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Preface

These notes were first developed from a course on the mathematical foundations of
machine learning, taught at the University of Michigan in the Fall semester of 2021. The
second, third, and nth iterations of these notes have been a work in progress and a col-
laboration between Maria Han Veiga and François Ged. We write these notes in a way
that we believe is helpful for mathematicians to understand the fundamental principles
of Machine Learning.

These lecture notes are aimed at being an introduction to machine learning, with a
strong focus on themathematics behind a lot of the algorithms and techniques. Although
these notes are suited for amathematics student, we alsowant to give the opportunity to
do things hands-on, so each chapter finishes with some implementation details related
to the topic of discussion.

A special thanks to Prof. Christian Klingenberg and Kathrin Hellmuth for using (an
early version of) these notes and for many corrections they provided. We are very in-
terested in receiving corrections, comments, and suggestions via electronic email at
hanveiga.1@osu.edu.
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Part I: Introduction and preliminaries





1 Introduction to machine learning

Machine learning aims at building algorithms that autonomously learn how to perform
a task from examples. This definition is rather vague on purpose, but to make it slightly
clearer, by “autonomously” we mean that no expert is teaching (or coding by hand) the
solution; by “learn” we mean that we have a measure of performance of the algorithm
output on the task. In this chapter, we wish to give a general and accessible picture of
machine learning through a mathematical formalism. We will introduce the notation,
setup, and essential concepts of the field without dwelling on details. The current chap-
ter should provide enough formalism and intuition to make the forthcoming chapters
appear natural to the reader.

1.1 Different paradigms

There are three main paradigms in machine learning, which sometimes share similar
ideas while having very specific techniques. Namely,
– Supervised learning – we have access to labeled examples. For example, the task of

spam detection using a dataset of emails, some of whichwe know are spam, and the
others we know are not spam.

– Unsupervised learning – examples are not labeled. For example, the dataset is com-
posed of paintings, and the algorithm must group them by guessing which come
from the same artist or share the same style.

– Reinforcement learning – examples are generated from interacting with the envi-
ronment. For example, the algorithm controls a drone and learns how to navigate
the world by trial and error.

Wenote that these different types of learning are notmutually exclusive. In this book,we
mostly focus on supervised learning; many aspects of our treatment can be transferred
to unsupervised learning (Chapter 10) and reinforcement learning (Chapter 11).We hope
that the reader is then able to learn autonomously from the literature.

1.2 Supervised learning

In the previous section, we said that supervised learning is learning through labeled
examples. The problems that can be solved are divided into two types: classification
problems, where the goal is prediction of a categorical variable, and regression prob-
lems, where the prediction takes on numerical values that are comparedwith a distance
map.

https://doi.org/10.1515/9783111288994-001
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4 � 1 Introduction to machine learning

Example 1.2.1. Recognizing handwritten digits is a classification task: each digit belongs
to one of the ten classes from “zero” to “nine”. If a model reads a 2 instead of a 5, then it
is as wrong as if it has read a 1.

Example 1.2.2. Predicting tomorrow’s weather (say temperature) is a regression task:
if a model predicts a temperature of 24 °C tomorrow in Ann Arbor and it happens to be
27 °C, although not exact, this prediction is more satisfactory than a prediction of 12 °C.

The term supervised refers to the fact that the examples used in building the pre-
dictor come with labels, that is, learning how to distinguish handwritten digits is done
by presenting images and the right answers to the algorithm. This is in contrast to unsu-
pervised learning, where no labels are provided, and the main goal is to find a structure
in the data (for example, possible clusters, lower-dimensional representations, etc.).

1.2.1 Setup

The supervised learning setup is as follows:1

– An input space 𝒳 ⊂ ℝnin with nin ≥ 1 and an output space 𝒴 ⊂ ℝnout with nout ≥ 1.
– An unknown mapping f : 𝒳 → 𝒴 we want to approximate.
– A probability distribution D on 𝒳 .
– A dataset S = {(xi, yi); i = 1, . . . ,m} such that f (xi) = yi for all i = 1, . . . ,m and the xi

are independent and identically distributed (i. i. d.) with common law D.
– A hypothesis classℋ, that is, a set of functions mapping𝒳 to 𝒴 , supposedly contain-

ing the unknown f (or good approximations of it).
– A loss function ℓ : 𝒴 × 𝒴 → ℝ+ such that for h ∈ ℋ, ℓ(h(xi), yi)measures the error

of prediction of h at xi from its true label yi = f (xi). It is thus standard to assume
that ℓ(y, y′) = ℓ(y′, y) and ℓ(y, y) = 0 for all y, y′ ∈ 𝒴 .

– A training algorithm𝒜, as defined in the forthcoming Definition 1.2.9.

Remark 1.2.3. The dataset above supposes that the observations are perfect. Often in
practice, this is not the case (e. g., temperature measurements can have measurement
noise). Such a dataset is said to be noisy, and this noise is included in the model so that
yi = f (xi)+ϵi, where (ϵ1, . . . , ϵn) is a random vector, often (but not always) assumed to be
Gaussian with mean 0 and independent coordinates. More on that in the next chapter.

Remark 1.2.4. Choosing a parametric model corresponds to choosing a specific hypoth-
esis class ℋ, and hence we will interchangeably use the words model and hypothesis
class. For instance, if 𝒳 ⊂ ℝ, then we could choose ℋ = {h : x 󳨃→ w1 cos(x) + w2 sin(x);

1 We provide a short introduction to probability concepts required for the better understanding of this
material in Chapter 2.
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w1,w2 ∈ ℝ}. The numbers w1 and w2 are called the parameters of the model. Through-
out these notes, we will aggregate them in a parameters vector w ∈ ℝP , where P will
usually denote the number of parameters of the model (here P = 2). Henceforth, we call
an element of ℋ a predictor, and we write fw instead of h for a function in ℋ when we
want to make the dependency of the predictor on the parameters explicit.

Remark 1.2.5. Choosing a hypothesis class ℋ is often an engineering choice; we might
chooseℋ according to simplicity, expressiveness, prior knowledge of our problem, etc.
In this book, we will see, for example; perceptrons, support vector machines, kernel
methods, ensemble methods, neural networks, etc.

Now we can define more concretely classification and regression problems.

Definition 1.2.6. A problem is said to be a classification problem if the labels are cat-
egorical or, more formally, if 𝒴 is discrete and ℓ : (y, y′) = 1{y ̸=y′}. If there are k ∈ ℕ
classes, then we usually encode them as 𝒴 = {1, . . . , k}.

Definition 1.2.7. A regression task is a learning task where 𝒴 takes numerical values,
i. e., 𝒴 ∈ ℝnout , and predictions are evaluated by a loss function ℓ : 𝒴 × 𝒴 → ℝ+.

The loss function in a regression task does more than merely discerning the cor-
rectness of a prediction; it also provides a magnitude of error. This is the key difference
between classification and regression.

Definition 1.2.8. For a predictor h ∈ ℋ, the generalization error of h is defined by

RD(h) = 𝔼x∼D[ℓ(h(x), f (x))], (1.1)

where x ∼ Dmeans that x is a random variable with law D.

The goal of supervised learning is to solve the optimization problem

min
h∈ℋ

RD(h). (1.2)

However, it is impossible to evaluate RD(h)without knowingD and f , which are the data
distribution and the function we try to approximate. However, we know some values of
f on some samples from D through the dataset S = {(xi, yi); i = 1, . . . ,m}, since yi = f (xi)
and xi ∼ D. Hence, instead of the generalization error,we canminimize another quantity
and solve

min
h∈ℋ

L(h) = min
h∈ℋ

1
m

m
∑
i=1
ℓ(h(xi), yi). (1.3)

Themapping L : ℋ→ ℝ+ is called the empirical error (or training error, empirical/train-
ing loss), as it depends on the dataset. What we described above is the Empirical Risk
Minimization (ERM) framework, and it assumes that a predictor that minimizes (1.3),
which we denote h∗, is close to minimizing (1.1). In other words, even though we may
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not manage to find h∗, the hope is that a predictor h that performs decently well on the
dataset is good at predicting labels for inputs outside the dataset. More concisely, we ex-
pect that L(h) small⇒ RD(h) small. We will see, however, in the forthcoming Section 1.3
that for some h, L(h) can be small – even zero – and RD(h) very large; this is called over-
fitting. Avoiding overfitting is a topic of both practical and theoretical interest.

1.2.2 Parameters and training

In Remark 1.2.4, we explained that a parametric model defines a hypothesis class; that
is, denoting by𝒲 ⊂ ℝP the parameter space of themodel, we haveℋ = {fw;w ∈𝒲}. The
parameters w can be trained to search over predictors in ℋ, and hence they are called
trainable parameters. The training procedure simply refers to the following:

Definition 1.2.9 (Informal). Given a dataset S and a hypothesis class ℋ = {fw;w ∈ 𝒲}
with parameter space 𝒲 ⊂ ℝP , we say that a map 𝒜 = 𝒜ℋ,S : 𝒲 → 𝒲 is a training
algorithm.

The implicit idea behind this definition is that the purpose of a training algorithm
𝒜 is sending the initial parametersw0 ∈𝒲 to trained parameters𝒜(w0) ∈𝒲 using the
dataset S such that f𝒜(w0) performs well at minimizing (1.3). In this context, the scheme
used to choose w0 gives an initial predictor fw0

that does not need to perform well. We
can choose w0 deterministically or randomly, and we call this the initialization of the
parameters. The training algorithm can itself use randomness.

Often, a parametric model has nontrainable parameters. We make this distinction
explicit.

Definition 1.2.10. All parameters of ℋ and 𝒜 that are not modified by 𝒜 are called hy-
perparameters.

Changing the hyperparameters corresponds to changing the hypothesis class or/and
the algorithm𝒜.

