in terms of x.

tan(y) = x
This	completes	our	study	of	differentiation	for	now.	

We	 will	 investigate	 another	 general	 differentiation	
technique	 called	 implicit	 differentiation. Later still, 
we	 will	 learn	 how	 to	 differentiate	 exponential	 and	
logarithmic functions. For now, you should go to the 
Practice area and spend some time learning to use 
the	 many	 differentiation	 techniques	 that	 have	 been	
introduced. If there is one skill that we must develop 
for	success	in	differential	calculus.

If	 you	 find	 that	 you	 are	 having	 difficulty	 with	
differentiation,	do	not	worry.	You	are	not	the	first	person	to	struggle	with	this	technical	
skill.	Contact	your	classmates.	Discuss	your	difficulties.	Contact	your	instructor.	

We now turn to the exponential and logarithmic functions. We have already 
discussed “the” exponential function: exp(x)=ex.	In	order	to	differentiate	the	“other”	
exponential functions and the logarithmic functions,	 we	 must	 first	 compute	 the	
derivative of the inverse to the exponential function. Thus we turn our attention to the 
natural logarithm.

The chain rule provides 
us a technique for finding 
the derivative of composite 
functions, with the 
number of functions that 
make up the composition 
determining how many 
differentiation steps are 
necessary.
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CONCEPTS	OF	INVERSE	TRIGONOMETRIC	
FUNCTIONS
Inverse trigonometric functions, as a topic of learning, are closely related to the basic 
trigonometric functions. The domain and the range of the trigonometric functions 
are converted to the range and domain of the inverse trigonometric functions. In 
trigonometry, we learn about the relationships between angles and sides in a right-
angled triangle. Similarly, we have inverse trigonometry functions. The basic 
trigonometric functions are sin, cos, tan, cosec, sec, and cot. The inverse trigonometric 
functions on the other hand are denoted as sin-1x, cos-1x, cot-1 x, tan-1 x, cosec-1 x, 
and sec-1 x.

Inverse trigonometric functions have all the formulas of the basic trigonometric 
functions, which include the sum of functions, double and triple of a function. Here 
we shall try to understand the transformation of the trigonometric formulas to inverse 
trigonometric formulas.



139

Situational Problem
s Involving Related Rates

SUMMARY
•	 Calculus is primarily the mathematical study of how things change. One 

specific	 problem	 type	 is	 determining	 how	 the	 rates	 of	 two	 related	 items	
change at the same time. 

•	 Related rate problems involve equations where a relationship exists between 
two or more derivatives. 

•	 Sometimes functions are given not in the form y = f(x) but in a more 
complicated	form	in	which	it	is	difficult	or	impossible	to	express	y	explicitly	
in terms of x. Such functions are called implicit functions.

•	 Differentiation	of	inverse	trigonometric	functions	is	a	small	and	specialized	
topic. However, these particular derivatives are interesting to us for two 
reasons.

•	 Later	still,	we	will	learn	how	to	differentiate	exponential	and	logarithmic	
functions. For now, you should go to the Practice area and spend some 
time	 learning	 to	 use	 the	many	 differentiation	 techniques	 that	 have	 been	
introduced. If there is one skill that we must develop for success in 
differential	calculus.
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MULTIPLE	CHOICE	QUESTIONS
1.  If x > 0, then which one is correct?

a. x > log(x + 1)
b. x < log (x + 1)
c. x = log(x + 1)
d.	 x	≥	log(x	+	1)

2.  If x > 0, then which one is correct?
a. log(1 + x) > x – (x2/2)
b. log(1 + x) < x – (x2/2)
c.	 log(1	+	x)	≥	x	–	(x2/2)
d.	 log(1	+	x)	≤	x–	(x2/2)

3.  What will be the range of the function f(x) = 2x3 – 9x2 – 24x + 5 which 
increases with x?
a. x > 4
b. x > 4 or x < -1
c. x < -1
d. Can’t be determined

4.  Calculus is primarily the mathematical study of how things change. 
a. True
b. False 

5.  Related rate problems involve equations where a relationship exists 
between two or more derivatives. 
a. True
b. False 

Answers

1. (a)  2. (a)  3. (b)  4. (a)  5. (a)
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REVIEW	QUESTIONS
1. Discuss about higher-order derivatives of an implicit function.

2. Explain the higher-order derivatives of a parametric function.

3. Describe the matrix of partial derivatives.

4. How to solve problems using the chain rule? Explain.

5. What	do	you	mean	by	implicit	differentiation?
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The functions describing the horizontal and vertical 
positions of a point on a circle as a function of 
angle (cosine and sine). The circular functions may 
be thought of as a way to extend these extremely 
useful mathematical relationships to any triangle. To 
visualize circular functions, we first start with a unit 
circle, or a circle with a radius equal to one unit of 
measurement.

After studying this chapter, you will understand the core concepts of:
•	 Theory of Circular Functions
•	 Domain and Range of a Function

C
H
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6
CIRCULAR FUNCTIONS
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INTRODUCTION
Circular functions are defined such that their domains are sets of numbers that 
correspond to the measures (in radian units) of the angles of analogous trigonometric 
functions. The ranges of these circular functions, like their analogous trigonometric 
functions, are sets of real numbers. These functions are called circular functions 
because radian measures of angles are determined by the lengths of arcs of circles. In 
particular, trigonometric functions defined using the unit circle lead directly to these 
circular functions.

Circular functions are part of the set of trigonometric functions. Whereas 
trigonometric functions consist of domains that are sets of angles and ranges that are 
real numbers, circular functions have domains that are sets of numbers that correspond 
to the angles of the trigonometric functions (in radians). The graph of the equation 
x2 + y2 = 1 is a circle in the rectangular coordinate system. This graph is called the 
unit circle and has its center at the origin and has a radius of 1 unit. Trigonometric 
functions	are	defined	so	that	their	domains	are	sets	of	angles	and	their	ranges	are	sets	
of real numbers. 

You may have initially about the sine, cosine and tangent of an angle as the ratio 
of the sides of a right triangle. The sides that form the right angle are called legs, and 
the third side is called the hypotenuse. Given angle A, the three ratios are as follows:

•	 sinA = (length of side opposite angle A) / length of hypotenuse)
•	 cosA = (length of side adjacent to angle A) / (length of hypotenuse)
•	 tanA = (length of side opposite angle A) / (length of side adjacent to angle 

A) = sinA / cosA
The circular functions may be thought of as a way to extend these extremely 

useful mathematical relationships to any triangle. To visualize circular functions, we 
first	start	with	a	unit	circle,	or	a	circle	with	a	radius	equal	to	one	unit	of	measurement.

In this circle, draw an x-y coordinate plane, with the origin at the center of the 
circle.

Now, insert a right triangle in Quadrant I, so that the hypotenuse equals the radius 
of the circle, one leg of the right angle lies horizontally along the x-axis and the other 
leg is a vertical line that meets the hypotenuse lying on the circle. The angle will be 
formed by some length of the x-axis on one side and the hypotenuse on the other. The 
point of the circle where the hypotenuse and the vertical leg intersect is a rectangular 
coordinate point (x,y).
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CORE	CONCEPT:	THEORY	OF	
CIRCULAR	FUNCTIONS
Circular functions are commonly used in geological 
and structural engineering studies to create 
mathematical models of rock folds. This set of 
functions is considered “circular” because the 

functions describe a point on a circle as the function of an angle, which is defined by 
radians.

We saw that the wrapping function W pairs each real number x with an ordered pair of 
real numbers (a, b), the coordinates of the circular point W(x). We use this association 
to construct the six circular functions, also called circular functions: sine, cosine, 
tangent, cotangent, secant, and cosecant. The values of these functions for a real 
number x are denoted by sin x, cos x, tan x, cot x, sec x, and csc x, respectively.

These values are expressed in terms of the coordinates of the circular point W(x) 
(a, b) as indicated

If x is a real number and (a, b) are the coordinates of the circular point W(x), then

The domain of both the sine and cosine functions is the set of real numbers R. 
The range of both the sine and cosine functions is [-1, 1]. This is the set of numbers 
assumed by b, for sine, and a, for cosine, as the circular point (a, b) moves around the 
unit circle. The domain of cosecant is the set of real numbers x such that b in W(x) 
(a, b) is not 0. Similar restrictions are made on the domains of the other three circular 
functions. We will have more to say about the domains and ranges of all six circular 
functions in subsequent sections.
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Exact	Values	for	Particular	Real	Numbers

We can evaluate any one of the six circular functions exactly, when it exists, for 
integer multiples of the real numbers p /6, p /4, p
/3, and p /2. Which you should have memorized, and 
symmetry properties of the unit circle are central to 
the process. 

We will show how a calculator can be used to 
evaluate	the	circular	functions	to	8	or	more	significant	
digits for arbitrary real numbers. You might ask why 
we don’t go directly to the calculator. The answer 
is that there are many situations in which it is more 
desirable to work with exact forms, if available, than 
the corresponding decimal approximations that are produced by a calculator.
Example: Exact Evaluation of Circular Functions
Evaluate each circular function exactly for 
Solution

Thus,

The real numbers include 
all the rational numbers, 
such as the integer −5 and 
the fraction 4/3, and all the 
irrational numbers, such as 
√2 (1.41421356..., the square 
root of 2, an irrational 
algebraic number).
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Figure 1: Exact Evaluation of Circular Functions.

Sign Properties

As a circular point W(x) moves from quadrant to quadrant, its coordinates (a, b) 
undergo sign changes. Hence, the circular functions also undergo sign changes. It is 
important to know the sign of each circular function in each quadrant. Table 1 shows 
the sign behavior for each function. It is not necessary to memorize Table 1, since the 
sign of each function for each quadrant is easily determined from its definition (which 
should be memorized).
Table 1: Sign Properties

Basic Identities

Returning to the definitions of the circular functions and noting that

We can obtain the following useful relationships among the six circular functions:

      (1)

      (2)

     (3)
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      (5)

Because the circular points W(x) and W(-x) are symmetric with respect to the hori-
zontal axis (Fig. 2), we have the following sign properties:

Figure 2: Symmetry property.

    (6)

     (7)

   (8)
Finally, because (a, b) (cos x, sin x) is on the unit circle u2 + v2 =1, it follows that 

which is usually written as

    (9)
where sin2 x and cos2 x are concise ways of writing (sin x)2 and (cos x)2 ,  
respectively.

Calculator Evaluation

Evaluating circular functions for real numbers other than integer multiples of p /6, 
p /4, p /3, and p /2 is difficult without the use of a calculator. Using advanced 
mathematics, calculators are internally programmed to evaluate these functions 
automatically to an accuracy of 8 or more significant digits

If	you	look	at	the	function	keys	on	your	calculator,	you	will	find	three	keys	labeled
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These keys are used to evaluate the sine, cosine, and tangent 
functions directly. A careful look at the function keys on your 
calculator also will reveal that there are no keys for cosecant, 
secant, and cotangent. Why is it not necessary to have these 
additional keys? Because of the reciprocal identities (1)–(3), 
we can use the function keys for sine, cosine, and tangent, 
along with the reciprocal function key

to obtain csc x, sec x, and cot x. Don’t use the keys marked sin1 
, cos1 , and tan1 to evaluate csc, sec, and cot, respectively.

Example: Calculator Evaluation

Evaluate to 4 significant digits using a calculator:
(A) sin 2  (B) tan (-1.612)  (C) csc 3.2
Solutions

(A) sin 2 = 0.9093
(B) tan (-1.612) =24.26
(C) csc 3.2 = -17.13

Angles	and	Their	Measure

An angle is a measurement of a rotation or change of direction. 
In plane geometry, an angle is the measurement of the rotation 
required to move one ray onto another ray emanating from the 
same	 point.	A	 ray	 is	 a	 ‘half-line’	 beginning	 at	 some	 point	 P	
and extending indefinitely in one direction. By convention, 
counterclockwise rotations have positive measurements and 
clockwise rotations have negative measurements. An exception 
is that in plane geometry, sometimes all angles are considered 
to be positive, regardless of the direction of rotation.

When measuring rotations, various unit rotations may be 
used. A unit is a reference quantity with respect to which all 
other	quantities	may	compared	in	order	to	find	their	measure.

One unit of rotation is the revolution. If an object makes 
one revolution, it turns one time about some axis to return to 
its original orientation. If it turns one-half revolution, it will 
end up oriented opposite to its original orientation. When one 
says that a wheel is turning at a rate of 300 rpm, one is saying 
that the wheel turns through an angle of 300 revolutions per 
minute.

Number system is 
a way to represent 
numbers. We are 
used to using the 
base-10 number 
system, which is 
also called decimal. 
Other common 
number systems 
include base-16 
(hexadecimal), 
base-8 (octal), and 
base-2 (binary).
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Another traditional unit of rotation is the degree. The degree is one three hundred 
sixtieth of one revolution. A degree may be divided into 60 smaller units called minutes 
and the minute may be subdivided further into 60 smaller units called seconds. We can 
thank the ancient Babylonians for the degree measure of angles as well as the minutes 
and seconds we use to measure time. Whereas we use a base 10 number system, the 
ancient	Babylonians	used	base	60.	So	when	dividing	up	the	circle	they	first	divided	it	
up into six equal parts using a common geometric construction, then subdivided that 
one-sixth part of a circle into 60 smaller parts to get the degree unit for measuring 
angles.

An angle is formed by rotating (in a plane) a ray m, called the initial side of the 
angle, around its endpoint until it coincides with a ray n, called the terminal side 
of the angle. The common endpoint V of m and n is called the vertex (see Fig 3). 
A counterclockwise rotation produces a positive angle, and a clockwise rotation 
produces a negative angle, as shown in Figure 4(a) and (b). The amount of rotation in 
either direction is not restricted.

Figure 3: Angle q  or angle PVQ or ∠V.

Figure 4: Angles and rotation.

Two	different	angles	may	have	the	same	initial	and	terminal	sides,	as	shown	in	
Figure 4(c). Such angles are said to be coterminal.

An angle in a rectangular coordinate system is said to be in standard position if its 
vertex is at the origin and the initial side is along the positive x axis. If the terminal 
side of an angle in standard position lies along a coordinate axis, the angle is said to 
be a quadrantal angle. If the terminal side does not lie along a coordinate axis, then 
the angle is often referred to in terms of the quadrant in which the terminal side lies 
(Fig 5).
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Figure 5: Angles in standard positions.

Degree and Radian Measure

Just as line segments are measured in centimeters, meters, inches, or miles, angles are 
measured in different units. The two most commonly used units for angle measure are 
degree and radian.

An angle formed by one complete rotation is said to have a measure of 360 degrees 
(360°). An angle formed by of a complete rotation is said to have a measure of 1 
degree (1°). The symbol ° denotes degrees.

Certain angles have special names. Figure 6 shows a straight angle, a right angle, 
an acute angle, and an obtuse angle.

Figure 6: Types of angles.

Two positive angles are complementary if their sum is 90°; they are supplementary 
if their sum is 180°. A degree can be divided further using decimal notation. For 
example, 42.75° represents an angle of degree measure 42 plus three-quarters of 1 
degree. A degree can also be divided further using minutes and seconds just as an hour 
is divided into minutes and seconds. Each degree is divided into 60 equal parts called 
minutes, and each minute is divided into 60 equal parts called seconds.

Symbolically, minutes are represented by and seconds by Thus,

is a concise way of writing 12 degrees, 23 minutes, and 14 seconds. Decimal degrees 
(DD) are useful in some instances and degrees–minutes–seconds (DMS) are useful 
in others. You should be able to go from one form to the other, as demonstrated in 
Example.
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Example: From DMS to DD and Back
(A) Convert  to decimal degrees.