Example 1.2.11. Let 𝒳 = ℝ and 𝒴 = ℝ. Let ℋk be the set of polynomials of degree at
most k ∈ ℕ. Given a dataset S = {(xi, yi); i = 1, . . . ,m}, we can try to learn the task inℋ1
if we believe that the relationship between inputs and outputs is linear, i. e., there exist
a, b ∈ ℝ such that yi = axi + b and, more generally, f (x) = ax + b for all x ∈ ℝ. A training
algorithm𝒜 : ℝ2 → ℝ2 that finds the best (a, b) does not modify the value of k (equal to
1 here), and hence it is a hyperparameter.

1.3 Model selection
In this section, we present a method that addresses the following question:

“Given a learning task, how do we choose a good model?”



1.3 Model selection � 7

Indeed, choosing a simple model, i. e., a parametric hypothesis class with few parame-
ters, may result in a predictor that is unable to fit the data, whereas a complex model
with too many parameters will fit the data but may not be able to predict reasonable
values outside the dataset. These issues are called underfitting and overfitting and are
(slightly) more formally defined below.Wewill see how splitting the dataset into a train-
ing set and a test set helps avoiding it.

1.3.1 Underfitting and overfitting

Recall that in the ERM framework, in hope to minimize (1.1), we seek to minimize (1.3).

Definition 1.3.1. Let h ∈ ℋ be a predictor. In the ERM framework, the difference be-
tween the generalization loss of h and its empirical loss is called the generalization gap
of h, that is,

RD(h) − L(h) = 𝔼x∼D[ℓ(h(x), f (x))] −
1
m

m
∑
i=1
ℓ(h(xi), yi).

The generalization gap is in general inaccessible to the practitioner, as D and f are
unknown. However, there are ways we can estimate it by splitting the dataset into two
disjoint training and test sets. Indeed, let Strain and Stest be two disjoint subsets of S. To
ease the notation, let us assume that Strain = {(xi, yi) : i ∈ {1, . . . ,m

′}} and Stest = {(xi, yi) :
i ∈ {m′ + 1, . . . ,m}} for somem′ < m. Then it suffices to train a model on Strain to fit it and
to estimate the generalization error 𝔼x∼D[ℓ(h(x), f (x))] by

1
m −m′

m
∑

i=m′+1
ℓ(h(xi), yi).

Note that ifm −m′ tends to infinity, then this becomes the exact generalization error by
the law of large numbers (Theorem 2.8.1) since the data samples are assumed to be i. i. d.

Definition 1.3.2 (Underfitting and overfitting).
– We say that underfitting occurs when a hypothesis class is too simple to fit the data

properly, that is, when infh∈ℋ L(h) is large.
– We say that overfitting occurswhen apredictorhfits the datawell but is too complex

to generalize outside the dataset, that is, when L(h) ≈ 0 but RD(h) is large.

In general, the training error decreases as we increase the complexity or flexibility
of our model (e. g., in polynomial fitting, as we use higher degrees of polynomial func-
tions). The generalization error tends to also decrease initially as complexity increases,
but then increases as the model overfits the training set.2

2 This is not the complete story, as you will further see.
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Remark 1.3.3. In Figure 1.1, overfitting occurs for the polynomial of degree 13 because
the predictor is too complex and fits the noise in the data, whereas the polynomial of
degree 2 is too simple to capture enough structure in the data. Degree 4 is reasonably
close to fitting the data. Note that even without noise, an overly complex model can
feature overfitting: e. g., for a dataset of n points on a line, a polynomial of degree n + k
can perfectly fit all the datapoints and look very different from a line.

Figure 1.1: Polynomial regression with polynomials of degrees 2, 4, 13.

1.3.2 Validation set and cross-validation

On a given task, to assess the efficacy of a modelℋ, after having split the dataset into a
training set and a test set, we can simply look at the test error, as this is an estimate for
the generalization loss. Thanks to this splitting, we have a way to detect overfitting, for
example, if the training error is very low, but the test error is very high. If our model
overfits, then we can simply change to another model. However, that is a naive way of
choosing a model, which can lead to overfitting the test set.

Indeed, suppose that for a given task, you have the choice between several models
ℋ(1), . . . ,ℋ(n) and that you have no a priori reason to favor one over the others. How do
we select the best model? Suppose that we train all of them on the training set and com-
pare the predictors thus obtained on the test set. We then select the predictor that had
the lower test error. By proceeding that waywe expose ourselves to selecting a predictor
that, by chance, overfits Stest. Note that the predictor does not have to be trained on Stest
to overfit it. To clearly see why, suppose that the number of models n → ∞. Then we
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can convince ourselves that it becomes more and more likely that one of the predictors
is such that h(xi) ≈ yi for all (xi, yi) ∈ Stest. This means that we cannot assess whether
the chosen hypothesis class is well chosen.

Validation set
One way to deal with that issue is to split the dataset into three disjoint subsets:
– the training set Strain,
– the validation set Sval, and
– the test set Stest.

Now the procedure becomes the following: train the n models on Strain, compare their
performances on Sval, select the best model and retrain it on Strain ∪Sval, and then assess
its performance on Stest.

One analogy is to view the training set as textbook lectures and examples from
which we learn a new concept, and we encountered some confusing topics that have
multiple possible interpretations. The validation set entails practice problems and ex-
ams of previous years to help us choose the best interpretation, and the test set is the
final exam of the course.

Cross-validation
Although this procedure seems satisfactory, it can be greatly improved. Indeed, note
that for each class ℋ(i), we select only one predictor h(i) to assess how good a choice
of ℋ(i) is. This in turn makes the randomness of the finite sampling and splitting of the
dataset too important in the model selection; ideally, we want to choose the best model
for a distribution D and a labeling function f , not the best model for a given dataset split
Strain, Sval, Sset.

To solve this issue, we can use cross-validation. Letℋ be fixed, and let us use cross-
validation to assess how good a choice of it is for a given task. Let split the dataset S =
{(xi, yi) : i ∈ {1, . . . ,m}} into a training set Strain and test set Stest as before. We now
randomly partition the dataset Strain = {(xi, yi) : i ∈ {1, . . . ,m

′}} into k disjoint and
covering subsets S1, . . . , Sk of roughly the same size. For i = 1, . . . , k, we call Si the ith
fold. We denote bymi the size of the ith fold such that ∑ki=1mi = m

′. We now proceed as
follows: for all i ∈ {1, . . . , k}, we train the model on

k
⋃
j=1
j ̸=i

Sj

and denote by hi ∈ ℋ the predictor thus obtained. We evaluate the performance of hi
on the ith fold that are the only samples from the training dataset that the predictor has
not trained on, that is, we define
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Li(hi) :=
1
mi
∑
(x,y)∈Si

ℓ(hi(x), y).

We now have a collection of k predictors belonging to ℋ, each trained on a different
subset of the training dataset, and for each, we have an estimate of their generalization
error computed on the corresponding ith fold they have not seen. We now evaluate the
quality of the modelℋ for the task by

CV(ℋ) := 1
k

k
∑
i=1

Li(hi).

Coming back to our initial question of choosing the bestmodel amongℋ(1), . . . ,ℋ(n),
we can simply choose the one thatminimizes the cross-validation error, that is, the small-
est CV(ℋ(i)). Then we can retrain that model on the whole training dataset Strain and
estimate its generalization error on Stest.

Choosing k
Recall that k is the number of folds used during cross-validation (CV). What value of k
should we choose?

We can ask ourselves, what is:
– The influence of k when estimating the expected generalization error?
– The influence of k on the size of the training set and therefore attained approxima-

tors h1, . . . , hk?
– The computational complexity of the training algorithm for different k?

Consider a dataset of fixed size m. On the one extreme, if we choose k = m′, then the
k-fold CV becomes the leave-one-out cross-validation (LOO-CV). With respect to the es-
timator of the generalization error, most experiments show that there is a decreasing
or constant variance of the generalization error estimator with increasing k.3 Also, note
that this creates the largest number of predictors h1, . . . , hk , whichmight be very similar
to one another, with training sets of size m′′ = m′ − 1 (after leaving one out). Further-
more, it can be computationally quite expensive, since it requires solving m′ slightly
smaller (m′ − 1)-sized subproblems of the same type.

On the other extreme, a small k (such as k = 2) provides an estimator for the gen-
eralization error with a higher variance and higher bias. This is due to the fact that
the estimators are trained on distinct and smaller datasets (m′′ = m′/2). However, the
computational complexity of the training algorithm is small as well (as we only train h1
and h2).

3 With some exceptions on the stability of the algorithm.
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In practice, the number of folds kwill dependon the dataset size, aswemust balance
the training dataset sizem′′ = (k − 1)m′/k and the computational complexity of training
k models. For example, Figure 1.2 shows a learning curve for a regressor, plotting the
performance of an estimator h using a 5-fold CV. In this case, if we have a dataset of
200 points, then a 5-fold CV would generate training sets of sizem′′ = 160, which would
reach an error that is fairly close to if the full m′ = 200 were used and the trained
predictorswould not suffer frommuchmore bias. On the other hand, if we had a dataset
set of m′ = 50 points, then using a 5-fold CV would lead to training sets of size m′′ =
40, leading to a substantially increased error of the predictor. Thus the precise trade-
off is problem dependent and dataset size dependent. As a compromise among bias,
variance, and computational cost, k of 5 or 10 are commonly used choices for many
applied problems.

Figure 1.2: An example of a learning curve for a regression on a given task: a plot of the performance (best
at 1) versus the size of the training set, considering a 5-fold CV.

1.4 No-free-lunch theorem

The so-called no-free-lunch theorem is often talked about informally, one of the reasons
being that many similar – but not equivalent – versions of the theorem exist in the lit-
erature. The theorem is often stated as follows:

“All optimization algorithms perform equally well when their performance is averaged across all
possible problems.”

The term “averaged” here does not have a formalmeaning, but using themachine learn-
ing formalism we introduced in this chapter, the no-free-lunch theorem can be under-
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stood as follows: without any prior knowledge on the data distribution D and the label-
ing function f , there is no way to guess whether a pair of hypothesis class and training
algorithm (ℋ1,𝒜1) is likely to perform better or worse than another pair (ℋ2,𝒜2).

It means that there is no single best machine learning algorithm across all possible
prediction problems. This in turn motivates the development of many different types of
models to cover the wide variety of data that appears in the real world.

1.5 ML pipeline in practice

For most machine learning problems (supervised), the pipeline will be similar:
– Given a dataset, split it into training, validation, and test sets.
– Choose a hypothesis class (or several)ℋ.
– Define a metric of error, i. e., a loss function ℓ.
– Use cross-validation to find the best suited hypothesis class ℋ in a set of possible

hypothesis classes.
– Once the best suited hypothesis classℋ has been chosen, train a prediction inℋ and

valuate the performance on the test set to judge the generalization error.

1.6 Implementation details

In this section, we provide a Python code snippet for cross-validation to compare two
hypothesis classes (two types of linear regression; see Chapter 5) using scikit learn. The
code can also be found on github: https://github.com/hanveiga/tmml.

Listing 1.1: Cross-validation for linear model using scikit learn

1 import numpy as np

2 from sklearn.model_selection import train_test_split ,

KFold

3 from sklearn import datasets , linear_model

4 from sklearn.metrics import mean_squared_error

5

6 # Load generic dataset for regression

7 X, y = datasets.load_diabetes(return_X_y=True)

8

9 # Create hold -out test set

10 X_train , X_test , y_train , y_test = train_test_split(X, y,

test_size =0.2, random_state =0)

11

12 # Create two hypothesis classes

13 hypothesis_classes = { "Model1": linear_model.Lasso ,\

https://github.com/hanveiga/tmml
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14 "Model2": linear_model.Ridge}

15

16 hypothesis_performance = {}

17

18 kf = KFold(n_splits =5)

19

20 for key in hypothesis_classes.keys():

21 fold_performances = []

22 for train , val in kf.split(X_train):

23 # Create linear regression model

24 regressor = hypothesis_classes[key]()

25

26 # Train the model using the K-1 folds

27 regressor.fit(X_train[train ,:], y_train[train])

28

29 # Evaluate performance on K-th fold

30 y_pred = regressor.predict(X_train[val ,:])

31

32 # Measure loss with mean squared error (MSE)

33 fold_performances.append(mean_squared_error(y_train[

val], y_pred))

34

35 hypothesis_performance[key] = np.mean(fold_performances)

36

37 # Choose model with lowest MSE and retrain

38 best_model_key = min(hypothesis_performance , key=

hypothesis_performance.get)

39 best_regressor = hypothesis_classes[best_model_key ]()

40 best_regressor.fit(X_train , y_train)

41 y_test_pred = best_regressor.predict(X_test)

42 print(f"MSE: {mean_squared_error(y_test , y_test_pred)}")
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In our journey to understand machine learning, we will encounter several sources of
randomness, such as those coming from the collected data, which are usually random
observations (i. e., samples) of some unknown probability distribution, the initial pa-
rameters of the model we will use to make predictions, or the intrinsic randomness of
some training algorithms. To build a solid theory, we need some knowledge of probabil-
ity theory, and this is what this chapter is about.

2.1 Motivation

Let us consider the task of binary classification, where we wish to learn amapping from
inputs x ∈ 𝒳 (also called features) to outputs𝒴 = {−1, +1}. We can formalize the problem
as a function approximation problem. Given a labeled training set {(xi, yi); i = 1, . . . ,m},
we assume that there is some unknown function f : 𝒳 → 𝒴 such that f (xi) = yi for
all i = 1, . . . ,m, and the goal of learning is to approximate the function f by a function
̂f : 𝒳 → {−1, 1}. Then, for any input x ∈ 𝒳 , we can make a prediction of its label using
ŷ = ̂f (x). This is called a discriminative model, as its goal is to discriminate between
different classes.

We can think of spam detection. In this case, x is an email (or representation of an
email); −1 denotes spam, and +1 denotes not spam.

However, to set a milder decision rule, we might prefer to estimate the probability
that the email x is a spam and only warn the user that the email is potentially a spam
if this probability is larger than some chosen threshold. Having a probability estimate
of class membership is even more important when the number of classes is larger than
two.

Instead of discriminatingwhether x belongs to some class y, wemightwant to create
an object x that belongs to a given class y. This is the goal of a generative model, which
tries to learn the conditional probability p(x|y) instead.

Besides the possibility of making stochastic predictors and stochastic generators,
other sources of randomness are more broadly encountered when practicing machine
learning. Namely, it is commonly assumed that the dataset is randomly generated by
some unknown probability distribution. On the other hand, by using parametric mod-
els we need to set a value for the initial parameters before training, and it is common
to initialize them at random values. Finally, the training procedure (i. e., the update
of the parameters to fit the data) itself can include some randomness. Hence a good
understanding of machine learning requires some basic knowledge of probability the-
ory.

https://doi.org/10.1515/9783111288994-002

https://doi.org/10.1515/9783111288994-002
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2.2 Probability space

Probability theory is a mathematical framework that allows us to reason about phe-
nomena or experiments under uncertainty. A probabilistic model is a mathematical
model of a probabilistic experiment that satisfies the axioms of probability theory and
allows us to calculate probabilities as well as to reason about the outcomes of an exper-
iment.

Definition 2.2.1. A probability space is a triplet (Ω,ℱ , P), where Ω is an arbitrary
nonempty set, ℱ is a σ-field of subsets of Ω, and P is a measure on ℱ such that

P(Ω) = 1 and P(⋃
n≥1

En) = ∑
n≥1

P(En)

for all pairwise disjoint sets En ∈ ℱ , n ≥ 1. Themeasure P is called a probabilitymeasure
(or in short, probability).

This means that
– Ω is the set of all possible outcomes and is called the sample space.
– ℱ is a collection of subsets of Ω that is a σ-field.1

– The probability P maps elements of ℱ (subsets of Ω) onto the real interval [0, 1].
– An element A ∈ ℱ is called an event, and P(A) ∈ [0, 1] is the probability that A

occurs. See Figure 2.1 for a schematic.

Figure 2.1: Schematic of sample space Ω, event A, and prob-
ability P(A) of A.

Example 2.2.2. Suppose we toss a fair coin twice and observe the outcome (the two
tosses are independent). We have
– Ω = {HH , TT ,HT , TH}.
– ℱ = {{}{HH}, {TT}, {HT}, {TH}, {HH , TT}, {HH ,HT}, . . . ,Ω}, |ℱ | = 2|Ω| = 24 = 16.

Events that depend on the outcome of the experiment can be written as elements of the
σ-fieldℱ . For example, the event “obtaining exactly one head in those two tosses” is the

1 It must contain Ω, and it must be closed by complementation and by countable unions to be a σ-field;
we will not manipulate σ-fields in this book, and therefore we do not dwell on it to keep the focus on the
necessary concepts.
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element {HT , TH}. Probabilities of events inℱ are assignedby the probabilitymeasureP.
We have, for example, P({}) = 0 (always true for any probability measure by definition),
and because all outcomes are equally likely (the coin is fair), we have

P(“obtaining heads exactly once”) = # outcomes with heads exactly once
# possible outcomes

=
2
4
=

1
2
.

2.3 Independence and conditioning

We say that two events A,B ∈ ℱ are independent if the occurrence or nonoccurrence of
one does not affect the probability assigned to the other. More formally, we can state the
following:
– A and B are independent if P(A ∩ B) = P(A)P(B).
– The events in a set {As | s ∈ S} ⊂ ℱ are independent if for every finite subset S0 ⊂ S,

we have

P(⋂
s∈S0

As) = ∏
s∈S0

P(As). (2.1)

To be more precise, the last point is the property ofmutual independence for a family of
events. It is strictly stronger than the property of pairwise independence that As and As′
are independent for all s ̸= s′ in S.

Example 2.3.1. I tossed a fair coin 8 times (tosses are assumed independent), and I ob-
tained head 8 times. What is the probability that I get tails in my next throw?

Let B ∈ ℱ with P(B) > 0. For every event A ∈ ℱ , the conditional probability that A
occurs conditionally given that B occurs is denoted by P(A|B) and defined by

P(A|B) = P(A ∩ B)
P(B)
. (2.2)

Example 2.3.2. Given I threw a fair dice and I got an even number, what is the proba-
bility it was 2? What about 3?
– A: {“Getting 2”}.
– B: {“Getting even”}.



2.4 Random variables � 17

– A ∩ B: {“Getting 2”} and {“Getting even”} = {“Getting 2”},

P(A|B) = P(A ∩ B)
P(B)
=

1/6
1/2
= 1/3.

The following properties can also be proven:
– If P(B) > 0 and {Ai}i≥1 are pairwise disjoint events, then

P(
∞

⋃
i=1

Ai|B) =
∞

∑
i=1

P(Ai|B). (2.3)

– If B ∈ ℱ is such that P(B) > 0 and P(Bc) > 0, where Bc denotes the complement
Bc = Ω \ B, then

P(A) = P(A|B)P(B) + P(A|Bc)P(Bc) (2.4)

for all A ∈ ℱ .
– If (Bi)i≥1 ⊂ ℱ form a partition of Ω (i. e., they are pairwise disjoint and cover Ω) and

P(Bi) > 0 for all i ≥ 1, then for all A ∈ ℱ ,

P(A) =
∞

∑
i=1

P(A|Bi)P(Bi). (2.5)

2.4 Random variables

A real random variable provides us with a numerical value that is dependent on the
outcome of an experiment. It is a convenient way to express the elements of Ω as num-
bers rather than abstract elements of sets. Throughout this book, we will only consider
real random variables or multivariate real random variables, that is to say, random
variables with values in ℝ or ℝd for d ≥ 2.