(B) Convert  to degree–minute–second form.

Solution

Degree measure of angles is used extensively in engineering, 
surveying, and navigation. Another unit of angle measure, 
called the radian, is better suited for certain mathematical 
developments,	scientific	work,	and	engineering	applications.

Radian Measure

If the vertex of an angle q is placed at the center of a circle 
with radius r > 0, and the length of the arc opposite  q on the 
circumference is s, then the radian measure of q  is given by

Also,

If s = r, then

Decimal 
degrees (DD) 

express latitude 
and longitude 

geographic 
coordinates as 

decimal fractions 
and are used in 

many geographic 
information 

systems (GIS), 
web mapping 

applications such 
as OpenStreetMap, 

and GPS devices.
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Thus, one radian is the size of the central angle of a circle 
that intercepts an arc the same length as the radius of the circle. 
[Note: s and r must be measured in the same units. Also note 
that q is being used in two ways: as the name of an angle and 
as the measure of the angle. The context determines the choice. 
Thus, when we write q =s/r, we mean the radian measure of 
angle q is s/r.]
Example: Computing Radian Measure

What is the radian measure of a central angle opposite an arc of 
24 meters in a circle of radius 6 meters?

Solution

From Degrees to Radians, and Vice Versa

What is the radian measure of an angle of 180°? A central angle 
of 180° is subtended by an arc one-half the circumference of a 
circle. Thus, if C is the circumference of a circle, then one-half 
the circumference is given by

Hence, 180° corresponds to p * rad. This is important to 
remember, since the radian measures of many special angles 
can be obtained from this correspondence. For example, 90° is 

Radian measure 
of an angle drawn 
in standard position 
in the plane is 
equal to the length 
of arc on the unit 
circle subtended by 
that angle.
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180°/2; therefore, 90° corresponds to p /2 rad.
Table 2: From Degrees to Radians, and Vice Versa

The results in Table 2 are summarized in Figure 7 for easy reference. These 
correspondences and multiples of them will be used extensively in work that follows.

Figure 7: Radian–degree correspondences.

In general, the following proportion can be used to convert degree measure to 
radian measure, and vice versa.

Standard	Position,	Reference	Angles	and	Coterminal	Angles

The unit circle showed the placement of degrees and radians in the coordinate plane. 
Angles in the unit circle start on the x-axis and are measured counterclockwise 
about the origin. While these unit circle concepts are still in play, we will now not be 
“drawing” the unit circle in each diagram. The diagrams will now allow us to work 
with radii exceeding the unit one (as seen in the unit circle).

Standard Position

An angle is in standard position if its vertex is located 
at the origin and one ray is on the positive x-axis. 
The ray on the x-axis is called the initial side and the 
other ray is called the terminal side. If the terminal 
side of an angle lies “on” the axes (such as 0º, 90º, 
180º, 270º, 360º), it is called a quadrant angle. The 
angle shown at the right is referred to as a Quadrant 
II angle since its terminal side lies in Quadrant II.

The angle is measured by the amount of rotation 
from the initial side to the terminal side.  If measured 
in a counterclockwise direction the measurement 
is positive.  If measured in a clockwise direction the measurement is negative.  (A 

Coterminal Angles are 
angles in standard position 
that have the same Initial 
Side and the same Terminal 
side. For example 45°, 405° 
and -315° are coterminal 
angles because all three 
angles have the same initial 
side (the x axis) and they 
share a same terminal side.
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negative associated with an angle’s measure refers to its “direction” of measurement, 
clockwise.)

If two angles in standard position have the same terminal side, they are called 
coterminal angles. In the diagram at the left, +120º and -240º are coterminal angles.

Reference Angles

Associated with every angle drawn in standard position (except quadrantal angles) 
there is another angle called the reference angle.  The reference angle is the acute 
angle (the smallest angle) formed by the terminal side of the given angle and the 
x-axis. Reference angles may appear in all four quadrants. Angles in quadrant I are 
their own reference angles.

Coterminal Angles

Coterminal angles are angles in standard position (angles with the initial side on the 
positive	x	-axis)	that	have	a	common	terminal	side.		For	example	30°,	−330°	and	390°	
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are all coterminal. Coterminal angles are angles in standard position (angles with the 
initial side on the positive x-axis) that have a common terminal side.

To	find	a	positive	and	a	negative	angle	coterminal	with	a	given	angle,	you	can	add	
and	subtract	360°	if	the	angle	is	measured	in	degrees	or	2π	if	the	angle	is	measured	
in radians.

Example:

Find a positive and a negative angle coterminal with a 55° angle.

A	−305°	angle	and	a	415°	angle	are	coterminal	with	a	55°	angle.
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CORE	CONCEPT:	DOMAIN	
AND	RANGE	OF	A	 
FUNCTION
Functions are a correspondence between two sets, 
called the domain and the range. When defining a 
function, you usually state what kind of numbers the 

domain (x) and range (f(x)) values can be. But even if you say they are real numbers, 
that doesn’t mean that all real numbers can be used for x. It also doesn’t mean that all 
real numbers can be function values, f(x). There may be restrictions on the domain 
and range. The restrictions partly depend on the type of function.

A mathematical function is like a black box that takes certain input values and generates 
corresponding output values. Not all functions work with all kinds of values. The 
particular set of values that a function can take as input is called its domain. The 
range of the function is the set of outputs that can be generated by a function, given 
its domain.

For the function y = f(x), all the values that x can take become the domain of the 
function and all the output values that y take, become the range of the function.

In case of, circular functions are functions of angles in geometry, which means 
they take angle measures as input. They relate the angles of a triangle to the length of 
its sides.

There are three basic circular functions. As we can see in the image, if the point A 
on the circle is connected with its center, a right triangle is formed.

The	three	basic	circular	functions	can	be	defined	as
1.	Sine	(sin):	Sin(x)	is	defined	as

=sin( ) oppositex
hypotenuse
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The function csc(x) (cosecant) is the reciprocal of sin(x) 
and	is	defined	as

= =
1( )

sin( )
hypotenusecsc x

x opposite

2.	Cosine	(cos):	Cos(x)	is	defined	as

=( ) adjacentcsc x
hypotenuse

The function sec(x) (secant) is the reciprocal of cos(x) and 
is	defined	as

= =
1sec( )

cos( )
hypotenusex

x adjacent

3.	Tangent	(tan):	Tan(x)	is	defined	as

=tan( ) oppositex
adjacent

The function cot(x) (cotangent) is the reciprocal of tan(x) 
and	is	defined	as

= =
1cot( )

tan( )
adjacentx

x opposite

Domains	and	Ranges	of	Circular	 
Functions

Now that you understand the range and domain of a function, 
let’s have a look at the circular functions and define their 
domains and ranges. One more important point to note here is 
that the angle measures in radians are denoted as

180	degrees	=	π	radians

1. Domain and Range of sin(x)

Let’s imagine a circle with radius 1 and center at the origin. For 
any point on this circle, if we draw a right-angled triangle its 
hypotenuse will always be 1.

As	we	understand,	that	sin(x)	is	defined	as,

=sin( ) oppositex
hypotenuse

For this unit circle, at any point, sin(x) is equal to opposite 
/	1.	This	measure	of	opposite	can	be	defined	for	all	the	points	

Hypotenuse is 
the longest side 

of a right-angled 
triangle, the side 

opposite of the 
right angle.



159

Circular Functions

on the circle, indicating that the angle x can take any value. So, the domain of sin(x) 
is all real numbers.

Also, the value of sin(x), depending on the point on the circle, can go to a maximum 
of 1 at x = 90 degrees and a minimum of -1 at x = 270 degrees. So, the range of sin(x) 
is -1 to 1.
In short, for y = sin(x):
Domain	=	[+	∞,	-	∞]
Range = [-1, +1]

The function y = sin(x) can be plotted as shown in the image.

Domain and Range of csc(x)

The csc(x) is the reciprocal of sin(x). Its domain and range can be found from the 
domain and range of sin(x). The csc(x) is not be defined for those values of x for 
which sin(x) = 0. Its domain is all real numbers excluding x = 0 degrees, 180 degrees, 
360 degrees, and so on. Similarly, as the value of the range sin(x) lies between -1 to 
1, the value of its reciprocal is either greater than or equal to 1 or lesser than or equal 
to -1.

Therefore, for the function y = csc(x)
Domain	=	R	-	nπ
Range	=	[-	∞,	-	1]	∪	[+	1,	+	∞]
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Domain and Range of Sine Inverse
The	inverse	of	sin(x)	is	defined	as
y = sin-1 x
which means:
x = sin(y)
In	short,	the	inverse	function	of	sin(x)	is	defined	for	all	the	points	that	correspond	

to a sin(x) value, which means that its domain is equal to the range of sin(x), -1 to 1. 
The	range	of	this	inverse	function	is	the	angles	where	sin(x)	has	a	defined	value,	from	
-90 degrees to 90 degrees, as these values cover all the outputs of sin(x).

For y = sin-1 x
Domain = [ +1, - 1]
Range	=	[-	π/2,	+	π/2]

2. Domain and Range of cos(x)

As we saw in the case of sin(x), for any point on a unit circle, cos(x) is equal to 
adjacent / 1.

The	measure	of	adjacent	can	be	defined	for	all	the	points	on	the	circle,	indicating	
that the angle x can take any value. So, the domain of cos(x) is all real numbers.

Also, the value of cos(x), depending on the point on the circle, can go to a 
maximum of 1 at x = 0 degrees and a minimum of -1 at x = 180 degrees. So, the range 
of cos(x) is from -1 to 1.
In short, for y = cos(x)
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Domain	=	[-	∞,	+	∞]
Range = [- 1, + 1]
The function y = cos(x) can be plotted as seen in the graph.

Domain and Range of sec(x)

The sec(x) is the reciprocal of cos(x). Its domain and range can be found out from the 
domain and range of cos(x). The sec(x) is be defined for those values of x for which 
cos(x) = 0. Its domain excludes x = 90 degrees, 270 degrees, 450 degrees, and so on. 
Similarly, as the value of cos(x) lies between -1 to 1, the value of its reciprocal is 
either greater than or equal to 1 or lesser than or equal to -1.
Therefore, for the function y = sec(x)
Domain	=	R	-	π/2(n	+	1)

Graph	the	Six	Circular	Functions

The properties of the 6 circular functions: sin (x), cos (x), tan(x), cot (x), sec (x) 
and csc (x) are discussed. These include the graph, domain, range, asymptotes (if 
any), symmetry, x and y intercepts and maximum and minimum points.

Sine Function: f(x) = sin (x)

•	 Graph

•	 Domain: all real numbers
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•	 Range: [-1 , 1]
•	 Period = 2pi
•	 x intercepts: x = k pi , where k is an integer.
•	 y intercepts: y = 0
•	 maximum points: (pi/2 + 2 k pi , 1) , where k is an integer.
•	 minimum points: (3pi/2 + 2 k pi , -1) , where k is an integer.
•	 symmetry: since sin(-x) = - sin (x) then sin (x) is an odd function and its 

graph is symmetric with respect to the origin (0 , 0).
•	 intervals of increase/decrease: over one period and from 0 to 2pi, sin (x) is 

increasing on the intervals (0 , pi/2) and (3pi/2 , 2pi), and decreasing on the 
interval (pi/2 , 3pi/2).

Cosine Function: f(x) = cos (x)

•	 Graph

•	 Domain: all real numbers
•	 Range: [-1 , 1]
•	 Period = 2pi
•	 x intercepts: x = pi/2 + k pi , where k is an integer.
•	 y intercepts: y = 1
•	 maximum points: (2 k pi , 1) , where k is an integer.
•	 minimum points: (pi + 2 k pi , -1) , where k is an integer.
•	 symmetry: since cos(-x) = cos (x) then cos (x) is an even function and its 

graph is symmetric with respect to the y axis.
•	 intervals of increase/decrease: over one period and from 0 to 2pi, cos (x) is 

decreasing on (0 , pi) increasing on (pi , 2pi).

Tangent Function: f(x) = tan (x)

•	 Graph
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•	 Domain: all real numbers except pi/2 + k pi, k is an integer.
•	 Range: all real numbers
•	 Period = pi
•	 x intercepts: x = k pi , where k is an integer.
•	 y intercepts: y = 0
•	 symmetry: since tan(-x) = - tan(x) then tan (x) is an odd function and its 

graph is symmetric with respect the origin.
•	 intervals of increase/decrease: over one period and from -pi/2 to pi/2, tan 

(x) is increasing.
•	 Vertical asymptotes: x = pi/2 + k pi, where k is an integer.

Cotangent Function: f(x) = cot (x)

•	 Graph
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•	 Domain: all real numbers except k pi, k is an integer.
•	 Range: all real numbers
•	 Period = pi
•	 x intercepts: x = pi /2 + k pi , where k is an integer.
•	 symmetry: since cot(-x) = - cot(x) then cot (x) is an odd function and its 

graph is symmetric with respect the origin.
•	 intervals of increase/decrease: over one period and from 0 to pi, cot (x) is 

decreasing.
•	 Vertical asymptotes: x = k pi, where k is an integer.

Secant Function: f(x) = sec (x)

•	 Graph

•	 Domain: all real numbers except pi/2 + k pi, n is an integer.
•	 Range:	(-infinity	,	-1]	U	[1	,	+infinity)
•	 Period = 2 pi
•	 y intercepts: y = 1
•	 symmetry: since sec(-x) = sec (x) then sec (x) is an even function and its 

graph is symmetric with respect to the y axis.
•	 intervals of increase/decrease: over one period and from 0 to 2 pi, sec (x) is 

increasing on (0 , pi/2) U (pi/2 , pi) and decreasing on (pi , 3pi/2) U (3pi/2 
, 2pi).

•	 Vertical asymptotes: x = pi/2 + k pi, where k is an integer.
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Cosecant Function: f(x) = csc (x)

•	 Graph

•	 Domain: all real numbers except k pi, k is an integer.
•	 Range:	(-infinity	,	-1]	U	[1	,	+infinity)
•	 Period = 2pi
•	 symmetry: since csc(-x) = - csc(x) then csc (x) is an odd function and its 

graph is symmetric with respect the origin.
•	 intervals of increase/decrease: over one period and from 0 to 2pi, csc (x) is 

decreasing on (0 , pi/2) U (3pi/2 , 2pi) and increasing on (pi/2 , pi) U (pi / 
, 3pi/2).

•	 Vertical asymptotes: x = k pi, where k is an integer.
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CONCEPT:	CIRCULAR	FUNCTIONS
Circular functions, also known as trigonometric functions, are mathematical functions 
that describe the relationships between the angles of a right triangle and the ratios 
of the lengths of its sides. These functions have a rich history and find extensive 
applications in various fields, including geometry, physics, engineering, and more.

There are six primary circular functions, often abbreviated as “trig functions”:
Sine	(sin):	The	sine	of	an	angle	in	a	right	 triangle	is	defined	as	the	ratio	of	 the	

length of the side opposite the angle to the length of the hypotenuse.
Cosine	(cos):	The	cosine	of	an	angle	is	defined	as	the	ratio	of	the	length	of	the	side	

adjacent to the angle to the length of the hypotenuse.
Tangent	(tan):	The	tangent	of	an	angle	is	defined	as	the	ratio	of	the	length	of	the	

side opposite the angle to the length of the side adjacent to the angle.
Cosecant	(csc):	The	cosecant	is	the	reciprocal	of	the	sine:	csc(θ)	=	1/sin(θ).
Secant	(sec):	The	secant	is	the	reciprocal	of	the	cosine:	sec(θ)	=	1/cos(θ).
Cotangent	(cot):	The	cotangent	is	the	reciprocal	of	the	tangent:	cot(θ)	=	1/tan(θ).
These	functions	are	most	commonly	defined	on	the	unit	circle,	where	the	radius	of	

the circle is 1. In this context, the coordinates of a point on the unit circle corresponding 
to	an	angle	θ	are	(cos(θ),	sin(θ)).