Definition 2.4.1. Let 𝒢 be a σ-field onℝ. A real random variable X is a function X : Ω→
ℝ such that for all B ∈ 𝒢, {ω ∈ Ω : X(ω) ∈ B} ∈ ℱ .

Remark 2.4.2. Note that defining a real randomvariablemakes sense only given a prob-
ability space (Ω,ℱ , P) and a σ-field 𝒢 onℝ. If not specified, it is common to assume that
𝒢 is the Borel σ-field onℝ. (The Borel σ-field is generated by all subintervals of the form
(a, b], a, b ∈ ℝ.)

The event {ω ∈ Ω : X(ω) ∈ B} in the definition is simply the preimage of B by X , also
denoted by X−1(B).

The above definition naturally extends to X : Ω 󳨃→ ℝd for all d ≥ 2.

Example 2.4.3. Toss independently n fair coins and observe the resulting sequence. The
state space consists of the set of all 2n possible coin sequences. Let our random variable
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X be the number of heads.2 For k ≥ 0, what is P(X = k)? That is, in n coin tosses, what is
the probability we obtain heads exactly k times?

Example 2.4.4. Toss two independent and fair coins. Our randomvariableX is the num-
ber of heads.
– X(“HH”) = 2.
– X(“HT”) = 1.
– X(“TH”) = 1.
– X(“TT”) = 0.

Perhaps in more practical terms, a real random variable transforms an element
ω from the original sample space (which could be abstract or difficult to work with di-
rectly) into a numerical quantity X(ω) (real number) that ismore convenient or tangible
to work with (e. g., quantities that we may measure in a laboratory).

Once we are mapped by X from Ω to ℝ, we may choose to view ℝ as the new “sam-
ple space” and create a new probability triple for itself. Then on this new measurable
space (ℝ,ℬ), we can assign probabilities to the events in ℬ, and we call that the proba-
bility distribution (or probability law) of the random variable X , denoted by PX . The new
probability space associated with the random variable X is then (ℝ,ℬ, PX ). We can also
map from ℝ back to the original sample space via X−1 (note that this is the “preimage”
inverse, not the usual inverse function). Hence for some event B in the new σ-field ℬ,
we can write

PX (B) = P(X
−1(B)) = P({ω : X(ω) ∈ B}). (2.6)

2.5 Discrete random variables

2.5.1 Definition

A discrete random variable is one whose range X(Ω) (i. e., the set of values it can take) is
countable. The probability mass function (PMF) of a discrete random variable is defined
as

pX (x) = P(X = x), x ∈ ℝ, (2.7)

and, in particular,

∑
x∈ℝ

pX (x) = 1. (2.8)

2 Convince yourself that X is indeed a random variable.
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(In the above sum, only countably many terms are non-null). With a slight abuse of lan-
guage, we say that a random variable X has the distribution, or law, pX .

3

2.5.2 Examples of discrete random variables

– (X ∼ 𝒰({a, . . . , b})) Discrete uniform with integer parameters a < b (e. g., throwing
a fair dice):

pX (x) =
1

b − a + 1
for x ∈ {a, . . . , b} and pX (x) = 0 otherwise.

– (X ∼ Ber(p)) Bernoulli with parameter 0 ≤ p ≤ 1 (e. g., yes or no):

pX (k) = p
k(1 − p)1−k for k ∈ {0, 1} and pX (k) = 0 otherwise.

– (X ∼ Bin(n, p)) Binomial with parameters n ∈ ℕ and p ∈ [0, 1] (e. g., the number of
heads after n independent coin tosses with a biased coin):

pX (k) = (
n
k
) pk(1 − p)n−k for k = 0, 1, . . . , n and pX (k) = 0 otherwise.

– (X ∼ Pois(λ)) Poisson with parameter λ > 0:

pX (k) = e
−λλk/k! for k = 0, 1, . . . and pX (k) = 0 otherwise.

The Poisson distribution is typically used tomodel the number of times an event oc-
curs in a unit amount of timewhen these occurrences are thought to be independent
andwhen the rate of occurrence is λ, that is, the average number of occurrences per
unit of time is λ (e. g., earthquakes, victory of France in the soccer world cup4).

2.5.3 Multiple random variables (marginal, joint, conditional, independence)

Consider two discrete random variables X and Y associated with the same experiment.
The probability law of each one of them is described by its respective PMF pX or pY ,
called the marginal PMFs of the couple (X , Y ). The marginal PMFs do not provide any
information on possible relations between these two random variables.

The statistical properties of two random variables X and Y are captured by their
joint PMF:

pX ,Y (x, y) = P(X = x, Y = y). (2.9)

3 Even though technically its law is PX defined in the previous section (that is because PX character-
izes pX ).
4 In this case, λ = 2/25 choosing a world cup as the unit of time.
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Example 2.5.1. Toss a fair coin and let X = 1 if the result is heads and X = 0 if it is tails.
Let Y = X and Y ′ = 1−X . Show that (X , Y ) and (X , Y ′) have the samemarginal PMFs but
not the same joint PMFs.

Wemay also concatenate multiple random variables together into a random vector
X = (X1, . . . ,Xn) and still use the notation pX (x) but with the understanding that it is the
joint PMF (in this case, x = (x1, . . . , xn)). From the joint PMFwe can recover themarginals
via

pX (x) = ∑
y
pX ,Y (x, y), pY (y) = ∑

x
pX ,Y (x, y). (2.10)

The conditional PMF of X given Y is

pX |Y (x|y) = P(X = x|Y = y), (2.11)

which is well defined whenever pY (y) > 0. Using the definition of conditional probabil-
ities, we obtain

pX |Y (x|y) =
pX ,Y (x, y)
pY (y)
. (2.12)

Visually, if we fix y, then the conditional PMF pX |Y (x|y) can be viewed as a “slice” of the
joint PMF pX ,Y , normalized so that it sums to one.

Random variables X and Y are said to be independent if for all x, y ∈ ℝ,

pX ,Y (x, y) = pX (x)pY (y) (2.13)

or, equivalently, for all x, y ∈ ℝ such that pY (y) > 0,

pX |Y (x|y) = pX (x). (2.14)

Furthermore, ifX and Y are independent, then functions of these randomvariables h(X)
and g(Y ) are also independent, provided that h(X) and g(Y ) are random variables. (We
indeed need to check that they satisfy Definition 2.4.1; for example, it is always the case
where h and g are continuous).

2.5.4 Sequence of discrete random variables

We just saw how the joint PMF encodes the distribution of a couple of discrete random
variables. Sometimes, we will want to consider more than two random variables at the
same time. A sequence of random variables (Xi)i≥1 is a sequence such that Xi is a random
variable for all i ≥ 1.
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We say that the random variables in (Xi)i≥1 are independent if for all k ≥ 1 and all
i1, . . . , ik ∈ ℕ pairwise distinct, we have

p(Xi1 ,...,Xik )(x1, . . . , xk) =
k
∏
ℓ=1

pXiℓ (xℓ) ∀x1, . . . , xk ∈ ℝ.
This is sometimes called mutual independence to stress that it is strictly stronger than
pairwise independence, the latter being the weaker property that for all i ̸= j, the two
random variables Xi and Xj are independent.

Example 2.5.2. Let X be a random variable on {0, 1} with the following law: P(X = 1) =
1/2 = P(X = 0). Let Y have the same law and be independent from X . Let Z be a random
variable such that Z = X if Y = 1 and Z = 1 − X if Y = 0. It can be shown that the triplet
(X , Y , Z) is composed of pairwise independent variables but not mutually independent.

2.6 Continuous random variables

Most of the properties and concepts for continuous random variables will be the same
or analogous to its discrete counterpart (by swapping summation with integration).

2.6.1 Definitions

When X takes real continuous values, it is more natural to specify the probability of X
being inside some interval ℙ(a ≤ X ≤ b), a < b. By convention we specify ℙ(X ≤ x) for
all x ∈ ℝ, which is known as the cumulative distribution function (CDF) of X , denoted by
FX (x).

A continuous (real) random variable is one that has a probability density function
(PDF) fX (x) such that

FX (x) = P(X ≤ x) =
x

∫
−∞

fX (t) dt. (2.15)

Conversely, if the CDF is differentiable (not always true), then

fX (x) =
𝜕FX (x)
𝜕x
. (2.16)

Since the CDF is increasing, we have fX (x) ≥ 0, and since limx→+∞ FX (x) = 1, we have

+∞

∫
−∞

fX (t) dt = 1. (2.17)
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Using the PDF of a continuous random variable, we can compute the probability of var-
ious subsets of the real line:

P(a < X < b) = P(a ≤ X ≤ b) =
b

∫
a

fX (t) dt, (2.18)

P(X ∈ B) = ∫
B

fX (x) dx. (2.19)

Remark 2.6.1. From measure theory, for the last equation to make sense, we need B to
be Lebesgue measurable. Since it is the case of all Borel sets, we can use this formula for
all B that can be constructed from intervals. We will always work with suchmeasurable
sets throughout the class without recalling.

Remark 2.6.2. Any random variable can be decomposed into continuous and singular
parts (the latter does not need to be discrete but can be). For example, X = 0 with prob-
ability 1/2 and X = U ∼ 𝒰(0, 1) (the uniform distribution on (0, 1)) with probability 1/2;
then X is neither continuous nor discrete.

2.6.2 Some examples of continuous random variables

– (X ∼ 𝒰(a, b)) Uniform with parameters a and b (and a < b):

fX (x) = 1/(b − a) for x ∈ [a, b].

The probability law of a uniform random variable on [a, b] is the Lebesguemeasure
on [a, b] divided by b − a.

– (X ∼ Exp(λ)) Exponential with λ > 0:

fX (x) = λe
−λx .

The exponential distribution is memoryless, that is,

ℙ(X > x + t|X > x) = ℙ(X > t)

for all x, t > 0.
– (X ∼ 𝒩 (μ, σ2)) Normal (Gaussian) with mean μ ∈ ℝ and standard deviation σ > 0:

fX (x) =
1

σ√2π
e−
(x−μ)2
2σ2 . (2.20)

The distribution 𝒩 (0, 1) is called the standard normal or standard Gaussian distri-
bution.
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2.6.3 Multiple random variables (marginal, joint, conditional, independence)

The joint CDF of X and Y is

FX ,Y (x, y) = P(X ≤ x, Y ≤ y) =
x

∫
−∞

y

∫
−∞

fX ,Y (u, v) du dv, (2.21)

and fX ,Y is called the joint PDF. If the CDF is differentiable (not always true), then

𝜕2FX ,Y
𝜕x𝜕y
(x, y) = fX ,Y (x, y). (2.22)

Similarly to the univariate case, we can compute the probability of an event B:

P((X , Y ) ∈ B) = ∫
B

fX ,Y (x, y) dx dy. (2.23)

Then the marginal PDF of X is

fX (x) =
∞

∫
−∞

fX ,Y (x, y) dy. (2.24)

The conditional CDF of X given Y is

FX |Y (x|y) =
x

∫
−∞

fX ,Y (u, y)
fY (y)

du, (2.25)

where fY is the marginal PDF of Y , and we assumed fY (y) > 0. Then the conditional PDF
is

fX |Y (x|y) =
fX ,Y (x, y)
fY (y)
. (2.26)

We say that X and Y are independent if their joint CDF, equivalently joint PDF, can
be factored:

FX ,Y (x, y) = FX (x)FY (y), (2.27)
fX ,Y (x, y) = fX (x)fY (y) ∀x, y ∈ ℝ. (2.28)

Equivalently, for all x, y ∈ ℝ such that fY (y) > 0,

FX |Y (x|y) = FX (x), (2.29)
fX |Y (x|y) = fX (x). (2.30)
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2.6.4 Sequence of continuous random variables

Sequences of continuous random variables are defined identically to sequences of dis-
crete random variables. The mutual independence property translates similarly with
the PDFs and CDFs as follows: we say that a sequence of continuous random variables
are mutually independent if for all k ≥ 1 and all pairwise distinct i1, . . . , ik ∈ ℕ, we have

FXi1 ,...,Xik (x1, . . . , xk) =
k
∏
ℓ=1

FXiℓ (xℓ)
or, equivalently,

fXi1 ,...,Xik (x1, . . . , xk) =
k
∏
ℓ=1

Ff Xiℓ (xℓ)
for all x1, . . . , xk .

2.7 Moments

The probability density function of a continuous or probability mass function of a dis-
crete random variable X provides us the probabilities of all the possible values of X . It
is often desirable to summarize this information in a single representative number.

To do so, we can look at the average value of X if we were to sample it many times.
This value (which we call the expectation of X and define below) requires that the vari-
able does not take extremely large values too often; otherwise, this averagemay explode
and thus be ill defined. We formalize the property of a variable being nonextreme as in-
tegrability.

2.7.1 Nonnegative random variables

To compute the mean under a probability distribution P, we need to integrate a random
variable against P. We first properly define integrals of functions taking nonnegative
values. The case of nonpositive functions is identical. Then, for a general function, we
will naturally obtain an integrability condition to define its integral as the difference of
its positive and negative parts.

We have seen that a real random variable X is a function from a probability space
(Ω,ℱ , P) to (ℝ,𝒢) (where, often, 𝒢 is chosen as the Borel σ-field on ℝ). We have seen
that this defines a PDF pX for discrete random variables or a density for continuous
random variables onℝ, which characterizes the law (or distribution) of X . Hence, using
pX , we can directly compute integrals on ℝ without explicitly defining (Ω,ℱ , P), e. g., to
compute the average value of X .
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Definition 2.7.1. Suppose X is a nonnegative random variable, that is, P(X ≥ 0) = 1. The
expectation of X is defined as

𝔼[X] = ∑
x
x pX (x) (2.31)

if X is discrete and as

𝔼[X] =
∞

∫
−∞

xfX (x)dx (2.32)

if X is continuous.

Remark 2.7.2. The case of random variables that are neither discrete nor continuous is
out of the scope of this class.

Remark 2.7.3. Note that 𝔼[X] does not have to be finite, in which case 𝔼[X] = +∞, so
that 𝔼[X] is always well defined (as long as X is nonnegative).

Instead of integrating X , we can integrate g(X), where g : ℝ → ℝ+. The only restric-
tion is that g(X) is a random variable; this depends on g and is the case for all the maps
we will consider in this book. (For example, it is true as soon as g is piecewise continu-
ous.) Hence, for any real random variable X and g such that g(X) is a random variable,
the following is well defined:

𝔼[g(X)] = ∑
x
g(x)pX (x)

if X is discrete, and

𝔼[g(X)] =
∞

∫
−∞

g(x)fX (x)dx

if X is continuous.

Remark 2.7.4. The expectation 𝔼[g(X)] can equivalently be written on the canonical
probability space (Ω,ℱ , P) as follows:

𝔼[g(X)] = ∫
Ω

g(X(ω))P(dω).

2.7.2 The case of signed random variables

In the previous section, we introduced the expectation of a nonnegative random vari-
able and assigned it a well-defined value. Identical arguments can be made to define
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the expectation of nonpositive variables. In this section, we aim at defining 𝔼[X] for a
random variable X that can take signed values, that is, P[X > 0] > 0 and P[X < 0] > 0.

If we try to define the expectation as in the previous section, a problem can arise
with infinite values. Let us see an example. LetX be such that pX (k) = pX (−k) =

3
π2 ⋅ 1k2 for

all k ∈ ℕ and pX (x) = 0 for all x ∉ ℕ∪−ℕ. We can check that∑k∈ℕ∪−ℕ pX (k) = 1, so that
pX is indeed a probabilitymeasure. However, if we try to define𝔼[X] as∑k∈ℕ∪−ℕ kpX (k),
then the positive and negative parts will be

3
π2 ∑

k∈ℕ

k
k2
= +∞ (2.33)

and

3
π2 ∑

k∈−ℕ

k
k2
= −∞. (2.34)

Since +∞ −∞ is ill defined, we cannot make sense of 𝔼[X] in that case.
To avoid this issue, we need to restrict ourselves to integrable random variables:

Let X+ = X1X≥0 and X− = |X |1X<0, so that X = X+ − X− (note that both X+ and X− are
nonnegative random variables).

Definition 2.7.5. We say that a real random variable X is integrable if 𝔼[X+], 𝔼[X−] <
+∞. In this case, we define

𝔼[X] = 𝔼[X+] − 𝔼[X−]. (2.35)

The integrability condition is oftenwritten𝔼[|X |] < ∞, since𝔼[|X |] = 𝔼[X+]+𝔼[X−]
by the linearity of expectation (which follows from the linearity of summation/integral).

Remark 2.7.6. When exactly one of 𝔼[X+] and 𝔼[X−] is infinite, then it is possible to
define 𝔼[X] = +∞ or −∞ according to whether X+ or X− is not integrable. In this case,
even though 𝔼[X] is well defined (infinite), X is not integrable.

We now list the basic most important properties for expectations, where X and Y
are integrable:
– If X ≥ 0, then 𝔼[X] ≥ 0 (monotonicity).
– |𝔼[X]| ≤ 𝔼[|X |] (triangle inequality).
– IfX and Y are integrable, then𝔼[aX+bY ] = a𝔼[X]+b𝔼[Y ] for all a, b ∈ ℝ (linearity).
– If X = c then 𝔼[X] = c.
– For any event A ∈ ℱ , we have P(A) = 𝔼[1A].
– If X and Y are square integrable, then 𝔼[|XY |] ≤ √𝔼[X2]𝔼[Y 2], with equality if and

only if X = aY for some a ∈ ℝ (Cauchy–Schwarz inequality).

For a random variable X with 𝔼[X2] < ∞ (that is, X is square integrable), we can define
its variance as

Var(X) = 𝔼[(X − 𝔼[X])2] = 𝔼[X2] − 𝔼[X]2.
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– The square root of the variance is the standard deviation, often denoted by σX or
just σ .

– Var(aX) = a2 Var(X).
– If X and Y are independent and square integrable, then 𝔼[XY ] = 𝔼[X]𝔼[Y ], and

Var(X + Y ) = Var(X) + Var(Y ).

The covariance of two square-integrable variables X and Y is defined as

Cov(X , Y ) = 𝔼[(X − 𝔼[X])(Y − 𝔼[Y ])] = 𝔼[XY ] − 𝔼[X]𝔼[Y ]. (2.36)

If Cov(X , Y ) = 0, then we say that X and Y are uncorrelated.
Independence implies uncorrelated, but uncorrelated does not imply indepen-

dence. By rescaling the covariance we obtain the correlation (assuming that none of X
and Y is deterministic):

ρ(X , Y ) = Cov(X , Y )
√Var(X)Var(Y )

∈ [−1, 1]. (2.37)

The correlationρ(X , Y ) canbe thought of as ameasure of the linear dependence between
X and Y ; see Figure 2.2. However, it is only informative about linear trends and does not
capture more complex relationships between X and Y ; see Figure 2.3.

Figure 2.2: Plots of correlations for different clouds of points. The correlation is not the slope of the best
linear fit, but the amount of noise around the best linear fit and its sign characterizes the direction of the
slope (increasing or decreasing).
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Figure 2.3: Plots of correlations for different clouds of points. The correlation fails to capture nonlinear
relationship between the two variables.

Remark 2.7.7. The fact that the correlation always belongs to [−1, 1] is proven using the
Cauchy–Schwarz inequality. In particular, the equality case of this inequality entails that
ρ(X , Y ) = 1 (resp., −1) if and only if Y = aX for some real a > 0 (resp., a < 0).