Key properties and relationships of circular functions:
The	Pythagorean	identity:	sin²(θ)	+	cos²(θ)	=	1.
The cofunction identities: These relate the trigonometric functions of 

complementary	angles.	For	example,	sin(θ)	=	cos(90°	-	θ)	and	vice	versa.
The periodic nature: Circular functions are periodic, meaning they repeat their 

values	after	a	certain	interval.	The	period	of	sin	and	cos	is	360°	(or	2π	radians),	while	
the	period	of	tan,	cot,	csc,	and	sec	is	180°	(or	π	radians).

The relationships between circular functions and triangles, which allow for solving 
for unknown side lengths or angles in triangles.

Circular functions are extensively used to model waveforms, oscillations, 
rotational motion, and periodic phenomena in physics and engineering. They are also 
crucial	in	calculus,	complex	analysis,	and	other	mathematical	fields.
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SUMMARY
•	 Circular	functions	are	defined	such	that	their	domains	are	sets	of	numbers	

that correspond to the measures (in radian units) of the angles of analogous 
trigonometric functions. 

•	 Circular functions are part of the set of trigonometric functions. Whereas 
trigonometric functions consist of domains that are sets of angles and 
ranges that are real numbers, circular functions have domains that are sets 
of numbers that correspond to the angles of the trigonometric functions (in 
radians). 

•	 An angle is a measurement of a rotation or change of direction. In plane 
geometry, an angle is the measurement of the rotation required to move one 
ray onto another ray emanating from the same point.

•	 An angle in a rectangular coordinate system is said to be in standard position 
if its vertex is at the origin and the initial side is along the positive x axis.

•	 An angle is in standard position if its vertex is located at the origin and one 
ray is on the positive x-axis. The ray on the x-axis is called the initial side 
and the other ray is called the terminal side.

•	 A mathematical function is like a black box that takes certain input values 
and generates corresponding output values. Not all functions work with all 
kinds of values. The particular set of values that a function can take as input 
is called its domain.
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MULTIPLE	CHOICE	QUESTIONS
1.  If sin θ and cos θ are the roots of ax2 – bx + c = 0, then the relation 

between a, b and c will be
a. a2 + b2 + 2ac = 0
b. a2 – b2 + 2ac = 0
c. a2 + c2 + 2ab = 0
d. a2 – b2 – 2ac = 0

2.  If tan A = 1/2 and tan B = 1/3, then the value of A + B is
a.	 π/6
b.	 π
c. 0
d.	 π/4

3.  The value of cos 1° cos 2° cos 3° … cos 179° is
a.	 1/√2
b. 0
c. 1
d. –1

4.  An angle is a measurement of a rotation or change of direction. 
a. True
b. False 

5.  An angle is in standard position if its vertex is located at the origin and 
one ray is on the positive x-axis.
a. True
b. False 

Answers

1. (b)  2. (d)  3. (b)  4. (a)  5. (a)
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REVIEW	QUESTIONS
1. Define	the	basic	theory	of	circular	functions.

2. How	to	find	exact	values	for	particular	real	numbers? Explain.

3. Discuss on angles and their measurements.

4. Evaluate the degree and radian measure.

5. What is the standard position, reference angles and coterminal angles?
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Conic section (or simply conic) is a curve obtained as 
the intersection of the surface of a cone with a plane. 
The three types of conic section are the hyperbola, 
the parabola, and the ellipse. The circle is a special 
case of the ellipse, and is of sufficient interest in its 
own right that it was sometimes called a fourth type 
of conic section.

After studying this chapter, you will understand the core concepts of:
•	 Conic Sections
•	 Systems of Nonlinear Equations
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CONIC SECTIONS AND SYSTEMS
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INTRODUCTION
A conic section, conic or a quadratic curve is a curve obtained from a cone’s surface 
intersecting a plane. The three types of conic section are the hyperbola, the parabola, 
and the ellipse; the circle is a special case of the ellipse, though it was sometimes 
called as a fourth type. The ancient Greek mathematicians studied conic sections, 
culminating around 200 BC with Apollonius of Perga’s systematic work on their 
properties.

A conic section is the intersection of a plane and a double right circular cone. By 
changing the angle and location of the intersection,	we	can	produce	different	types	of	
conics. There are four basic types: circles, ellipses, hyperbolas and parabolas. None 
of the intersections will pass through the vertices of the cone.

If the right circular cone is cut by a plane perpendicular to the axis of the cone, the 
intersection is a circle. If the plane intersects one of the pieces of the cone and its axis 
but is not perpendicular to the axis, the intersection will be an ellipse. To generate a 
parabola, the intersecting plane must be parallel to one side of the cone and it should 
intersect	one	piece	of	the	double	cone.	And	finally,	to	generate	a	hyperbola the plane 
intersects both pieces of the cone. For this, the slope of the intersecting plane should 
be greater than that of the cone.

The general equation for any conic section is
Ax2+Bxy+Cy2+Dx+Ey+F=0 where A, B, C, D, E and F are constants.



173

Conic Sections and System
s

As we change the values of some of the constants, the shape of the corresponding 
conic	will	also	change.		It	is	important	to	know	the	differences	in	the	equations	to	help	
quickly identify the type of conic that is represented by a given equation. 

If B2−4AC	is	less	than	zero,	if	a	conic	exists,	it	will	be	either	a	circle	or	an	ellipse.	
If B2−4AC	equals	zero,	if	a	conic	exists,	it	will	be	a	parabola.	
If B2−4AC	is	greater	than	zero,	if	a	conic	exists,	it	will	be	a	hyperbola. 

CORE	CONCEPT:	CONIC	 
SECTIONS
A conic section is the intersection of a plane and a 
cone. In the Euclidean plane, the conic sections ap-
pear	to	be	quite	different	from	one	another,	but	share	
many properties. By extending the geometry to a 
projective	plane	(adding	a	line	at	infinity)	this	appar-

ent	difference	vanishes,	and	the	commonality	becomes	evident.

The conic sections, or conics, are curves obtained by making sections, or cuts, at 
particular angles through a cone. These curves were known to the ancient Greeks, who 
first explored their properties. But, ancient as they are, these curves have exceedingly 
modern applications — for example, the television dish aerial that brings sports and 
films into our homes, and the giant radio telescopes such as the one at Jodrell Bank in 
Cheshire,	which	look	deep	into	space,	all	depend	upon	what	is	known	as	the	‘reflective	
property’ of one of the conic sections.

In the description below, we shall use diagrams showing just a part of a cone, but 
you	should	imagine	that	the	cone	extends	infinitely	far.	We	shall	also	talk	about	the	
axis of the cone, and a generator. The axis is the central line about which the cone is 
symmetric. A generator is a line which, when rotated about the axis, sweeps out the 
cone.
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Conic section, also called conic, any curve produced by the intersection of a plane 
and a right circular cone. Depending on the angle of the plane relative to the cone, 
the intersection is a circle, an ellipse, a hyperbola, or a parabola. Special (degenerate) 
cases of intersection occur when the plane passes through only the apex (producing 
a single point) or through the apex and another point on the cone (producing one 
straight line or two intersecting straight lines).

The basic descriptions, but not the names, of the conic sections can be traced to 
Menaechmus, a pupil of both Plato and Eudoxus of Cnidus. Apollonius of Perga, 
known as the “Great Geometer,” gave the conic sections their names and was the 
first	to	define	the	two	branches	of	the	hyperbola (which presuppose the double cone). 
Apollonius’s eight-volume treatise on the conic sections, Conics, is one of the greatest 
scientific	works	from	the	ancient	world.

Analytic Definition

Conics may also be described as plane curves that are the paths (loci) of a point 
moving so that the ratio of its distance from a fixed point (the focus) to the distance 
from a fixed line (the directrix) is a constant, called the eccentricity of the curve. If the 
eccentricity is zero, the curve is a circle; if equal to one, a parabola; if less than one, 
an ellipse; and if greater than one, a hyperbola. See the figure.



175

Conic Sections and System
s

Every conic section corresponds to the graph of a second degree polynomial 
equation of the form Ax2 + By2 + 2Cxy + 2Dx + 2Ey + F = 0, where x and y are 
variables and A, B, C, D, E, and F	are	coefficients	 that	depend	upon	the	particular	
conic. By a suitable choice of coordinate axes, the equation for any conic can be 
reduced to one of three simple r forms: x2/a2 + y2/b2 = 1, x2/a2	 −	y2/b2 = 1, or y2 
= 2px, corresponding to an ellipse, a hyperbola, and a parabola, respectively. (An 
ellipse where a= b is in fact a circle.) The extensive use of coordinate systems for the 
algebraic analysis of geometric curves originated with René Descartes (1596–1650). 

Conic	Sections	in	Nature	

Conic sections are important because they model 
important physical processes in nature. It can be 
shown that anybody under the influence of an inverse 
square law force must have a trajectory of one of the 
conic sections. Heavenly bodies attract each other with 
a gravitational force that in inversely proportional to 
the square of the distance between them. This law, 
Newton’s Law of Gravitation, is an example of an 
inverse square law. Hence, the trajectories of heavenly 
bodies are conic sections (circle, ellipses, parabolas, and hyperbolas.). Coulomb’s 
Law of the attraction of charged particles is another example of an inverse square law. 
Therefore, the trajectories of charged particles (e.g., electrons) are conic sections. 
So, from the large scale of the universe to the microscopic scale of the atom, conic 
sections occur in nature.

The conic sections are the shapes that can be created when a plane intersects 
a double cone like the one below. In other words, the conic sections are the cross 
sections of a double cone.

Inverse-square law is any 
physical law stating that a 
specified physical quantity 
or intensity is inversely 
proportional to the square 
of the distance from the 
source of that physical 
quantity.
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There are four primary conic sections - the circle, the parabola, the ellipse, and 
the hyperbola. These conic sections are shown below with their general equations. 
In geometry, you will focus on circles and parabolas. You will study ellipses and 
hyperbolas in more depth in future courses.

Conic Section Equation Picture

Circle (x−h)2+(y−k)2=r2

Parabola

(x−h)2=4p(y−k)

OR

(y−k)2=4p(x−h)

Ellipse ( ) ( )2 2

2 2

x h y k
1

a b
− −

+ =

Hyperbola

( ) ( )2 2

2 2

x h y k
1

a b
− −

− =

OR

( ) ( )2 2

2 2

y k x h
1

a b
− −

− =

Let’s look at some problems involving conic sections. 
1. How is a circle created as the intersection of a double cone and a plane?
The cross section is taken parallel to the base of the cones, as shown below.
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2. How is an ellipse created as the intersection of a double cone and a plane?
The intersection plane is at a slight angle with the plane containing the base, as 

shown below.

3. a) 
Ellipse
b)	(x−4)2=4(y−1)
Parabola
c)	(x−2)2+(y−3)2=16
Circle

d) 
Hyperbola
Notice that the only equation where both the x and y terms are not squared is the 

parabola.	The	difference	between	the	ellipse	and	hyperbola equations is with an ellipse 
the	coefficients	of	x	and	y	are	the	same	sign	while	with	a	hyperbola	the	coefficients	
of	x	and	y	are	different	signs.	The	coefficients	of	the	x	and	y	terms	are	always	exactly	
the same for a circle.

Example 1. Earlier, you were asked why conic sections are named accordingly. 
Conic sections are called conic sections because they are the cross sections of a double 
cone. The word conic comes from the word cone, and the word section comes from 
cross section.

Example 2. How is a parabola created as the intersection of a double cone and a 
plane?

The intersection plane has the same slope as the lateral surface of the cone and 
passes through just one cone. Below, the same intersection	is	shown	from	two	different	
perspectives.

Example 3. How is an ellipse created as the intersection of a double cone and a 
plane?
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The intersection plane is at an angle with the plane containing the base such that 
it passes through both cones, as shown below.

Example 4. Are there any other cross sections of a double cone besides the four 
primary conic sections?

There are three other cross sections -- a point, a line, and a pair of intersecting 
lines. These are referred to as the degenerate conics, because they are not as complex. 
The study of conic sections focuses on the four primary conic sections and not on the 
degenerate conics.

Greek	Origins

The early history of conic sections is joined to the problem of “doubling the 
cube.”According to Eratosthenes of Cyrene, the people of Delos consulted the oracle 
of Apollo for aid in ending a plague (c. 430 BC) and were instructed to build Apollo 
a new altar of twice the old altar’s volume and with the same cubic shape. Perplexed, 
the Delians consulted Plato, who stated that “the oracle meant, not that the god 
wanted an altar of double the size, but that he wished, in setting them the task, to 
shame the Greeks for their neglect of mathematics and their contempt for geometry.” 
Hippocrates of Chio first discovered that the “Delian problem” can be reduced to 
finding two mean proportionals between a and 2a (the volumes of the respective 
altars)—that is, determining x and y such that a:x = x:y = y:2a. This is equivalent to 
solving simultaneously any two of the equations x2 = ay, y2 = 2ax, and xy = 2a2, which 
correspond to two parabolas and a hyperbola, respectively. Later, Archimedes showed 
how to use conic sections to divide a sphere into two segments having a given ratio.

Diocles demonstrated geometrically that rays—for instance, from the Sun—
that are parallel to the axis of a paraboloid of revolution (produced by rotating a 
parabola about its axis of symmetry) meet at the focus. Archimedes is said to have 
used	this	property	to	set	enemy	ships	on	fire.	The	focal	properties	of	the	ellipse	were	
cited by Anthemius of Tralles, one of the architects for Hagia Sophia Cathedral in 
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Constantinople (completed in AD 537), as a means of ensuring that an altar could be 
illuminated by sunlight all day.

Post-Greek Applications

Conic sections found their first practical application outside of optics in 1609 when 
Johannes Kepler derived his first law of planetary motion: A planet travels in an 
ellipse with the Sun at one focus. Galileo Galilei published the first correct description 
of the path of projectiles a parabola in his Dialogues of the Two New Sciences. In 
1639 the French engineer Girard Desargues initiated the study of those properties of 
conics that are invariant under projections. Eighteenth-century architects created a 
fad for whispering galleries such as in the U.S. Capital and in St. Paul’s Cathedral in 
London—in which a whisper at one focus of an ellipsoid (an ellipse rotated about one 
axis) can be heard at the other focus, but nowhere else. From the ubiquitous parabolic 
satellite dish (see the figure) to the use of ultrasound in lithotripsy, new applications 
for conic sections continue to be found.
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The	Ellipse,	Parabola	and	Hyperbola	

Mathematicians, engineers and scientists encounter numerous 
functions in their work: polynomials, trigonometric and 
hyperbolic functions amongst them. However, throughout the 
history of science one group of functions, the conics, arise time 
and time again not only in the development of mathematical 
theory but also in practical applications. The conics were first 
studied by the Greek mathematician Apollonius more than 200 
years BC. 

Essentially, the conics form that class of curves which are 
obtained when a double cone is intersected by a plane. There are 
three main types: the ellipse, the parabola and the hyperbola. 
From the ellipse we obtain the circle as a special case, and 
from the hyperbola we obtain the rectangular hyperbola as a 
special case. 