In general, with two discrete integrable random variables, we can form the joint
expectation

𝔼[g(X , Y )] = ∑
x
∑
y
g(x, y) pX ,Y (x, y). (2.38)

The conditional expectation of X given Y is defined as

𝔼[X |Y = y] = ∑
x
x pX |Y (x|y). (2.39)

The total expectation theorem can be derived as well:

∑
y
𝔼[X |Y = y] pY (y) = 𝔼[X]. (2.40)

For the case of two continuous random variables, we have the joint expectation

𝔼[g(X , Y )] =
∞

∫
−∞

∞

∫
−∞

g(x, y) fX ,Y (x, y)dxdy. (2.41)

The conditional expectation of X given Y is defined as

𝔼[X |Y = y] =
∞

∫
−∞

x fX |Y (x|y)dx. (2.42)

The case where X is discrete and Y is continuous is similar with the integral over the
values of X replaced by a sum.
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For a real p > 1, if Xp is integrable, then its pth moment is defined as

𝔼[Xp]. (2.43)

For any p > q ≥ 1, if Xp is integrable, then Xq is also integrable. Hence the values of p ≥ 1
such that Xp is integrable form an interval (possibly, empty).

Remark 2.7.8. The last statement about the integrability of Xq implied by that of Xp is
a consequence of the following more general fact: Let Lp = Lp(Ω,ℱ ,m) be the space of
functions f : Ω → ℝ such that ∫Ω |f (ω)|

pm(dω) for some measure m. If m is finite (i. e.,
m(Ω) < ∞), then Lq ⊂ Lp.

Informally, for an integral to be ill defined, we need either the integrand f (ω) to
explode or the measure m to assign an infinite mass on a region where the function is
not close to zero. Whenm is bounded, only the large values of f (ω) can be problematic.
Therefore, if the values of |f (ω)|p are not too large, then it is also the case of |f (ω)|q since
xq < xp for x > 1.

Since we work with a probability space (m = P), we can just apply this fact and
obtain the above-mentioned property of the moments of a random variable.

2.8 Samples from an unknown distribution

2.8.1 Law of large numbers and central limit theorem

Whereas probability theory addresses general questions related to (Ω,ℱ , P), the field of
statistics is concerned with questions where the distribution of a random variable pX is
unknown. Intuitively, the more observations from pX , the more we know about it. This
intuition is formalized in the Law of Large Numbers:

Theorem 2.8.1. Let (Xi)i≥1 be a sequence of i. i. d. and integrable random variables. For
all m ∈ ℕ, define Sm := ∑

m
i=1 Xi. Then

lim
m→∞

Sm
m
= 𝔼[X1]

with probability 1.

When a statement holds with probability 1 under P, we say that the statement holds
P-almost surely. Theorem 2.8.1 tells us is that the empirical mean of i. i. d. and integrable
random variables converges to the true mean (i. e., the expectation). In other words, if
we do not know pX but have access to an infinite number of independent observations,
then we can retrieve the expectation of pX .

In practice, of course,wedonot have access to infinitelymanyobservations. The law
of large numbers does not tell us at what speed the empirical mean converges. It turns



30 � 2 Probability review

out that by adding the assumption of finite second moment the Central Limit Theorem
gives us the order of magnitude of the distance between the empirical and true means.

Theorem 2.8.2. Let (Xi)i≥1 be a sequence of i. i. d. square-integrable randomvariables. For
all m ∈ ℕ, define Sm = ∑

m
i=1 Xi. For any real numbers a < b, we have

lim
m→∞

P[√
m

Var[X1]
(
Sm
m
− 𝔼[X1]) ∈ (a, b)] = P[a < Y < b],

where Y ∼ 𝒩 (0, 1).

In the central limit theorem, we have the term Sm
m − 𝔼[X1], which converges almost

surely to 0 as m → ∞ by the law of large numbers. Multiplying this difference by the
factor √ m

Var[X1]
, we get a random number with normal distribution with mean 0 and

variance 1. This factor grows at the speed √m (while Var[X1] remains constant in m).
This means that in the law of large numbers, the random variable Sm

m converges to𝔼[X1]
exactly at speed 1

√m . The constant factor simply normalizes the Gaussian limit to have
variance 1.

2.8.2 Estimating an unknown probability

In this section, we see on a concrete example how the theorems from the previous sec-
tion can be used to estimate an unknown probability from a finite sample.

The frequentist way
Suppose that we have a fair coin. The fact that we specify the coin is fair implicitly poses
the probability P such that P(“heads”) = P(“tails”) = 1/2. If instead we are given a coin
and we do not know whether it is fair, then we can only say that there exists p ∈ [0, 1]
such that

P(“heads”) = 1 − P(“tails”) = p.

We can, however, saymore about the likely values of p by estimating it through repeated
experiments as follows.

We can see the outcome of a coin toss as that of a Bernoulli random variable with
parameter p, where the variable is equal to 1 if the coin yields “heads” and 0 if “tails”.
Suppose that we toss the coinm ∈ ℕ times and let Xi be the outcome of the ith toss. Note
that (Xi)

m
i=1 are i. i. d. Using the law of large numbers, we know that Sm := ∑

m
i=1 Xi is such

that Sm
m → p asm→∞. Hence, for a large enoughm, we can estimate p by

p̂ := # of heads
# of tosses

=
Sm
m
.
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Naturally, if m = 3, then it is unlikely that our estimate is satisfactory. Suppose that we
want to have an error of order 1/100. Thenwe can use the central limit theorem that tells
us that the error of the estimate, that is, p̂ − p, is of order 1/√m up to a random number
that looks like a standard centered Gaussian for large enough m. Hence, to obtain an
error of order 1/100, we need

1
√m
≤

1
100
⇔ m ≥ 1002 = 10000,

that is, by tossing ten thousand times the coin, we have that p̂ − p ≈ 1
100Y , where Y ∼

𝒩 (0, 1).

Take-homemessage: In this class, “learning” means approximating a function or a dis-
tribution given a dataset. From the above example the law of large numbers and the
central limit theorems may be seen as first results on learning. Assuming that the data
are indeed i. i. d., the more data, the better.

The Bayesian way
The example of the coin toss above is the frequentist paradigm of statistics. It typically
requires a large amount of data to be accurate. The other paradigm is Bayesian statistics,
which yields effective estimatewith few data but often requiresmore computations and
an a priori distribution. It is based on Bayes’ theorem.

Theorem 2.8.3 (Bayes’ theorem). Let A,B ∈ ℱ be such that P(A), P(B) > 0. Then

P(B|A) = P(B)P(A|B)
P(A)

. (2.44)

The informal interpretation of Bayes’ theorem in the context of learning is the fol-
lowing: suppose B represents your a priori beliefs of the world and A is some obser-
vations linked to these beliefs. Ideally, you want to update your beliefs according to A.
That is exactly what this theorem tells us: the probability of our beliefs B a posteriori
(that is, after having observed A) is given by the right-hand side of the equation of the
statement. Note that it depends on three terms: the prior probability we attribute to
our beliefs P(B), the probability of the observations given our prior beliefs P(A|B), and
the last term more difficult to interpret P(A). This last term can further be decomposed
as

P(A) = P(A|B)P(B) + P(A|Bc)P(Bc),

so that we can compute P(A) according to whether our beliefs are true or not and the
prior probability we assign to our beliefs.

Let us see how this works with an example.
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Example 2.8.4 (Naive Bayes classifier). This is a simple “probabilistic classifier” based on
applying Bayes’ theorem with strong (naive) independence assumptions between the
features. Let us consider again a binary classification. The naive Bayes classifier is a con-
ditional probability model: given an input x to be classified, represented by a vector
x = (x1, . . . , xm) representingm features, it assigns the conditional probabilities

p(y = +1|x1, . . . , xm), p(y = −1|x1, . . . , xm).

Using Bayes’ theorem, we can write

p(y = +1|x1, . . . , xm) =
p(y = +1)p(x|y = +1)

p(x)
.

The numerator is equivalent to the joint probability

p(y = +1, x1, . . . , xm),

which can be rewritten as follows using the chain rule for repeated applications of the
definition of conditional probability:

p(y = +1, x1, . . . , xm) = p(x1|x2, . . . , xm, y = +1)p(x2, . . . , xm, y = +1)
= p(x1|x2, . . . , xm, y = +1)p(x2|x3, . . . , xm, y = +1)
× p(x3, . . . , xm, y = +1)
= ⋅ ⋅ ⋅

= p(x1|x2, . . . , xm, y = +1)p(x2|x3, . . . , xm, y = +1) ⋅ ⋅ ⋅
× p(xm−1|xm, y = +1)p(xm|y = +1)p(y = +1).

Suppose now that the so-called naive conditional independence assumption holds,
which tells us that all features in x are mutually independent, conditional on the label
(e. g., y = +1 or y = −1). Under the assumption

p(xi|x1, . . . , xi−1, xi+1, . . . , xm, y = +1) = p(xi|y = +1),

the original probability can be rewritten as

p(y = +1|x1, . . . , xm) ∝ p(y = +1, x1, . . . , xm)
∝ p(y = +1)p(x1|y = +1) ⋅ ⋅ ⋅ p(xm|y = +1).

For a new example x, we can compute our best guess as the true label using

ŷ = argmax
c

p(y = c|x).

This is called the MAP estimate (maximum a posteriori).
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Example 2.8.5 (Application of naive Bayes classifier). We now use the naive Bayes classi-
fier to answer the following question: Suppose that there is an infectious disease for
which we have a test with false positive probability 0.01 and false negative probability
0.2. This means that a test on a noninfected patient returns a positive result (“infected”)
with probability 0.01 and a test on an infected patient returns a negative result with
probability 0.2. Suppose, moreover, that we know that 10% of the population is infected.

More formally, let y ∈ {−1, 1} be such that y = 1 if the patient is infected and −1 if
they are not infected. Suppose that the patient was tested three times (let us ignore the
timing of the tests for this exercise) and the results were x1 = 1, x2 = −1, x3 = 1, where 1
means that the test was positive and −1 that it was negative.

The naive conditional independence assumption holds in this case, since given y,
the results of the tests x1, x2, x3 are independent (we ignore the influence of timing). We
can therefore compute

p(y = +1|x1 = 1, x2 = −1, x3 = 1)
∝ p(y = +1)p(x1 = 1|y = +1)p(x2 = −1|y = +1)p(x3 = 1|y = +1)
∝ 0.1 × (1 − 0.2) × 0.2 × (1 − 0.2) = 0.0128.

Similar computations yield p(y = −1|x1 = 1, x2 = −1, x3 = 1) ∝ 0.0000891. In particular,
we deduce that p(y = +1|x1 = 1, x2 = −1, x3 = 1) > p(y = −1|x1 = 1, x2 = −1, x3 = 1), and
the naive Bayes classifier classifies the tested individual as “infected”.



3 Optimization

Recall equation (1.3) in Chapter 1,

min
w∈ℝP 1

m

m∑
i=1
ℓ(fw(xi), yi).

The model fw is parametric, and the problem consists of searching for the best param-
eters w within the parameter space, i. e., the parameters that minimize the loss on the
dataset. This is done through optimization techniques.

This chapter is an introduction to optimization, oriented toward its application to
machine learning. Some questions of interest are as follows:
– What algorithms can be used to solve an optimization problem?
– Is convergence guaranteed?
– How long does it take?
– If it converges, then is the limit always optimal?

In this book – a fortiori in this chapter –wewill be concernedwith local algorithms only,
based on the gradient of the cost function evaluating the performance of the model.

3.1 Definitions

Let C : ℝP → ℝ+ be a generic cost function on the parameter space. The content of this
chapter applies to an empirical loss such that C(w) = L(fw) evaluates the performance
of a parametric function fw on a given dataset.

3.1.1 Multidimensional derivatives

In one dimension, we can study the variation of a differentiable map g : ℝ → ℝ in the
vicinity of a point x0 through the sign of its derivative g′(x0). The same treatment can
be made in the multidimensional case.

Definition 3.1.1. We say that C is differentiable if for all w ∈ ℝP and all i = 1, . . . , P, the
limit limh→0 C(w1, . . . ,wi + h, . . . ,wP) =: 𝜕wi

C(w) exists and is unique. The gradient of C
at w is the column vector ∇wC(w) := (𝜕wi

C(w))i=1,...,P .
When w 󳨃→ ∇wC(w) exists and is continuous, we say that C is in 𝒞1(ℝP , ℝ+) or sim-

ply 𝒞1. Henceforth, we always assume that C ∈ 𝒞1.

https://doi.org/10.1515/9783111288994-003
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In the multidimensional case, variations can be defined in multiple directions;
nonetheless, the gradient is a vector whose direction has maximal increase in the fol-
lowing sense: letw ∈ ℝP , and let v ∈ ℝP be an arbitrary vector such that ‖v‖ = ‖∇wC(w)‖
for the Euclidean norm. Then, for all ϵ > 0 small enough, we have

C(w + ϵ∇wC(w)) ≥ C(w + ϵv). (3.1)

We see from the definition of the gradient that −∇wC(w0) satisfies the converse inequal-
ity, that is, it is the direction of maximal decrease around w0.

The gradient is the first-order term in the Taylor expansion of a smooth function in
the sense that

C(w′) − C(w) = ∇wC(w) ⋅ (w′ − w) + o(‖w′ − w‖),
where ⋅ denotes the dot product in ℝP . This formula says in particular that the steep-
ness of the slope from w in any arbitrary direction u ∈ ℝP with ‖u‖ = 1 is obtained as∇wC(w) ⋅ u. Sometimes, however, the first order alone is not informative enough about
the neighborhood of a point. We can think, for example, of the one-dimensional maps
x 󳨃→ 0, x 󳨃→ x2, and x 󳨃→ x3, all of which have the null derivative at 0 but exhibit very dif-
ferent behavior around 0. More generally, ∇wC(w) = (0, . . . , 0)T does not tell us anything
about the existence of strictly increasing, decreasing, or constant directions around w.

In the above one-dimensional examples, we can compute the second-order deriva-
tives to lift the ambiguity. It works identically in higher dimensions, provided that the
function is smooth enough. Henceforth, we assume that C ∈ 𝒞2, that is, C is twice differ-
entiable with continuous second-order derivatives.

Definition 3.1.2. Suppose that C ∈ 𝒞2. The Hessian matrix of C at a point w ∈ ℝP , de-
noted byℋw, is defined by

ℋw := (𝜕wi
𝜕wj

C(w))1≤i,j≤P .
Awell-known result, known as Schwarz’s theorem, states that if C ∈ 𝒞2, then partial

derivatives can be swapped, and thereforeℋw is symmetric.
The second-order Taylor expansion reads as

C(w′) − C(w) = ∇wC(w) ⋅ (w′ − w) + 12 (w′ − w)Tℋw(w′ − w) + o(‖w′ − w‖2).
Hence, compared to (3.1), we gained precision on the approximation of C(w′) when w′

is close to w.
How does the Hessian inform us about the variations of C? As a symmetric matrix,

the Hessian only has real eigenvalues, say λ1 ≥ ⋅ ⋅ ⋅ ≥ λP . The associated eigenvectors
e1, . . . , eP are defined by the property ℋw0

ei = λiei. Moreover, they are orthogonal, that
is, ∑Pk=1 ei(k)ej(k) = 0 for all i ̸= j, and therefore they form a basis of ℝP . Eigenvalues
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and eigenvectors have a natural interpretation: moving away from w in the direction
ei induces a change in the gradient such that ∇wC(w + ϵei) ≈ ∇wC(w) + ϵλiei. In partic-
ular, depending on the eigenvalues, it sometimes allows us to lift the ambiguity when∇wC(w0) = 0. This is discussed in greater detail later on in this chapter.

3.1.2 Critical points and their classification

Thanks to the previous section, we can look at the variation of C around a pointw in the
parameter space thanks to the gradient and the Hessian of C at w. In particular, even
when the gradient vanishes at a point, the Hessian of C at the problematic point may
provide enough information to locally characterize the variations of C.We now formally
define a classification of points that will be useful to discuss properties of optimization
algorithms later on.

Definition 3.1.3. We say that w∗ ∈ ℝP is a local minimum if there exists ϵ > 0 such that
C(w∗) ≤ C(w) for all w ∈ ℝP such that ‖w∗ − w‖ < ϵ.

If C(w∗) ≤ C(w) for all w ∈ ℝP , then we say that w∗ is a global minimum.

Reversing the inequality gives the definition of a local maximum and a global max-
imum. When the inequality is strict, the optimum is said to be strict.

Definition 3.1.4. We say that w∗ ∈ ℝP is a critical point of C if ∇wC(w∗) = (0, . . . , 0)T.
Lemma 3.1.5. For a differentiable C, if w∗ is a local optimum, then ∇wC(w) = (0, . . . , 0)T.

The converse is not true: think of the one-dimensional map x 󳨃→ x3.

Definition 3.1.6. A critical point that is not a local optimum is called a saddle point.

A critical point is either a local minimum, a local maximum, or a saddle point. In
many cases the Hessian is enough to discriminate them.When all eigenvalues ofℋw are
nonnegative, we say thatℋw is positive semidefinite.When they are strictly positive, we
say that ℋw is positive definite. The definition of negative definiteness is similar with
negative eigenvalues.

Theorem 3.1.7. Let w∗ ∈ ℝP be a critical point of C ∈ 𝒞2. We have:
i) Ifℋw∗ is positive definite, then w∗ is a strict local minimum.
ii) Ifℋw∗ is negative definite, then w∗ is a strict local maximum.
iii) Ifℋw∗ has positive and negative eigenvalues, then w∗ is a saddle point.
Remark 3.1.8. When some eigenvalues are null, the Hessian does not allow us to tell
whether a point is a local optimum or a saddle point, and we need to go to higher order
(if C can be differentiatedmore times). The Hessian’s eigenvalues dictate at which speed
the gradient moves from 0 around a critical point, and therefore it is often important
to distinguish between nonstrict saddle points and strict saddle points: a strict saddle
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point is one such that the Hessian has nonzero eigenvalues of both signs, and a nonstrict
saddle allows for null eigenvalues.

3.1.3 Convexity

Recall that our goal is to findw∗ such that minw∈ℝP C(w) = C(w∗). Suppose that we have
found a critical point w. Firstly, we have no guarantee that it is a local minimum. Sec-
ondly, even if it were one, we generally would have no guarantee that C(w) is somewhat
close tominw∈ℝP C(w); see, e. g., Figure 3.1. To avoid these considerations, we can assume
nicely behaved C.

Figure 3.1: Local minimum with poor performance.

Definition 3.1.9. We say that C is convex (in ℝP) if for all w,w′ ∈ ℝP , we have

tC(w′) + (1 − t)C(w) ≥ C(tw′ + (1 − t)w) ∀t ∈ (0, 1).
If the inequality is strict, then we say that C is strictly convex.

Remark 3.1.10. When C is differentiable, convexity can be equivalently defined by

C(w′) − C(w) ≥ (w′ − w) ⋅ ∇wC(w) ∀w,w′ ∈ ℝP .
Geometrically, this means that the graph of C lies above its tangents; see Figure 3.2.
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Figure 3.2: A convex map fromℝ toℝ above all its tangents. This extends to multidimensional convex
maps.

Proposition 3.1.11. Suppose that C ∈ 𝒞2 and that ℋw is positive definite for all w ∈ ℝP .
ThenC is strictly convex. If the smallest eigenvalue λP(w)ofℋw is such that infw∈ℝP λP(w) ≥
c > 0, then we say that C is c-strongly convex, and it satisfies

C(w′) − C(w) ≥ (w′ − w) ⋅ ∇wC(w) + c2 ‖w′ − w‖2 ∀w,w′ ∈ ℝP .
The reader may prove Proposition 3.1.11 using the Taylor expansion of C to the sec-

ond order.