The Ellipse 

Ellipse, a closed curve, the intersection of a right circular cone 
(see cone) and a plane that is not parallel to the base, the axis, 
or an element of the cone. It may be defined as the path of a 
point moving in a plane so that the ratio of its distances from a 
fixed point (the focus) and a fixed straight line (the directrix) is 
a constant less than one. Any such path has this same property 
with respect to a second fixed point and a second fixed line, 
and ellipses often are regarded as having two foci and two 
directrixes. The ratio of distances, called the eccentricity, is 
the discriminant (q.v.; of a general equation that represents all 
the conic sections). Another definition of an ellipse is that it is 
the locus of points for which the sum of their distances from 
two fixed points (the foci) is constant. The smaller the distance 
between the foci, the smaller is the eccentricity and the more 
closely the ellipse resembles a circle.

Rectangular 
hyperbola is a 

hyperbola for which 
the asymptotes are 
perpendicular, also 

called an equilateral 
hyperbola or right 

hyperbola. This 
occurs when the 

semimajor and 
semiminor axes are 

equal.
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A straight line drawn through the foci and extended to the curve in either direction 
is the major diameter (or major axis) of the ellipse. Perpendicular to the major axis 
through the center, at the point on the major axis equidistant from the foci, is the 
minor axis. A line drawn through either focus parallel to the minor axis is a latus 
rectum (literally, “straight side”).

The ellipse is symmetrical about both its axes. The curve when rotated about either 
axis forms the surface called the ellipsoid (q.v.) of revolution, or a spheroid.

The path of a heavenly body moving around another in a closed orbit in accordance 
with Newton’s gravitational law is an ellipse. In the solar system one focus of such a 
path about the Sun is the Sun itself.

For an ellipse the centre of which is at the origin and the axes of which are 
coincident with the x and y axes, the equation is x2/a2 + y2/b2 = 1. The length of 
the major diameter is 2a; the length of the minor diameter is 2b. If c is taken as the 
distance from the origin to the focus, then c2 = a2 - b2, and the foci of the curve may 
be	located	when	the	major	and	minor	diameters	are	known.	The	problem	of	finding	
an exact expression for the perimeter of an ellipse led to the development of elliptic 
functions, an important topic in mathematics and physics.

We are all aware that the paths followed by the planets around the sun are 
elliptical. However, more generally the ellipse occurs in many areas of engineering. 
The standard form of an ellipse is shown in Figure 1.
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Figure 1.

If	a>b	(as	we	have	drawn	the	figure)	then	the	x−axis	is	called	the	major-axis	and	
the	y−axis	is	called	the	minor-axis.	On	the	other	hand	if	b>a	then	the	y−axis	is	called	
the	major-axis	and	the	x−axis	is	then	the	minor-axis.	Two	points,	inside	the	ellipse	
are of importance; these are the foci. If a>b these are located at coordinate positions 
±ae (or at ±be if b>a) on the major-axis in which e, called the eccentricity, is given by

The foci of an ellipse have the property that if light rays are emitted from one 
focus	then	on	reflection	at	the	elliptic	curve	they	pass	through	at	the	other	focus.

The standard Cartesian equation of the ellipse with its center at the origin is
2 2

2 2 1x y

a b
+ =

     (1)
This ellipse has intercepts on the x-axis at x = ±a and on the y-axis at ±b. The 

curve is also symmetrical about both axes. The curve reduces to a circle in the special 
case in which a = b.

The equation (1) gives the equation of the ellipse with its center at the origin. If 
the	center	of	the	ellipse	has	coordinates	(α,	β) and still has its axes parallel to the x 
and	y−axes	the	standard	equation	becomes

Example

Find the standard form of the equation of the ellipse that has a major axis of length 6 
and foci at (-2, 0) and (2,0) as shown in figure below.
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Solution: Because the foci occur at (-2, 0) and (2,0) the center of the ellipse is (0,0) 
and the major axis is horizontal. So, the ellipse has an equation of the form

 (Standard form, horizontal major axis)
Because the length of the major axis is 6, you have 2a = 6, which implies that a = 3
Moreover, the distance from the center to either focus is c =2. Finally, you have

Substituting a2 = 32 and  yields the following equation in standard 
form.

 (Standard form)

This	equation	simplifies	to

The Circle

Circle, geometrical curve, one of the conic sections, consisting of the set of all points 
the same distance (the radius) from a given point (the center). A line connecting any 
two points on a circle is called a chord, and a chord passing through the center is 
called a diameter. The distance around a circle (the circumference) equals the length 
of	a	diameter	multiplied	by	π.	The	area	of	a	circle	is	the	square	of	the	radius	multiplied	
by	π.	An	arc	consists	of	any	part	of	a	circle	encompassed	by	an	angle	with	its	vertex	
at the center (central angle). Its length is in the same proportion to the circumference 
as the central angle is to a full revolution.
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The circle is a special case of the ellipse; it occurs when a = b = r so the equation 
becomes

Here, the center of the circle is located at the origin (0, 0) and the radius of the 
circle	is	r.	If	the	center	of	the	circle	at	a	point	(α,β)	then	we	use	the	form:

In Figure 2 we have drawn a number of circles

Figure 2.

The	reader	should	confirm	that	the	equations	of	these	circles	are
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Example

Find the center and radius of each circle. Then graph the circle.

Solution: 

The center is and the radius is 6.

The Parabola 

Parabola, open curve, a conic section produced by the intersection of a right circular 
cone and a plane parallel to an element of the cone. As a plane curve, it may be 
defined as the path (locus) of a point moving so that its distance from a fixed line (the 
directrix) is equal to its distance from a fixed point (the focus).

The vertex of the parabola is the point on the curve that is closest to the directrix; 
it is equidistant from the directrix and the focus. The vertex and the focus determine 
a line, perpendicular to the directrix, that is the axis of the parabola. The line through 
the focus parallel to the directrix is the latus rectum (straight side). The parabola is 
symmetric about its axis, moving farther from the axis as the curve recedes in the 
direction away from its vertex. Rotation of a parabola about its axis forms a paraboloid 
(q.v.).
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The	 parabola	 is	 the	 path,	 neglecting	 air	 resistance	 and	 rotational	 effects,	 of	 a	
projectile thrown outward into the air. The parabolic shape also is seen in certain 
bridges, forming arches.

For a parabola the axis of which is the x axis and with vertex at the origin, the 
equation is y2 = 2px, in which p is the distance between the directrix and the focus.

The standard form of the parabola is shown in Figure 3.

Figure 3.

Here	the	x−axis	is	the	line	of	symmetry	of	the	parabola.
The standard equation of the parabola is

y2 = 4ax
with focus at (a, 0). 
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It	can	be	shown	that	light	rays	parallel	to	the	x−axis	will,	on	reflection	from	the	
parabolic curve, come together at the focus. This is an important property and is used 
in the construction of some kinds of telescopes, of satellite dishes and of car headlights.

Example

Find the focus of the parabola whose equation is y = -2x2

Solution: Because the squared term in the equation involves you know that the axis is 
vertical, and the equation is of the form
x2 = 4py. (Standard form, vertical axis)
You can write the original equation in this form, as shown.

 (Write original equation.)

 (Divide each side by -2)

 (Write in standard form.)
So, p = -1/8. Because p is negative, the parabola opens downward and the focus of the 
parabola is (0, p) = (0, -1/8) as shown in figure below.

The Hyperbola 

Hyperbola, two-branched open curve, a conic section, produced by the intersection 
of a circular cone and a plane that cuts both nappes (see cone) of the cone. As a plane 
curve it may be defined as the path (locus) of a point moving so that the ratio of the 
distance from a fixed point (the focus) to the distance from a fixed line (the directrix) 
is a constant greater than one. The hyperbola, however, because of its symmetry, 
has two foci. Another definition is that of a point moving so that the difference of its 
distances from two fixed points, or foci, is a constant. A degenerate hyperbola (two 
intersecting lines) is formed by the intersection of a circular cone and a plane that cuts 
both nappes of the cone through the apex.
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A line drawn through the foci and prolonged 
beyond is the transverse axis of the hyperbola; 
perpendicular to that axis, and intersecting it at the 
geometric center of the hyperbola, a point midway 
between the two foci, lies the conjugate axis. The 
hyperbola is symmetrical with respect to both axes.

Two straight lines, the asymptotes of the curve, 
pass through the geometric center. The hyperbola 
does not intersect the asymptotes, but its distance 
from them becomes arbitrarily small at great distances 
from the center. The hyperbola when revolved about 
either axis forms a hyperboloid (q.v.).

For a hyperbola that has its center at the origin of a Cartesian coordinate system 
and has its transverse axis lying on the x axis, the coordinates of its points satisfy the 
equation x2/a2 - y2/b2 = 1, in which a and b are constants.

The standard form of the hyperbola is shown in Figure 4(a).

A parabola is a graph of 
a quadratic function, y 
= x2, for example. The 
line perpendicular to the 
directrix and passing 
through the focus (that 
is, the line that splits the 
parabola through the 
middle) is called the “axis 
of symmetry”.
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Figure 4.

This has standard equation

The eccentricity,	e,	is	defined	by

Note the change in sign when compared to the equivalent expressions for the 
ellipse. The lines y = ±b/a x are asymptotes to the hyperbola (these are the lines to 
which each branch of the hyperbola	approach	as	x	→	±∞). 

If	light	is	emitted	from	one	focus	then	on	hitting	the	hyperbolic	curve	it	is	reflected	
in such a way as to appear to be coming from the other focus. See Figure 4(b). The 
hyperbola has fewer uses in applications than the other conic sections and so we will 
not dwell here on its properties.
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Example

Find the standard form of the equation of the hyperbola with foci at (-3, 0) and (3, 0) 
and vertices at (-2, 0) and (2, 0) as shown in figure below.

Solution: From the graph, c = 3 because the foci are three units from the center. Also, 
a = 2 because the vertices are two units from the center. So, 

Because the transverse axis is horizontal, the standard form of the equation is 

 (Standard form, horizontal transverse axis) 

Finally, substituting a2 = 22 and  , you have 

 (Write in standard form.)

General	Conics	

The conics we have considered above - the ellipse, the parabola and the hyperbola 
- have all been presented in standard form:- their axes are parallel to either the x or 
y−axes.	However,	conics	may	be	rotated	to	any	angle	with	respect	to	the	axes:	they	
clearly remain conics, but what equations do they have? It can be shown that the 
equation of any conic, can be described by the quadratic expression

where A, B, C, D, E, F are constants.
If not all of A, B, C are zero the graph of this equation is

i. an ellipse if B2 < 4AC (circle if A = C)
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ii. a parabola if B2 = 4AC

iii. a hyperbola if B2 > 4AC

Example

Classify each of the following expressions as ellipse, parabola or hyperbola;
a. x2 + 2xy + 3y2	+	x	−	1=0

b. x2 + 2xy + y2	−	3y	+7=0

c. 2x2 + xy + 2y2	−	2x	+	3y	=	6

Solution

a. Here A = 1, B = 2, C = 3 ∴ B2 < 4AC. This is an ellipse

b. Here A = 1, B = 2, C = 1 ∴ B2 = 4AC. This is a parabola

c. Here A = 2, B = 1, C = 2 ∴ B2 < 4AC also A = C. This is a circle.

CORE	CONCEPT:	SYSTEMS	OF	
NONLINEAR	EQUATIONS
A system of nonlinear equations is a system of two or 
more equations in two or more variables containing 
at least one equation that is not linear. Recall that a 
linear equation can take the form Ax+By+C=0. Any 
equation that cannot be written in this form in non-

linear. The substitution method we used for linear systems is the same method we will 
use for nonlinear systems. We solve one equation for one variable and then substitute 
the result into the second equation to solve for another variable, and so on. There is, 
however, a variation in the possible outcomes.

A nonlinear system of equations is a set of equations where one or more terms have 
a variable of degree two or higher and/or there is a product of variables in one of the 
equations. Most real-life physical systems are non-linear systems, such as the weather. 
Solving nonlinear systems of equations is much the same as solving linear equations: 
use either the substitution method or elimination. The main difference is that some 
of the solutions may be complex. When the solutions are real, they will represent the 
coordinates of the points where the graphs of the two functions intersect. Complex 
solutions never represent intersections of two curves.

Finding	the	zeros	of	a	given	function	f,	i.e.,	finding	an	argument	x	for	which	
f(x) = 0
where	f	:	Rn	→	Rn,	is	a	classical	problem	arising	from	many	areas	of	applications.	
Except in linear problems, root-finding invariably proceeds by iteration — starting 
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from some approximate trial solution, a useful algorithm will 
improve the solution until some predetermined convergence 
criterion is satisfied. 

Unlike most of the iterative methods used for linear systems, 
having	a	good	first-guess	for	the	solution	of	a	nonlinear	system	
usually is crucial in determining the success of an iterative 
process. Such methods, among which the Newton-Raphson 
method is the most celebrated, are called local methods. 

Thus far, general–purposed global methods are not 
available. For special classes of problem, such as solving 
systems of polynomials, important progress has recently 
been made. The homotopy method, having connections with 
differential	equations,	is	one	such	approach.	

Another	difficulty	often	associated	with	solving	nonlinear	
equations is the detection of existence of one or multiple 
solutions. A nonlinear set of equations may have no (real) 
solutions at all. Contrariwise, it may have more than one 
solution. Ideally, one should resort to some other means, such 
as the degree theory, to determine that theoretically a nonlinear 
equation	does	have	a	solution	before	numerically	finding	the	
approximate solution. Applying a numerical method blindfold 
has the danger of being misled to a wrong answer even though 
the method behaves nicely.

The	Newton-Raphson	Method

The Newton Raphson method is for solving equations of the 
form f(x) = 0. We make an initial guess for the root we are 
trying to find, and we call this initial guess x0. The sequence x0, 
x1, x2, x3, . . . generated in the manner described below should 
converge to the exact root. 

To implement it analytically we need a formula for each 
approximation in terms of the previous one, i.e. we need xn+1 in 
terms of xn. The equation of the tangent line to the graph y = 
f(x) at the point (x0, f(x0)) is

The tangent line intersects the x-axis when y = 0 and x = 
x1, so

Solving this for x1 gives

Tangent line to a 
plane curve at a 

given point is the 
straight line that 

“just touches” the 
curve at that point.
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and, more generally

You should memorize the above formula. Its application to solving equations of 
the form f(x) = 0, as we now demonstrate, is called the Newton Raphson method. It is 
guaranteed to converge if the initial guess x0 is close enough, but it is hard to make a 
clear	statement	about	what	we	mean	by	‘close	enough’	because	this	is	highly	problem	
specific.	A	sketch	of	 the	graph	of	 f(x)	can	help	us	decide	on	an	appropriate	 initial	
guess x0 for a particular problem.

Example

Let us solve x3	−	x	−	1	=	0	for	x.	
In this case f(x) = x3	−	x	−	1,	so	f’	(x)	=	3x2	−	1.	So	the	recursion	formula	(1)	becomes

Need to decide on an appropriate initial guess x0 for this problem. A rough graph 
can	help.	Note	that	f(1)	=	−1	<	0	and	f(2)	=	5	>	0.	Therefore,	a	root	of	f(x)	=	0	must	
exist between 1 and 2. Let us take x0 = 1 as our initial guess. Then

and with x0 = 1 we get x1 = 1.5. 
Now

and with x1 = 1.5 we get x2 = 1.34783. For the next stage,

and with the value just found for x2, we find x3 = 1.32520. 
Carrying	on,	we	find	that	x4 = 1.32472, x5 = 1.32472, etc. We can stop when the 
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digits stop changing to the required degree of accuracy. We 
conclude that the root is 1.32472 to 5 decimal places.

The	Broyden	Method

One of the drawbacks of using Newton’s Method to solve a 
system of nonlinear equations g(x) = 0 is the computational 
expense that must be incurred during each iteration to evaluate 
the partial derivatives of g at x(k) , and then solve a system of 
linear equations involving the resulting Jacobian matrix. The 
algorithm does not facilitate the re-use of data from previous 
iterations, and in some cases evaluation of the partial derivatives 
can be unnecessarily costly.

An alternative is to modify Newton’s Method so that 
approximate partial derivatives are used, since the slightly 
slower convergence resulting from such an approximation is 
offset	by	the	improved	efficiency	of	each	iteration.	However,	
simply replacing the analytical Jacobian matrix Jg(x) of g with 
a	matrix	consisting	of	finite	difference	approximations	of	the	
partial derivatives does not do much to reduce the cost of 
each iteration, because the cost of solving the system of linear 
equations is unchanged.

However, because Jg(x) consists of the partial derivatives 
evaluated at an element of a convergent sequence, intuitively 
Jacobian matrices from consecutive iterations are “near” 
one another in some sense, which suggests that it should be 
possible to cheaply update an approximate Jacobian matrix 
from iteration to iteration, in such a way that the inverse of the 
Jacobian matrix, which is what is really needed during each 
Newton	iteration,	can	be	updated	efficiently	as	well.	

This is the case when an n × n matrix B has the form
B = A + u ⊗ v,
where u and v are given vectors in Rn , and u ⊗ v is the outer 
product of u and v, defined by

This	 modification	 of	A	 to	 obtain	 B	 is	 called	 a	 rank-one	
update. This is because u⊗v has rank one, since every column 

Algorithm is 
a procedure or 

formula for solving 
a problem, based 

on conducting 
a sequence of 

specified actions.
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of u ⊗ v is a scalar multiple of u. To obtain B−1 from A−1 , we note that if
Ax = u,

then

which yields

On the other hand, if x is such that v · A−1x = 0, then

which yields

This takes us to the following more general problem: given a matrix C, we wish to 
construct	a	matrix	D	such	that	the	following	conditions	are	satisfied:

•	 Dw = z, for given vectors w and z
•	 Dy = Cy, if y is orthogonal to a given vector g.
In our application, C = A−1 , D = B−1 , w = u, z = 1/(1 + v · A−1u)A−1u, and g = A−T	v.

To solve this problem, we set

Then, if g ·	y	=	0,	the	second	term	in	the	definition	of	D	vanishes,	and	we	obtain	
Dy = Cy, but in computing Dw, we obtain factors of g · w in the numerator and 
denominator that cancel, which yields
Dw	=	Cw	+	(z	−	Cw)	=	z.

Applying	this	definition	of	D,	we	obtain

This formula for the inverse of a rank-one update is known as the Sherman-
Morrison Formula. 

We	now	return	to	the	problem	of	approximating	the	Jacobian	of	g,	and	efficiently	
obtaining its inverse, at each iterate x (k) . We begin with an exact Jacobian, D0 = Jg(x 
(0)), and use D0	to	compute	the	first	iterate,	x	

(1), using Newton’s Method as follows:

Then, we use the approximation
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Generalizing this approach to a system of equations, we seek an approximation D1 
to Jg(x (1)) that has these properties:

•	 D1(x (1) −	x	(0))	=	g(x	(1))	−	g(x	(0)) (the Secant Condition) 
•	 If z · (x (1) −	x	(0)) = 0, then D1z = Jg(x (0))z = D0z.
It follows from previous discussion that

where

However, it can be shown that y0	−	D0d (0) = g(x (1)),	which	yields	the	simplified	
formula

Once we have computed D0
−1, we can apply the Sherman-Morrison formula to 

obtain

where u (0) = D−1
0 g(x (1)). Then, as D1 is an approximation to Jg(x (1)), we can obtain our 

next iterate x (2) as follows:

Repeating this process, we obtain the following algorithm, which is known as 
Broyden’s Method:
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Note that it is not necessary to compute Dk	 for	 k	 ≥	 1;	 only	D
−1

k is needed. It 
follows that no systems of linear equations need to be solved during an iteration; 
only matrix-vector multiplications are required, thus saving an order of magnitude of 
computational	effort	during	each	iteration	compared	to	Newton’s	Method.

Example 

We consider the system of equations g(x) = 0, where

We will begin with one step of Newton’s Method to solve this system of equations, 
with initial guess x (0) = (x (0), y(0), z(0)) = (1, 0, 1).
As computed in a previous example,

Therefore, the Newton iterate x (1) is obtained by solving the system of equations

or, equivalently, D0d (0) =	−g(x	(0)) where

Substituting (x (0), y(0), z(0)) = (1, 0, 1) yields the system
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This system has the solution d (0) = ( 1/2 , 1/2 , 0) which 
yields x(1) = ( 3/2, 1/2, 1). 

Now, instead of computing Jg(x (1), we compute

This yields the system

which has the solution x(2) = ( 5/4 , 3/4 , 1). This happens to 
be the same second iterate computed by Newton’s Method, 
though this is not the case for a general function g(x).

Sturm	Sequences

The matrix elements of each transfer matrix are polynomials 
with respect to the eigenvalue l, beginning with the basic 
matrix whose 11 element is of the first degree in l, which 
is absent from the remaining elements. Multiplying transfer 
matrices raises the degree of the matrix elements, the 11 
element always retaining the highest degree - the sum of the 
degrees of the factors - when the matrices have the form we 
are using. Boundary conditions eventually dictate that some 
combination of matrix elements gives zero, which means the 
vanishment of a polynomial whose degree is the length of 
the string, whose expression is evidently the characteristic 
equation of A.

Boundary 
condition is a 

condition that is 
required to be 

satisfied at all or 
part of the boundary 
of a region in which 
a set of differential 
conditions is to be 

solved.



199

Conic Sections and System
s

If the boundary condition is independent of the length of the string, there is a 
series	of	characteristic	equations,	each	having	a	similar	structure	yet	differing	by	the	
degree of the polynomial involved. Moreover, the peculiar structure of the matrix 
M,	arising	from	the	tautology	which	was	incorporated	in	its	definition,	interlaces	the	
polynomials used at each stage. It is worth seeing how this is done, in the simple case 
where the boundary condition is that there be a terminal node. 

11 12
1

21 22

11 21

11 12

1 0

( ) ( )

i i

i i i

i i

i i
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If the initial vector were (10), implying x1 = 0, x2 = 1 (any factor will do), and the 
final	vector	were	(0,	1)	implying	that	xi+1 were also zero, then the 11 element of Mi+1 
would vanish, or 
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21
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( ) 0,i i
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Figure 5: Interleaving of eigenvalues.

The new roots lie on a line determined by the diagonal element of A with slope 
likewise	 determined	by	A	 -	 the	 ratio	 of	 its	 diagonal	 to	 off-diagonal	 elements.	The	
roots also lie on the quotient of two polynomials; the zeroes of the denominator are 
just the roots of the next smaller A, the roots of the numerator are those of the second 
previous A. Not both polynomials have roots in the same place because of the limit 
on the maximal thickness of a node. Thus zeros and poles of the quotient alternate, 
and the new roots lie between the poles so they are also separated. Thus all roots are 
distinct, and interleaved; this is called a Sturm sequence.

There are interesting details in the graph which has been sketched. The derivative 
of the quotient is nonzero and always has a consistent sign, making it monotone 
within the panels delimited by its poles. Consequently the intersecting line crosses 
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the quotient just once in each panel, assuring the interleaving 
of roots and keeping them real. The root cause of all this is 
the sign-symmetry of the matrix A; were it sign-antisymmetric, 
roots would have to run along in conjugate pairs. In fact, the 
interleaving property was already proved on more general 
grounds by Ledermann, so that we mainly have a more graphic 
presentation of the result.

The value where the line crosses the axis is the diagonal 
element of the bordering matrix, which will not be an eigenvalue 
although it will necessarily sit between some pair of old roots. 
It acts as a center of readjustment, crowding new eigenvalues 
toward	the	edges	of	the	panels	defined	by	the	old	eigenvalues	
while distancing them from still older eigenvalues. Eventually 
there will be very little change in eigenvalues far from that 
diagonal element since the line will intersect the quotient near 
its	asymptotes,	but	finally	one	of	the	new	eigenvalues	will	lie	
outside the range established previously.

Bairstow’s	Method

A real polynomial may have complex conjugate roots. In order 
to find the complex roots, most methods would have to begin 
at a complex starting point and be carried out in complex 
arithmetic. Bairstow’s method avoids complex arithmetic. 

The roots of a quadratic polynomial

are obviously known. For a polynomial p(x), we write

  (2)
The	 coefficients	 of	 the	 remainder	 depends	 upon	 r	 and	 q.	

The idea of Bairstow’s method is to determine r and q so that

     (3)

     (4)
Applying Newton’s method to (3), we need to compute

Upon differentiating, we observe that

(5)

Eigenvalues are 
a special set of 

scalars associated 
with a linear system 

of equations (i.e., 
a matrix equation) 
that are sometimes 

also known as 
characteristic roots, 

characteristic 
values, proper 

values, or latent 
roots.
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 (6)

Let p1(x) be further divided by d(x) and denote

Assuming the two roots x0 and x1, of d(x) are distinct, it follows that

Substituting (6) we obtain

Form the second equations we have (since x0  x1)

Form	the	first	equations,	we	have

Therefore, we know

The	values	of	A,	B	can	be	obtained	without	difficulty:	Suppose

By	comparing	coefficients	of	(6.41),	we	obtain

Similarly, by using (2), we can obtain the values of .
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Solving	Systems	of	Nonlinear	Equations

A system of equations where at least one equation is not linear 
is called a nonlinear system. There are several ways to solve 
systems of nonlinear equations:

•	 Substitution
•	 Elimination
•	 Using a Combination of methods
•	 Using absolute value

By Substitution

Solve the following nonlinear equations: 
x2 + y = 6
x - y = 14

To	 solve	 this	 system	we	 first	 need	 to	 isolate	 one	 of	 the	
variables. In this example, we can use the second equation to 
solve for y, 
x - y = 14
y = x  14

Now we can substitute this value of y in the second equation: 
x2 + y = 6
x2 + (x - 14) = 6
x2 + x - 14 - 6 = 0
x2 + x - 20 = 0

By	factoring	we	find	two	possible	values	of	x:
(x + 5)(x - 4) = 0
x = 5 or x = 4

From	the	first	equation,	we	can	use	the	value	of	x	to	find	a	
value for y
For x = -5; y = x - 14 = -19
For x = 4; y = x  14 = 10 

As a result, the solution set for the nonlinear system is {(4,-
10), (-5,-19)}

By Elimination

Solve the following nonlinear equations:
x2 + y2 = 34

Variable is a 
symbol that 

represents a quantity 
in a mathematical 

expression, as used 
in many sciences.
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x2 - 2y2 = 7

To	solve	this	system	we	multiply	the	first	equation	by	2

(x2 + y2 = 34) × 2

2x2 + 2y2 = 68

We then add that product to the second equation

  2x2 + 2y2 = 68

   + x2 - 2y2  =  7    

           3x2 = 75 

Now we can solve for x 

3x2 = 75

x2 = 25

x =  5

We can substitute this value of x	into	the	first	equation	to	find	all	possible	values	for	y. 
Since we are substituting into a square, x = 5 and x = 5 will give us the same value:

y2 = 34 - x2

y2 = 34 - 25

y2 = 9

y = 3

The solution set for the nonlinear system is {(5,3), (5,-3), (-5,3), (-5,-3)}

Using a Combination of Methods

Solve the following nonlinear equations:

x2 - 2xy + y2 = 3

x2 + xy + y2 = 12

First	we	use	the	elimination	method	to	find	a	value	for	y.	We	can	multiply	the	first	
equation by 1:

-x2 + 2xy  y2 = -3

Then we can add both equations

-x2 + 2xy - y2 = -3

x2 + xy + y2 = 12
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3xy = 12

y = 4/x

Now substitute this value of y	in	the	first	equation:

x2 + x(4/x) + (4/x) 2 = 12

x2 + 4 + 16/x2 = 12

Multiply both sides by x2:

(x2) 2 + 4x2 + 16 = 12x2

(x2) 2 - 8x2 + 16 = 0

Using the quadratic equation, we can solve for x:

(x2 - 4)(x2 - 4) = 0
x2 = 4
x = 2
We can then use that result to find the value for y:
y = 4/x
y = 2

The solution set for the nonlinear system is {(2,2), (-2,-2)}.

Using Absolute Value

Solve the following nonlinear equations:
x2 + y2 = 25

|x| + y = 5

First we use the substitution method and solve for the absolute value of x:

|x| + y = 5
|x| = 5 - y

We	know	from	the	definition	of	absolute	value	that	|x|	≥	0.	So	for	all	x, 5  y > 0, 
and that can be rewritten as 5 > y.	In	the	first	equation	|x|2 is the same as x2; therefore, 
we can use substitution:, 
x2 + y2 = 25
(5  y) 2 + y2 = 25
(25  10y + y2 ) + y2 = 25
2y2  10y = 0
2y(y  5) = 0
We can now solve for y:

The behavior of a 
nonlinear system is 
described in mathematics 
by a nonlinear system of 
equations, which is a set 
of simultaneous equations 
in which the unknowns 
(or the unknown functions 
in the case of differential 
equations) appear as 
variables of a polynomial 
of degree higher than one 
or in the argument of a 
function which is not a 
polynomial of degree one.
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y = 0 or y = 5

We can use both of these values of y in the first equation:
For y = 0
x2 + (0) 2 = 25
x2 = 25
x = 5
For y = 5
x2 + (5) 2 = 25
x2 + 25 = 25 
x = 0
The solution set for the nonlinear system is {(5,0), (0,5), (-5,0)}.
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CONCEPT:	CONIC	SYSTEMS
It seems like there might be a slight confusion in your question. “CONIC system” 
isn’t a widely recognized term in mathematics or any specific field that I’m aware 
of. However, I can provide information on conic sections and systems if that’s what 
you’re referring to.

Conic Sections: Conic sections are the curves that result from the intersection 
of a plane and a cone. There are several types of conic sections: circles, ellipses, 
parabolas, and hyperbolas.

• Circle: A circle is formed when the plane intersects the cone perpendicular 
to its axis.

• Ellipse: An ellipse is formed when the plane intersects the cone at an angle, 
but not parallel to the base or perpendicular to the axis.

• Parabola: A parabola is formed when the plane intersects the cone parallel 
to one side of the cone.

• Hyperbola: A hyperbola is formed when the plane intersects the cone 
parallel to the axis but not touching the cone.

Conic Systems: If by “CONIC system” you’re referring to a system of equations 
involving conic sections, you might be talking about equations that describe the 
geometry of conic sections. Each type of conic section can be represented by an 
equation involving variables x and y.

For example:
•	 The equation of a circle centered at (h, k) with radius r is: (x - h)^2 + (y - 

k)^2 = r^2.
•	 The equation of an ellipse centered at (h, k) is: ((x - h)^2 / a^2) + ((y - k)^2 

/ b^2) = 1, where a and b are the lengths of the semi-major and semi-minor 
axes, respectively.

•	 The	 equation	 of	 a	 parabola	 can	 have	 different	 forms	 depending	 on	 its	
orientation and vertex.

•	 The	equation	of	a	hyperbola	can	also	have	different	forms	depending	on	its	
orientation and center.

These equations can be used to analyze and solve problems related to conic 
sections	 in	 various	 fields	 like	 geometry,	 physics,	 and	 engineering.	 If	 you	 have	 a	
specific	context	 in	mind	or	 if	 “CONIC	system”	 refers	 to	 something	more	specific,	
please	provide	additional	details	so	I	can	offer	a	more	accurate	response.
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SUMMARY
•	 A conic section, conic or a quadratic curve is a curve obtained from a cone’s 

surface intersecting a plane.
•	 A conic section is the intersection of a plane and a double right circular cone. 

By changing the angle and location of the intersection, we can produce 
different	types	of	conics.

•	 Conic sections are important because they model important physical 
processes	in	nature.	It	can	be	shown	that	anybody	under	the	influence	of	an	
inverse square law force must have a trajectory of one of the conic sections.

•	 Mathematicians, engineers and scientists encounter numerous functions in 
their work: polynomials, trigonometric and hyperbolic functions amongst 
them. However, throughout the history of science one group of functions, 
the conics, arise time and time again not only in the development of 
mathematical theory but also in practical applications.

•	 The matrix elements of each transfer matrix are polynomials with respect to 
the eigenvalue l, beginning with the basic matrix whose 11 element is of the 
first	degree	in	l,	which	is	absent	from	the	remaining	elements.

•	 The new roots lie on a line determined by the diagonal element of A with 
slope	likewise	determined	by	A	-	 the	ratio	of	its	diagonal	to	off-diagonal	
elements. The roots also lie on the quotient of two polynomials; the zeroes 
of the denominator are just the roots of the next smaller A, the roots of the 
numerator are those of the second previous A.
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MULTIPLE	CHOICE	QUESTIONS
1.  Find the equation of circle with center at origin and radius 5 units.

a. x2+y2=25
b. x2+y2=5
c. x2=25
d. y2=25

2.  Find the equation of circle with center at (2, 5) and radius 5 units.
a. x2+y2+4x-10y+4=0
b. x2+y2-4x-10y+4=0
c. x2+y2+4x+10y+4=0
d. x2+y2+4x-10y-4=0

3.  Find the center of the circle with equation x2+y2-4x-10y+4=0.
a. (-2, 5)
b. (-2, -5)
c. (2, -5)
d. (2, 5)

4.  Find the radius of the circle with equation x2+y2-4x-10y+4=0.
a. 25 units
b. 20 units
c. 5 units
d. 10 units

5.  Find the equation of circle which pass through (5, 9) and center at (2, 5).
a. x2+y2+4x-10y+4=0
b. x2+y2-4x-10y+4=0
c. x2+y2+4x+10y+4=0
d. x2+y2+4x-10y-4=0

Answers

1. (a)  2. (b)  3. (d)  4. (c)  5. (b)
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REVIEW	QUESTIONS
1. What are the four primary conic sections?

2. Find the center and radius of each of the following circles: 

a. x2 + y2	−	4x	−	6y	=	−12	

b. 2x2 + 2y2 + 4x +1=0

3. Use	Sturm’s	theorem	to	find	the	roots	of	x4 −	3x2	+	x	−	2.

4. The equation 9x2 + 4y2	−	36x	+	24y	−	1	=	0	represents	an	ellipse.	Find	 its	
center, the semi-major and semi-minor axes and the coordinate positions of 
the foci.

5. Find	the	equation	of	a	circle	of	radius	3	which	has	its	center	at	(−1,	2.2)

6. An asteroid has an elliptical orbit around the Sun. The major axis is of length 
5 × 108 km. If the distance between the foci is 4 × 108	km	find	the	equation	of	
the orbit.
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A line integral is represented as an integral in which 
a function is to be integrated along a curve. A line 
integral is also known as a path integral, curvilinear 
integral, or curve integral. Line integrals have several 
applications such as in electromagnetic, line integral 
is used to estimate the work done on a charged particle 
travelling along some curve in a force field defined 
by a vector field. In classical mechanics, line integral 
is used to compute the word performed on mass m 
moving in a gravitational field. 

After studying this chapter, you will understand the core concepts of:
•	 line	integral	definition
•	 line integrals in green’s theorem
•	 line integral in stokes’s theorem
•	 line	integrals	in	vector	fields
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INTRODUCTION
A line integral is integral in which the function to be integrated is determined along a 
curve in the coordinate system. The function which is to be integrated may be either 
a scalar field or a vector field. We can integrate a scalar-valued function or vector-
valued function along a curve. The value of the line integral can be evaluated by 
adding all the values of points on the vector field.

CORE	CONCEPT:	LINE	 
INTEGRAL	DEFINITION
A line integral is an integral where the function to be 
integrated is evaluated along a curve. The terms path 
integral, curve integral, and curvilinear integral are 
also used; contour integral is used as well, although 
that is typically reserved for line integrals in the 

complex plane.

Line integral is an integral in which the function to be integrated is evaluated along a 
curve. A line integral is also called the path integral or a curve integral or a curvilinear 
integral. We have so far integrated “over” intervals, areas, and volumes with single, 
double, and triple integrals. We now investigate integration over or “along” a curve—
“line integrals” are really “curve integrals”.

As with other integrals, a geometric example may be easiest to understand. Consider 
the function f = x + y and the parabola y = x2	in	the	x-y	plane,	for	0	≤	x	≤	2.	Imagine	
that we extend the parabola up to the surface f, to form a curved wall or curtain, as in 
figure	1.	What	is	the	area	of	the	surface	thus	formed?	We	already	know	one	way	to	
compute	surface	area,	but	here	we	take	a	different	approach	that	is	more	useful	for	the	
problems to come.
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Figure 1. Approximating the area under a curve.

As usual, we start by thinking about how to approximate the area. We pick some 
points along the part of the parabola we’re interested in, and connect adjacent points 
by straight lines; when the points are close together, the length of each line segment 
will be close to the length along the parabola. Using each line segment as the base of 
a rectangle, we choose the height to be the height of the surface f the line segment. If 
we add up the areas of these rectangles, we get an approximation to the desired area, 
and in the limit this sum turns into an integral.

Typically the curve is in vector form, or can easily be put in vector form; in 

this example we have . The length of one of the straight line 
segments in the approximation is approximately  so the 
integral is

This integral of a function along a curve C is often written in abbreviated form as

The work done by a force on an object is equal to the magnitude of the force 
times the distance the object moves; this assumes that the force is constant and in the 
direction of motion. We have already dealt with examples in which the force is not 
constant; now we are prepared to examine what happens when the force is not parallel 
to the direction of motion.

We have already examined the idea of components of force, in example 12.3.4: 
the component of a force F in the direction of a vector v is

the projection of F onto v. The length of this vector, that is, the magnitude of the 
force in the direction of v, is
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the direction of v, over a distance equal to the length of v, the work done is

Thus, work in the vector setting is still “force times distance”, except that “times” 
means “dot product”.

If	 the	force	varies	from	point	 to	point,	 it	 is	represented	by	a	vector	field F; the 
displacement vector v may also change, as an object may follow a curving path in 
two or three dimensions. Suppose that the path of an object is given by a vector 
function	r(t);	at	any	point	along	the	path,	 the	(small)	 tangent	vector	r	 ′	∆t	gives	an	
approximation	to	its	motion	over	a	short	time	∆t,	so	the	work	done	during	that	time	is	
approximately	F	·	r	′	∆t;	the	total	work	over	some	time	period	is	then

It	is	useful	to	rewrite	this	in	various	ways	at	different	times.	We	start	with

abbreviating	r	′	dt	by	dr.	Or	we	can	write

using	the	unit	tangent	vector	T,	abbreviating	|r	′	|	dt	as	ds,	and	indicating	the	path	
of the object by C. In other words, work is computed using a particular line integral of 
the form we have considered. Alternately, we sometimes write

and similarly for two dimensions, leaving out references to z.

Arclength

If a curve C is described by the parametric equations

then the length along curve C is given by:

The	equation	is	simple	enough	to	use.	For	example,	to	find	the	length	along	the	
segment	of	the	circle	x	=	2	cost,	y	=	2	sin	t	for	0	≤	t	≤	  we just calculate:
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The expression  can be understood with either a geometric or 
physical interpretation. The usual geometric interpretation is to split up the curve C 
into small segments of length ds.

The length of a typical segment is approximated as a hypotenuse of a right triangle 
of base dx and height dy

and therefore, by the Pythagorean Theorem:

If we use the notation  ds to symbolize the limit of the sum of all the segments 
of length ds as t ranges from a to b then it becomes clearer that the length along C is 

represented by .
For a more physical interpretation, we consider a particle moving along C 

with it’s position t seconds given by . The velocity of the particle is 
 and so the speed of the particle is:

We can look at the formula :

as:

change in distance = (speed)(change in time)
therefore, if we look at the length of curve C, R C ds as the sum of all the (speed)

(time) expressions, so
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Total distance traveled =
In three dimensions, the velocity vector has three coordinates

and the speed is  so the total distance along C is:

The notion of adding quantities up over a curve C applies not only to distance 
but to other physical quantities as well. Suppose, for example, we had electric charge 
distributed along this path C with a charge density at point of f(x, y, z) 
coulombs per meter. Then, a small segment of length ds meters would hold a charge 
of f(x, y, z) ds coulombs. The total charge along this path would be the limit of the 
sum of such quantities, which would give us:

The computation of such an integral is similar to an arc length calculation. For 
example, suppose C is a helical segment, given by

Let us suppose that the linear charge density at any point (x, y, z) on this curve is 
given by f(x, y, z) =  coulomb per meter. This would mean that as we move 
along	the	helix	from	(π,	0,	0)	at	t	=	0	to	(−π,	0,	π)	at	t	=	π,	the	charge	density	gets	
smaller and smaller. The density at is:

The charge (in coulombs) along a segment of length ds is:
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Therefore, the total charge is:

Work

Work is defined as the integral of force over distance.

This	definition	is	only	applicable	if	a	force	F	is	pushing	something	along	a	straight	
line.	You	might	expect	that	if	a	force	is	acting	along	a	curve	C	then	the	definition	of	
work needs to be extended to be:

since ds represents the change in distance along the curve.
However,	there	is	a	complication.	Suppose	the	force	is	directed	at	an	angle	θ	to	

the path C.

It is only the tangential component of the force that is doing work along the path. 
Therefore, we should be using 	cos	θ	in	our	integral.	If	  is the unit tangent vector, 
then  and the expression for the work done along path C is:

The unit tangent vector  can be found by dividing the tangent vector  by its 
length.
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We already know from that ds = dt so:

Therefore,	if	the	initial	point	on	the	curve	occurs	at	t	=	a	and	the	final	point	is	at	t	
= b, the integral for work is given by:

Note that , so the integral for work can be written more succinctly as:

This is called a line integral whether the path C is a straight line or a curve.
Example: Let’s consider the same helical segment C as:

and let’s consider the work along this path by the force:

The force is parallel to the x-axis at all points and it is shrinking to 0 as we approach 
the	last	point	(−π,	0,	π)	on	the	helical	segment.	At	any	point	(x,	y,	z)	=	(π	cost,	π	sin	t,	
t), the force is 	=	ht	−	π,	0,	0i	and	  is given by:

Therefore,

and the work can be easily calculated using integration by parts:
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There are two interesting things to be observed about this integral. As you learned 
in Calculus, reversing the limits of integration changes the answer by a negative sign:

We	interpret	this	as	reversing	direction	along	the	path.	If	we	start	with	t	=	π	then	
we	are	beginning	at	the	point	(−π,	0,	π)	and	if	we	stop	with	t	=	0	then	we	are	ending	
up	at	(π,	0,	0).	We	use	the	notation	−C	to	denote	the	path	C	traversed	in	the	opposite	
direction. Therefore,

The	second	interesting	thing	to	point	out	is	the	effect	of	changing	the	path	between	
(π,	0,	0)	and	(−π,	0,	π).	Consider	the	following	path:

Let’s	call	this	path	Ω.	Ω	is	a	parabolic	segment	connecting	(π,	0,	0)	to	(−π,	0,	π).

At any point along this path:

Therefore, the work done by 	along	Ω	is:

Note that  is not the same as 	even	though	C	and	Ω	have	the	same	
starting point and the same ending point. We say that the integral is path dependent. An 
important	result	we	will	encounter	is	that,	for	certain	vector	fields,	called	conservative 
vector	fields,	 the	path	connecting	a	point	P	to	a	point	Q	will	not	affect	the	answer.	
Since	the	path	does	makes	a	difference	for	 , this would be an example of 
a	nonconservative	vector	field.
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Example: Let .	Integrate	this	vector	field over the straight line 
segment L connecting (0, 0, 1) to (1, 2, 2).

Solution:
The straight line L can be described by the equation:

At any point on this line,  is given by:

The vector  is given by:

We can now calculate the dot product :

The line integral is therefore equal to:

It is not always necessary to use a parametric representation of the path we 
integrate over. In general, .

If  and so the line integral can be 
written as:

So, for example, the line integral we just did can be written as:

In the case of the line we just considered, where x = t, y = 2t and z = 1+t, we have:

Therefore,

It all comes to the same thing, but there are times that a description of the path 
in terms of x, y and z directly might be more convenient. For example, suppose L1 
denotes the straight line segment from (0, 0, 1) to (1, 2, 1) and L2 denotes the staight 
line segment from (1, 2, 1) to (1, 2, 2) and let L3 be the combined path along L1 
followed by L2.
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The work done along the combined path L3 is the sum of the work done along L1 
and the work done along L2.

Along L1, y = 2x and z = 1 so dy = 2 dx and dz = 0. Therefore:

Along L2, x = 1 and y = 2 at every point so dx = dy = 0.

Therefore,

Please note that even though L and L3 have the same initial point and the same 
final	point,	  is not the same as  is not a conservative	vector	field.

Example: Consider the path from (2, 0) to (0, 1) along the upper portion of the 
ellipse . Let’s call this path C1 because a little we are going to consider a 
different	path,	C2, connecting these two points.

Consider	the	following	vector	field:
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Let’s begin by describing the path with the equation . It follows that 
.

To integrate over the path, we must be careful to start at x = 2 and end up at x = 0 
if	we	want	to	integrate	in	the	direction	specified.

The remaining integral is somewhat tedious, but if you use trigonometric 

substitution	 with	 x	 =	 2	 sin	 θ,	 then	 you	 will	 find	 that	  and 
therefore,

The problem is actually much simpler if we use the parametric representation of 
this ellipse:

Now,	just	for	comparison,	lets	integrate	from	(2,	0)	to	(0,	1)	along	a	different	path.	
Let C2 be the elliptical path along the other three quarters of the ellipse.
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Since the parametric representation gives us the easiest 
integral, let’s use that. To traverse path C2, we simply vary t 
from	2π	to	  .

Thus	 the	 choice	 of	 path	 has	 made	 no	 difference.	 Does	
this mean that the integral of  from (2, 0) to (0, 1) is path 
independent? The problem is that, for all we know, there may 
be some other path, call it C3 from (2, 0) to (0, 1) where the 
answer for 	comes	out	differently.	How	can	we	resolve	
this? The answer lies in a line integral called a closed loop 
integral.

Closed Loop Integrals

Let’s use the same vector field  and the same ellipse as the 
last problem, but this time, let’s integrate around the entire 
ellipse. Thus, if we start at (2, 0), we will end there as well. We 
can use the same parametric representation of the ellipse and 
simply adjust the limits of integration.

Let’s call this path C. When the starting point is the same 
as the endpoint, the path is called a closed loop and we use the 
symbol  for the integral.

The	integral	of	a	vector	field around a closed loop is called 
the circulation. It is not a coincidence that the circulation is 0. 
This a reliable feature of path independent integrals. In general, 
suppose	 we	 have	 two	 different	 paths	 connecting	 point	 P	 to	
point Q. Call these paths C1 and C2.

An integral is the 
continuous analog of 
a sum, which is used 
to calculate areas, 
volumes, and their 
generalizations.
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If we reverse direction along path C2, we get a closed loop C.

Thus,	 if	 the	 integral	of	a	vector	field is path independent and equals 
then the circulation H C . Conversely, if the circulation is always 

zero, no matter what closed loop we are considering, then the integrals along two 
different	paths	C1 and C2 connecting points P to Q will always come out to be the same 
as each other.

The	 circulation	 of	 a	 vector	 field is of interest for other reasons. For example, 
in physics the concept of circulation comes up in Ampere’s Law which relates the 
current	I	along	a	wire	to	the	magnetic	field	B	around	the	wire.

If	C	is	a	closed	loop	around	the	wire,	the	circulation	of	the	magnetic	field	B	is	
proportional to the current I.

Another	place	we	need	this	concept	is	in	the	study	of	fluids.	If	  is the velocity 
vector	field	of	a	fluid,	one	of	the	starting	points	of	fluid	theory	is	that	the	circulation	
is zero.
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Circulation	Per	Unit	Area

Closely	associated	with	the	circulation	of	a	vector	field is the circulation per unit 
area. More precisely, if F



	is	a	vector	field	and	C	is	a	closed	loop	then	the	circulation	
per	unit	area	is	defined	as:

where the area referred to is the area inside the closed loop. Now, suppose we 
shrink the closed loop down and make the area smaller.

Keep making the area smaller.

If we take the limit as the area goes to zero, we are shrinking the closed loop down 
to a point. The limit, if it exists, will be referred to as the circulation per unit area at 
a point.

If	a	vector	field is conservative, then the circulation per unit area is going to be 
zero, no matter how small the area, and therefore the circulation per unit area at a 
point can be expected to be zero at all points. The converse also turns out to be true, 
but we will discuss this when we get to a result called Stokes’ Theorem.
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Derivative	Formula	for	Circulation	per	Unit	Area

There is a simple formula for finding the circulation per unit area that is in terms of 
the partial derivatives of the coordinates of the vector field. There are two preliminary 
facts from calculus that we need to get this formula. The first is the Mean Value 
Theorem of Integrals. If f(x) is continuous on the interval [a, b], then there is some 
point c in this interval with the property that:

We	also	need	the	limit	definition	of	the	derivative:

Please note that there are other similar limits that also come out the same way:

as well as:

You can use l’Hˆopital’s Rule to see that each of these limits come out equal to f’ 
(x). Note that the very last limit can be written as:

Let us begin our analysis of the circulation per unit area by considering a closed 
loop parallel to the yz plane. For simplicity, we will take this loop to be a rectangular 
path C. There is a point (x, y, z) in the center of this loop.

We will call the four segments of this rectangular path C1, C2, C3 and C4. 
The integral around the rectangular loop C is the sum of the line integrals along 

each of the four segments:

We will assume that the four corners of this rectangle have the coordinates:
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Let’s start with path C1 and C3

This is true because x and y are constant along C1 so dx = dy = 0 on this path. By 
the Mean Value Theorem for integrals, there is a point P with 	for	z	∗	
in the interval so that . By continuity, 

where so

Let’s write this more concisely as:

In the same way, we write the integral along C3 as:

Please note the negative sign in front of F3 this time. This is because on C3, we 
start at and end at  so the direction is the opposite of C1. Now, add these 
integrals together:

Next, we repeat this argument for paths C2 and C4
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and the result is:

Add the results together to get an approximation for 
.

The	error	in	this	approximation	goes	to	0	as	∆y	and	∆z	go	
to	0.	Since	the	area	inside	C	is	Area=	∆y	∆z,	the	circulation	per	
unit area is:

Therefore,

So,	the	significance	of	the	expression:

is that it represents the circulation per unit area at (x, y, z) 
in a plane parallel to the yz plane. What about the other planes? 
An analysis similar to what we have just done shows that:

represents the circulation per unit area at (x, y, z) in a plane 
parallel to the xz plane. Finally, the expression:

represents the circulation per unit area at (x, y, z) in a plane 
parallel to the xy plane. We can package all these quantities 
very	conveniently	in	a	vector	called	the	curl	defined	as:

Thus,  is the circulation per unit area in the plane 
perpendicular to the  is the circulation per 
unit area in the plane perpendicular to the  is 
the circulation per unit area in the plane perpendicular to the 

 vector. More generally, it can be shown that if ~n is any 
unit vector then  is the circulation per unit area in the 

Parallel lines are co-
planar	infinite	straight	
lines that do not inter-

sect at any point.
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plane perpendicular to . There is a nice formula using determinants for the curl. We 
write the expression  as:

Use this notation for each coordinate of the curl

This can be written more compactly as a three by three determinant:

This is commonly written as  since the three by three determinant has the 
same	algebraic	form	as	the	cross	product.	When	a	vector	field  is conservative, the 
circulation per unit area is zero at every point and in every plane, regardless of the 
orientation	of	the	plane.	Thus,	we	can	tell	if	a	vector	field	 is conservative simply by 
checking if  is the zero vector.

Example: Calculate the curl of 

This	verifies	our	observation	that	the	integral	of	 seemed to be path independent.
Example: Calculate the curl of 

Since curl is	 not	 the	 zero	 vector,	 this	 verifies	 our	 observation	 that	 the	 value	
of the line integral between two points might change if the path connecting the two 
points changes.

The	Potential	Function

Let us suppose that represents force so that is work. If is a conservative 
vector	field then the integral is path independent. That is, if C connects point P0 to 
Q then the value of would remain the same even if we changed the path C 
connecting P0 to Q.
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Since the path doesn’t matter, we will use the notation:

Suppose we took a side trip through point P to get from P0	to	Q.	If	Γ	is	a	path	from	
P0	to	P	and	Ω	is	a	path	from	P	to	Q	then:

Equivalently:

Now, let us consider the work done from point P0 = (x0, y0, z0) to P = (x, y, z). If 
we regard the initial point (x0, y0, z0)	as	a	constant	and	the	final	point	(x,	y,	z)	as	the	
variable	then	the	work	done	is	a	function	of	(x,	y,	z)	and	will	be	denoted	by	φ(x,	y,	z)

φ(x,	y,	 z)	will	be	 referred	 to	as	 the	potential	 function for . The integral sum 
that we considered can be written as:

and therefore,

Thus, the integral of a conservative	vector	field between any two points can be 
expressed as the change in its potential function.	Therefore,	given	a	vector	field	
it would be convenient to know how to get the formula for the potential function 
φ.	Of	course,	we	do	have	an	 integral	definition	  and this could 
be	used.	However,	if	φ	is	obtained	by	performing	an	antiderivative	operation	on	the	
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coordinates of it would make sense that we should be able to obtain the coordinates 
of by	performing	some	derivative	operations	on	φ.	Let’s	begin	by	 looking	at	 the	
partial	derivative	of	φ(x,	y,	z)	with	respect	to	x.

As	we	have	just	seen,	φ(x	+	h,	y,	z)	−	φ(x,	y,	z)	would	result	from	a	line	integral.

Since the line integral	of	this	vector	field is path independent, we might as well 
take the path to be a straight line from (x, y, z) to (x + h, y, z). This means that y and 
z are constant along the path, so dy = dz = 0 and we are left with:

By the Mean Value Theorem of Integrals,	there	is	a	value	x	∗	somewhere	in	the	
interval [x, x + h] such that = F1(x ∗ , y, z) h, and therefore:

In exactly the same manner, we can show that:

where y ∗ is some value in [y, y + h] and z ∗ is some value in [z, z + h]. If we now 
divide by h, we get:

If we take the limit as h goes to 0, we are left with:
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This implies that is the gradient of the potential function.

We have just established that if the integral of  is path inde-
pendent then must be the gradient of its potential function. 
The converse is also true. That is, if =	∗φ	for	some	scalar-
valued	function	φ	then	the	integral	of	 between two points P 
and Q must be independent of the path connecting those two 
points. To understand why this true, take any path C between 
P and Q. C will be described by parametric equations of the 
form:

At	any	point	t,	φ	will	have	the	value	φ(x(t),	y(t),	z(t))	on	the	
curve. By the Chain Rule for Partial Derivatives,

Therefore,

The	 final	 answer	 apparently	 comes	 out	 to	 φ(Q)	 −	 φ(P)	
regardless of which path C we have chosen. Notice that the 
line integral can now be written as:

This resembles the Fundamental Theorem of Calculus:

so the formula is essentially a 
generalization of the fundamental theorem to line integrals.

Example: Calculate the potential function for 
 and use your result to recalculate the line 

integral of  over C1, the elliptical path from (2, 0) to (0, 1) 
that we considered earlier.

Solution:	If	φ	is	the	potential	function, then and 

. Take either one of these equations, it doesn’t 
matter much which one, and integrate with respect to the 

A line integral is 
an integral where 

the function to 
be integrated is 

evaluated along a 
curve.
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appropriate	 variable.	That	 is,	 either	 integrate	 −x	 +	 y	with	 respect	 to	 x	 (holding	 y	
constant)	or	integrate	x	−	2y	with	respect	to	y	(holding	x	constant).	Since	it	doesn’t	
matter which we start with, let’s choose . This implies that:

You may notice that I haven’t written the usual constant of integration +C at the 
end	of	this	antiderivative,	so	xy	−	y	2 is not the most general expression for which 

.	Not	only	would	xy	−	y	2 + C also work for any constant C, but the following 
expressions would also work:

More generally,

Since x was being held constant in our integration, x may appear in our “constant” 
of integration.

If 	where	the	only	condition	on	φ	then	xy	−	y	2 + G(x) is the answer 
for any function G(x). However, there is one more condition, namely and 
this	will	determine	a	specific	expression	for	G(x)

If	G’	(x)	=	−x	then	G(x)	=	−	 + C and therefore:

Now, let’s use this to integrate  from (2, 0) to (0, 1). Since the integral of this 
is	path	independent,	we	can	get	our	answer	directly	with	φ

Notice how the +C cancels out. The +C will always cancel out when we evaluate 
φ(Q)	−	φ(P)	so,	from	now	on,	we	might	as	well	choose	C	=	0	for	calculation	of	other	
potential functions.

Example: Find the potential function for and calculate the line 
integral	of	this	vector	field over the straight line path from (0, 0) to (1, 4).

Solution: If there is a potential function	φ	then	φ	must	satisfy	the	conditions:
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If the	φ(x,	y)	must	have	the	form	xy	+	G(x).	If	we	now	impose	the	condition	
we get the equation y + G’ (x) = 3y 2 + y which leads to the contradictory 

result that G’ (x) = 3y 2. G’ (x) cannot equal an expression depending on the y variable. 
We conclude that there is no potential function	φ	for	this	vector	field.

We could have predicted this result had we calculated the curl of .

Had	there	been	a	function	φ	with	∇φ	=	 then:

So, a good general rule is that if ∇ × is not the zero vector then don’t bother 
looking	for	a	function	φ	with	 = ∇φ.

There	are	a	couple	of	things	to	note	about	this	last	vector	field.	The	first	is	that	
even though = h3y 2 + y, xi it doesn’t mean that we can’t calculate the line integral 
along	the	straight	line	path	from	the	origin	to	(1,	4).	Let’s	call	this	path	Γ.	Along	Γ,	y	
= 4x so,

The second thing to note is even though is not the gradient of any 
function, there is still a way to use potential functions to do the line integral. The 
vector	field can be split up in the following way:

The	vector	field does indeed have a potential function. A simple calculation 
shows that = ∇φ	where	φ	=	xy.	So,	 has split up into a nonconservative part and 
a conservative part. We can now do the calculation of  using this fact:
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Next, let’s try a more three dimensional example.

Example: Find the potential function	φ(x,	y,	z)	for	 where k 
is	a	constant.	The	significance	of	this	vector	field is that it is the same format as the 
gravitational force or electrostatic force.

Solution: A straightforward, but slightly tedious calculation, shows that 
except	at	the	origin.	So,	we	should	be	able	to	find	a	function	φ(x,	y.z)	such	that:

Let’s start with the equation for . Integrate with respect to x to get an initial 
general	expression	for	φ

To calculate this integral, let u = x 2 + y 2 + z 2 and remember that y and z are being 
held constant in this operation.

Next, we impose the condition

to obtain:

and therefore . From this we conclude that G is either constant or depends 
on z alone. Thus,

Finally, we impose the condition

and we obtain:

Therefore, H must be a constant. We might as well choose this constant to be 0 and 
we are left with the potential function:
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CORE	CONCEPT:	LINE	
INTEGRALS	IN	GREEN’S	
THEOREM
Green’s theorem relates a line integral around 
a simple closed curve C to a double integral 
over the plane region D bounded by C. It is 

the two-dimensional special case of Stokes’ theorem.

 Green’s theorem gives a relationship between the line integral 
of a two-dimensional vector field over a closed path in the 
plane and the double integral over the region it encloses. The 
fact that the integral of a (two-dimensional) conservative field 
over a closed path is zero is a special case of Green’s theorem.

Green’s theorem is itself a special case of the much more 
general Stokes’ theorem. The statement in Green’s theorem 
that	 two	different	 types	of	 integrals	are	equal	can	be	used	 to	
compute either type: sometimes Green’s theorem is used to 
transform a line integral into a double integral, and sometimes 
it is used to transform a double integral into a line integral.

We	 now	 come	 to	 the	 first	 of	 three	 important	 theorems
that extend the Fundamental Theorem of Calculus to higher 
dimensions. They all share with the Fundamental Theorem 
the following rather vague description: To compute a certain 
sort of integral over a region, we may do a computation on the 
boundary of the region that involves one fewer integrations.

Note that this does indeed describe the Fundamental 
Theorem of Calculus and the Fundamental Theorem of Line 
Integrals: to compute a single integral over an interval, we do a 
computation on the boundary (the endpoints) that involves one 
fewer integrations, namely, no integrations at all.

If	the	vector	field F = P, Q〈 〉 and	the	region	D	are	sufficiently	
nice, and if C is the boundary of D (C is a closed curve), then

Dimensions is a 
database of abstracts 
and citations and of 

research grants, which 
links grants to resulting 

publications, clinical 
trials and patents.
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provided the integration on the right is done counter-clockwise around C.

To indicate that an integral  is being done over a closed curve in the 

counterclockwise direction, we usually write .	We	also	use	the	notation	∂D	to	mean	
the boundary of D oriented in the counterclockwise direction. With this notation, 

.
We already know one case, not particularly interesting, in which this theorem is 

true: If F is conservative, we know that the integral , because any integral of 
a	conservative	vector	field around a closed curve is zero. We also know in this case 
that	∂P/∂y	=	∂Q/∂x,	so	the	double	integral	in	the	theorem	is	simply	the	integral	of	the	
zero function, namely, 0. So in the case that F is conservative, the theorem says simply 
that 0 = 0.

EXAMPLE

We illustrate the theorem by computing both sides of

where D is the triangular region with corners (0, 0), (1, 0), (0, 1).
Starting with the double integral:

There is no single formula to describe the boundary of D, so to compute the left 
side directly we need to compute three separate integrals corresponding to the three 
sides of the triangle, and each of these integrals we break into two integrals, the “dx” 
part	and	the	“dy”	part.	The	three	sides	are	described	by	y	=	0,	y	=	1	−	x,	and	x	=	0.	
The integrals are then

Alternately, we could describe the three sides in vector form as . 
Note that in each case, as t ranges from 0 to 1, we follow the corresponding side in the 
correct direction. Now

None	of	the	integrations	are	difficult,	but	the	second	approach	is	somewhat	tedious	
because	of	the	necessity	to	set	up	three	different	integrals.	In	different	circumstances,	
either of the integrals, the single or the double, might be easier to compute. Sometimes 
it is worthwhile to turn a single integral into the corresponding double integral, 



238

Co
re

 C
on

ce
pt

s 
in

 M
at

he
m

at
ic

s:
 C

al
cu

lu
s

sometimes exactly the opposite approach is best. Here is a clever use of Green’s 
Theorem: We know that areas can be computed using double integrals, namely,

computes	the	area	of	region	D.	If	we	can	find	P	and	Q	so	that	∂Q/∂x	−	∂P/∂y	=	1,	
then the area is also

It	is	quite	easy	to	do	this:	P	=	0,	Q	=	x	works,	as	do	P	=	−y,	Q	=	0	and	P	=	−y/2,	Q	=	x/2.

EXAMPLE

An ellipse centered at the origin, with its two principal axes aligned with the x and 
y axes, is given by

We	find	the	area	of	the	interior	of	the	ellipse	via	Green’s	theorem. To do this we 
need a vector equation for the boundary; one such equation is a cost,  b sin t〈 〉  ranges 
from	0	to	2π.	We	can	easily	verify	this	by	substitution:

Let’s consider the three possibilities for P and Q: Using 0 and x gives

Using	−y	and	0	gives

Finally,	using	−y/2	and	x/2	gives

The	 first	 two	 integrals	 are	 not	 particularly	 difficult,	 but	 the	 third	 is	 very	 easy,	
though the choice of P and Q seems more complicated.
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Figure 2. A “standard” ellipse, 

Proof	of	Green’s	Theorem

We cannot here prove Green’s Theorem in general, but we can do a special case. We 
seek to prove that

It	is	sufficient	to	show	that

which we can do if we can compute the double integral in both possible ways, that 
is, using dA = dy dx and dA = dx dy.

For	the	first	equation,	we	start	with

Here we have simply used the ordinary Fundamental Theorem of Calculus, since 
for the inner integral we are integrating a derivative with respect to y: an ant derivative 
of	∂P/∂y	with	respect	to	y	is	simply	P(x,	y),	and	then	we	substitute	g1 and g2 for y and 
subtract.

Now we need to manipulate . The boundary of region D consists of 4 parts, 
given by the equations y = g1(x), x = b, y = g2(x), and x = a. On the portions x = b and 
x = a, dx = 0 dt, so the corresponding integrals are zero. For the other two portions, 
we use the parametric forms x = t, y = g1(t),	a	≤	t	≤	b,	and	x	=	t,	y	=	g2(t), letting t 
range from b to a, since we are integrating counter-clockwise around the boundary. 
The resulting integrals give us

which	is	the	result	of	the	double	integral	times	−1,	as	desired.
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Calculation	of	Area	with	Green’s	Theorem

If we choose special expressions F1 and F2, we can relate area to the line integrals. For 
example, if F1 = 0 and F2 = x then  F1 dx + F2 dy =  becomes:

This is not the only choice for F1 and F2 that will result in area. For example, if F1 
= y and F2 = 0, then Green’s Theorem becomes:

Subtract these two integrals and the result is:

Divide by 2 and we get:

Example: Use a line integral	to	find	the	area	inside	an	ellipse.
Solution:	The	parametric	equations	x	=	a	cost,	y	=	b	sin	t	for	0	≤	t	≤	2π	describe	

the ellipse. By Green’s Theorem:
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CORE	CONCEPT:	
LINE	INTEGRAL	IN	
STOKES’S	 
THEOREM
Stokes Theorem is a declaration 
about the integration of differential 
forms on manifolds, which both 

generalizes and simplifies several theorems from vector calculus. As per this theorem, 
a line integral is related to a surface integral of vector fields.

Recall that one version of Green’s Theorem is

Here D is a region in the x-y plane and k is a unit normal to D at every point. If D 
is instead an orientable surface in space, there is an obvious way to alter this equation, 
and it turns out still to be true:

Stokes’s	Theorem

Provided that the quantities involved are sufficiently nice, and in particular if D is 
orientable,

if	∂D	is	oriented	counter-clockwise	relative	to	N.
Note how little has changed: k becomes N, a unit normal to the surface, and 

dA becomes dS, since this is now a general surface integral. The phrase “counter-
clockwise relative to N” means roughly that if we take the direction of N to be 
“up”, then we go around the boundary counter-clockwise when viewed from. This 
description is inadequate. A slightly more complicated but general description is this: 
imagine standing on the side of the surface considered positive; walk to the boundary 
and turn left.

Example

Consider the cylinder r = cos u,sin u,  v〈 〉 ,	0	≤	u	≤	2π,	0	≤	v	≤	2,	oriented	outward,	and	
F = y,  zx,  xy〈 〉 . We compute
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in two ways.

First, the double integral is

The boundary consists of two parts, the bottom circle , with t 
ranging	from	0	to	2π,	and	 ,	with	t	ranging	from	2π	to	0.	We	compute	the	
corresponding integrals and add the results:

as.
An interesting consequence of Stokes’s Theorem is that if D and E are two 

orientable surfaces with the same boundary, then

Sometimes both of the integrals

are	difficult,	but	you	may	be	able	to	find	a	second	surface	E	so	that

has the same value but is easier to compute.

Proof	of	Stokes’s	Theorem

We can prove here a special case of Stokes’s 
Theorem, which perhaps not too surprisingly uses 
Green’s Theorem.

Suppose the surface D of interest can be expressed in the form z = g(x, y), and let 
F = P,  Q,  R〈 〉 . Using the vector function r = ( )x,  y,  g x,  y〈 〉 for the surface we get the surface 
integral

Here E is the region in the x-y plane directly the surface D.
For the line integral,	 we	 need	 a	 vector	 function	 for	 ∂D.	 If	 ( ) ( )x t ,  y t〈 〉 is a vector 

function	for	∂E	then	we	may	use	r(t)	=	 ( ) ( ) ( ) ( )( )x t ,  y t ,  g x t ,  y t〈 〉 to	represent	∂D.	Then

 In Green’s Theorem we
 related a line integral to a
 double integral over some
 region. In this section we
are going to relate a line in-
.tegral to a surface integral
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using the chain rule for dz/dt. Now we continue to manipulate this:

which now looks just like the line integral of Green’s Theorem, except that the 
functions P and Q of Green’s Theorem have been replaced by the more complicated P 
+	R(∂z/∂x)	and	Q	+	R(∂z/∂y).	We	can	apply	Green’s	Theorem	to	get

Now we can use the chain rule again to evaluate the derivatives inside this integral, 
and it becomes

which is the same as the expression we obtained for the surface integral.

CORE	CONCEPT:	LINE	 
INTEGRALS	IN	VECTOR	FIELDS
A line integral (sometimes called a path integral) is the 
integral of some function along a curve. One can integrate a 
scalar-valued function along a curve, obtaining for example, 
the mass of a wire from its density. One can also integrate a 
certain type of vector-valued functions along a curve. These 
vector-valued functions are the ones where the input and 

output dimensions are the same, and we usually represent them as vector fields.

The abstraction of mathematical objects in one variable to higher dimensions can 
result in multiple kinds of generalizations. We run into this issue when we abstract the 
idea of a function: a function defined on a higher-dimensional domain can spit out a 
number, but it can also spit out a vector.

Recall that a function on a multidimensional domain that spits out a vector in the 
same	space	is	called	a	vector	field.	Formally,	a	vector	field	is	a	function	F: . 
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As we’ll start in the two-dimensional case (n = 2) 
and easily generalize from there. So let C be a curve 
in	 the	x	−	y	plane,	 and	 let	F:	  be a vector 
field.	As	always,	our	key	intuition	will	be	to	think	
about taking a weighted sum over C, our weights 
were given by the numbers spit out by our scalar 
field	f.	Now,	we	have	a	function	F	that	spits	out	a	
vector, so we need to reformulate what we mean by 
“weighting a chunk of curve.” All, we can’t do what we did and just multiply ds by F, 
because we would get a vector, and we want our integral to be a number. In order to 
remedy this, we turn to the dot product.

Conceptualizing	the	Dot	Product

Given vectors a and b, one way to think about the dot product a · b is that it is a 
measurement of how similar a and b are; i.e., how well they travel together. So if a 
and b are orthogonal (i.e. as “different” as possible), a · b = 0, whereas if a and b are 
parallel, the magnitude of a · b will be as big as possible.

The	first	thing	we’ll	do	is	parametrize	C.	We’re	going	to	have	to	do	that	eventually	
(remember,	to	compute	stuff	we	have	reduce	our	problem	to	a	single	variable	integral),	
and it will make formulating the integral easier. So from now on, C is the image of the 
following function:

When we were looking at ds, this was like a mini tangent line to the curve. In 
terms of our parametrization r, instead of calculating a mini tangent line, we can just 
calculate the tangent vector! So for any point t ∈ [a, b], our analogue to ds will be dr:

Now, at any point t ∈	[a,	b],	we	can	calculate	the	value	of	our	vector	field F at that 
point on the curve by inputting our position on the curve into the function: F(r(t)) = 
F(x(t),	y(t)).	Remember	that	this	is	a	vector.	Our	goal	is	to	figure	out	how	to	give	dr	a	
weight. So what we can do is take the dot product of the vector spit out by the vector 
field	at	that	point	with	the	tangent	vector	to	the	curve:

Visually, at every point on the curve, we have the following picture:

The multiplication of vec-
 tors can be done in two
 ways, i.e. dot product and
.cross product
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This represents one weighted chunk, so we add up all the chunks on the curve C 
to give us the line integral	of	the	vector	field! Notationally, we write:

Note that by our interpretation of the dot product, this quantity gives a sort of 
measurement	as	to	how	well	the	curve	flows	with	the	vector	field. If all of the tangent 
vectors	are	close	in	direction	to	the	vector	field	vectors,	our	dot	product	will	be	larger	
and therefore the sum will be larger. If the tangent vectors are close to orthogonal to 
the	vector	field	(so	the	curve	is	not	following	the	flow),	our	dot	products	will	be	close	
to 0 and the line integral will be very small.

We can easily generalize this for a curve C which is the image of some function r 
: [a, b] ⊆  	→	 n	and	a	vector	field F :   n	→	 n by just increasing the number of 
component functions each vector-valued function has.
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CONCEPTS	OF	LINE	INTEGRALS	IN	VECTOR	
FIELDS
A line integral in a vector field is a concept in multivariable calculus that involves 
integrating a vector field along a curve in a multi-dimensional space. It’s used to 
calculate quantities like work done by a force, circulation of a fluid, or flux of a vector 
field through a curve.

Mathematically,	let’s	consider	a	vector	field	F = (P, Q, R) and a curve C parametrized 
by a vector-valued function r(t)	=	(x(t),	y(t),	z(t)),	where	‘t’	is	a	parameter	that	varies	
as you move along the curve. The line integral of F along the curve C is denoted as:

∫F · dr	=	∫(P	dx	+	Q	dy	+	R	dz)
where	the	dot	(·)	represents	the	dot	product,	and	dx,	dy,	dz	are	the	differentials	of	

the components of r(t)	with	respect	to	‘t’.
The integral can be evaluated by substituting the components of r(t) into the 

expression for F	and	then	integrating	with	respect	to	‘t’	over	the	range	of	the	curve.	
The	resulting	value	gives	the	cumulative	effect	of	the	vector	field	along	the	curve.

There	are	two	common	types	of	line	integrals	involving	vector	fields:
• Scalar Line Integral: This is the type of integral described above. It 

calculates	 the	work	done	by	 a	 force	field	 along	 a	 curve	or	 the	flux	of	 a	
vector	field	through	a	curve.	The	scalar	line	integral	is	used	when	the	vector	
field	represents	a	force	or	a	scalar	quantity.

• Vector Line Integral: In some cases, you might be interested in preserving 
the vector nature of the integral. This is especially relevant when dealing 
with	 physical	 quantities	 like	 fluid	 flow	 and	 circulation.	 In	 this	 case,	 the	
integral preserves the vector components instead of summing them as a 
scalar. The vector line integral is denoted as:

∫F × dr	=	(∫P	dx	+	∫Q	dy	+	∫R	dz)
Here,	each	component	of	the	vector	field	is	integrated	separately.
The choice of curve and parameterization is important when calculating line 

integrals. Often, the parameterization needs to be chosen in a way that makes the 
calculations easier. Additionally, the curve may need to be split into smaller segments 
if	the	vector	field	or	the	curve’s	behavior	is	not	well-behaved	throughout	the	entire	
range.

Line	integrals	in	vector	fields	have	applications	in	various	scientific	and	engineering	
fields,	such	as	physics	(work,	electric	and	magnetic	fields),	fluid	dynamics	(circulation,	
flux),	and	more	generally	in	studying	the	behavior	of	vector	fields	along	curves.
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SUMMARY
•	 Line integral is an integral in which the function to be integrated is evaluated 

along a curve. A line integral is also called the path integral or a curve 
integral or a curvilinear integral. 

•	 The notion of adding quantities up over a curve C applies not only to 
distance but to other physical quantities as well.

•	 It all comes to the same thing, but there are times that a description of the 
path in terms of x, y and z directly might be more convenient.

•	 Let’s	use	the	same	vector	field  and the same ellipse as the last problem, 
but this time, let’s integrate around the entire ellipse.

•	 Closely	associated	with	the	circulation	of	a	vector	field is the circulation 
per unit area.

•	 There	is	a	simple	formula	for	finding	the	circulation	per	unit	area	that	is	in	
terms of the partial derivatives	of	the	coordinates	of	the	vector	field.

•	 Let us suppose that  represents force so that is work. If is a 
conservative	vector	field then the integral is path independent.

•	 Green’s theorem gives a relationship between the line integral of a two-
dimensional	 vector	 field over a closed path in the plane and the double 
integral over the region it encloses.

•	 If we choose special expressions F1 and F2, we can relate area to the line 
integrals.

•	 We can prove here a special case of Stokes’s Theorem, which perhaps not 
too surprisingly uses Green’s Theorem.

•	 The abstraction of mathematical objects in one variable to higher dimensions 
can result in multiple kinds of generalizations.

•	 Given vectors a and b, one way to think about the dot product a · b is that 
it is a measurement of how similar a and b are; i.e., how well they travel 
together.
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MULTIPLE	CHOICE	QUESTIONS
1.  The area bounded by the curves y2 = 4x and y = x is equal to

a. 1/3
b. 8/3
c. 35/6
d. None of these

2.  The area of the figure bounded by the curve y = logex, the x-axis and the 
straight line x = e is
a. 5-e
b. 3+e
c. 1
d. None of these

3.  The area of the region bounded by the curve x² = 4y and the straight line 
x = 4y – 2 is
a.	 ⅜	sq.	units
b.	 ⅝	sq.	units
c.	 ⅞	sq.	units
d. 9/8 sq. units

4.  The area enclosed between the graph of y = x3 and the lines x = 0, y = 1, y 
= 8 is
a. 7
b. 14
c. 45/4
d. None of these

5.  The area enclosed between the graph of y = x3 and the lines x = 0, y = 1, y 
= 8 is
a. 7
b. 14
c. 45/4
d. None of these

Answers

1. (b)  2. (c)  3. (d)  4. (c)  5. (c)
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