Example 3.1.12. All polynomials of degree 2 with leading coefficientm fromℝ toℝ are
m-strongly convex. The map x 󳨃→ ex is strictly convex but not strongly convex. The map
x 󳨃→ x4 is strictly convex but not strongly convex. The map x 󳨃→ x3 is not convex.

Note that the map in Figure 3.1 is nonconvex. This is not a coincidence.

Theorem 3.1.13. If C is convex, then all critical points are global minima. If C is strictly
convex, then the global minimum is unique.

A typical example of a convexmapwith infinitelymany globalminima is f : ℝ2 → ℝ
defined by f (x, y) = (x + y)2, which has a line of global minima {(x, y) ∈ ℝ2 : x = −y}.

Consider a c-strongly convex map f : ℝ → ℝ achieving its global minimum at x∗.
This means that f ′(x) ≥ f ′(x∗) + (x − x∗)f ′′(x∗) ≥ 0 + (x − x∗)c. Now f (x) − f (x∗) ≤(x−x∗)f ′(x) ≤ 1

c f
′(x)2, so that c(f (x)− f (x∗)) ≤ f ′(x)2. If f is a cost function, in particular,

nonnegative, thenwe see that f ′(x)2 scales as c times the gap in performance f (x)−f (x∗).
This property naturally extends to multidimensional strongly convex maps.
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Lemma 3.1.14. If C ∈ 𝒞2 is c-strongly convex for some c > 0, then󵄩󵄩󵄩󵄩∇wC(w)󵄩󵄩󵄩󵄩2 ≥ 2c(C(w) − C(w∗)),
where w∗ is the global minimum of C.

Remark 3.1.15. The inequality in Lemma 3.1.14 is called the Polyak–Łojasiewicz inequal-
ity. It bounds the squared norm of the gradient at any point by the performance gap
between that point and the optimum: the poorer the performance, the greater the gra-
dient.

Proof. Since C is c-strongly convex, by Proposition 3.1.11 we have that for allw,w′ ∈ ℝP ,
C(w′) ≥ C(w) + (w′ − w) ⋅ ∇wC(w) + c2 ‖w′ − w‖2.

Weminimize the right-hand side with respect tow′ by setting the gradient with respect
to w′ to 0:

0 = ∇wC(w) + c(w′ − w)⇔ w′ = w − 1
c
∇wC(w),

which then implies that for all w,w′ ∈ ℝP ,
C(w′) ≥ C(w) − 1

c
󵄩󵄩󵄩󵄩∇wC(w)󵄩󵄩󵄩󵄩2 + 1

2c
󵄩󵄩󵄩󵄩∇wC(w)󵄩󵄩󵄩󵄩2= C(w) − 1

2c
󵄩󵄩󵄩󵄩∇wC(w)󵄩󵄩󵄩󵄩2,

which concludes the proof.

3.1.4 Lipschitz maps

Continuous maps enjoy the property that close inputs produce close outputs. However,
this notion of “closeness” does not guarantee the boundedness of the variations of a
continuous map. For example, the exponential map x 󳨃→ ex is continuous, but the dif-
ference ex+ϵ − ex tends to∞ as x → ∞, even if x + ϵ and x are close. A stronger notion
of continuity is sometimes required.

Definition 3.1.16. We say that a map f : ℝm → ℝn is L-Lipschitz continuous for some
L > 0 if 󵄩󵄩󵄩󵄩f (x) − f (y)󵄩󵄩󵄩󵄩 ≤ L‖x − y‖ ∀x, y ∈ ℝm.
A map whose gradient is L-Lipschitz is called L-smooth.
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Amap is L-Lipschitz when its variations are uniformly bounded. In particular, it can
be shown that a differentiable map f is L-Lipschitz if and only if ‖∇f (x)‖ ≤ L. A geomet-
rical interpretation for f : ℝ → ℝ is given in Figure 3.3.

Figure 3.3: The sinus function is 1-Lipschitz: at every point x ∈ ℝ, it is contained in the cone formed by the
two lines intersecting at x with slopes −1 and 1. More generally, an L-Lipschitz map is contained between
such cones formed by the lines with slopes −L and L.

We saw in Proposition 3.1.11 that if the smallest eigenvalue of the Hessian of C is
strictly positive, then C is strictly convex. The L-smoothness can also be seen from the
Hessian:

Proposition 3.1.17. Suppose that C ∈ 𝒞2 and for all w ∈ ℝP , let λmax(w), respectively
λmin(w), be the largest, respectively the smallest, eigenvalue ofℋw. Then

sup
w∈ℝP{󵄨󵄨󵄨󵄨λmax(w)󵄨󵄨󵄨󵄨, 󵄨󵄨󵄨󵄨λmin(w)󵄨󵄨󵄨󵄨} ≤ L < ∞ ⇔ C is L-smooth.

3.2 Gradient-based algorithms

When introducing the supervised learning framework, we informally defined the no-
tion of training algorithms in Definition 1.2.9. Many training algorithms that are used
in practice are inspired (sometimes mere variants) of the simple gradient descent algo-
rithm used to solve minimization problems.

3.2.1 Gradient descent

Let C : ℝP → ℝ be a convex differentiable map. Recall that by Theorem 3.1.13 every crit-
ical point of C is a global minimum, i. e., ∇C(u) = 0 if and only ifw∗ ∈ argminw∈ℝP C(w).
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The gradient descent algorithm
The gradient descent algorithm is a first-order iterative optimization algorithm for find-
ing a local minimum of a differentiable function. Recall the notation of the ERM frame-
work from Chapter 1: S = {(xi, yi); i = 1, . . . ,m} is our dataset, and ℋ is our hypothesis
class.

Definition 3.2.1. Let w0 ∈ ℝP and fix η > 0. We then define wk , k ≥ 0, recursively as
wk+1 = wk − η∇C(wk).

One step of the above recursion is called a gradient descent step or gradient descent
update. Given a number of steps K ∈ ℕ, gradient descent is the following training algo-
rithm:

𝒜GD : w0 󳨃→ wK

for all w0 ∈ ℝP , see Figure 3.4 for visualizations of gradient descent paths.
Remark 3.2.2. The positive real number η is called the learning rate (or stepsize), as it
governs the size of the updates (see Figure 3.5). Both the learning rate η and the number
of stepsK are left unchangedwhenapplying𝒜GD tow0. Hence they are hyperparameters
according to Definition 1.2.10.

Figure 3.4: Example of gradient descent in one-dimensional problem (left) and two-dimensional problem
(right).

Remark 3.2.3. In the ERM framework, the gradient descent update equation reads as

wk+1 = wk − η∇wL(fwk
) = wk − η m∑

i=1
∇wℓ(fwk

(xi), yi).



42 � 3 Optimization

Figure 3.5: Effect of the size of the learning rate η during training.

Gradient descent improves the performance of the model by locally moving the pa-
rameters w in the direction that maximizes the decrease of the loss. To guarantee that
the gradient does not explode, it is often assumed that C is L-smooth, that is, its gradient
is L-Lipschitz; see Definition 3.1.16. Some theoretical guarantees can be obtained from
the L-smoothness of C.

Theorem 3.2.4. Consider gradient descent on C ∈ 𝒞2 with learning rate η > 0 and number
of steps K ∈ ℕ. If C is L-smooth and η < 2/L, then the cost function under gradient descent
converges, that is, limK→∞ C(wK ) exists, and limK→∞ ∇wC(wK ) = 0.
Proof. For this proof, we need to use the following Taylor expansion of C: for every
w,w′ ∈ ℝP , there exists a point w′′ on the segment [w,w′] (i. e., w′′ = (1 − t)w + tw′ for
some t ∈ [0, 1]) such that

C(w′) = C(w) + (w′ − w) ⋅ ∇wC(w) + 12 (w′ − w)Tℋw′′(w′ − w).
Using the L-smoothness of C and Proposition 3.1.17, we get that

C(w′) ≤ C(w) + (w′ − w) ⋅ ∇wC(w) + L2 ‖w′ − w‖2.
This translates on the gradient descent update as

C(wk+1) ≤ C(wk) + (wk+1 − wk) ⋅ ∇wC(wk) + L2 ‖wk+1 − wk‖2= C(wk) − η󵄩󵄩󵄩󵄩∇wC(wk)󵄩󵄩󵄩󵄩2 + η2 L2 󵄩󵄩󵄩󵄩∇wC(wk)󵄩󵄩󵄩󵄩2= C(wk) − η(1 − ηL2)󵄩󵄩󵄩󵄩∇wC(wk)󵄩󵄩󵄩󵄩2. (3.2)
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By choosing η < 2/Lwe are guaranteed to have C(wk+1) < C(wk)whenever∇wC(wk) ̸= 0.
In other words, gradient descent always improves the cost when η < 2/L, and letting
K →∞ yields the claim, since C is bounded from below by 0.

The above theorem shows that under gradient descent, C(wK ) converges; however,
it does not say that wK converges, as it can, for instance, diverge to∞. (We will see in
Chapter 11 that this can be the case for some Reinforcement Learning algorithm.) Note
also that even ifwK converges to a critical point, it is not informative on the optimality of
this critical point, nor on the rate of convergence. Convexity allows us to obtain a more
detailed picture of gradient descent.

Theorem 3.2.5. Suppose that C ∈ 𝒞2 is L-smooth and convex and that η ≤ 1
L . Then there

exists a global minimum w∗ such that

0 ≤ C(wK ) − C(w∗) ≤ ‖w∗ − w0‖2
2ηK

.
Proof. Using η ≤ 1/L, equation (3.2) yields

C(wk+1) ≤ C(wk) − η2 󵄩󵄩󵄩󵄩∇wC(wk)󵄩󵄩󵄩󵄩2. (3.3)

Theorem 3.2.4 entails that gradient descent converges toward a critical pointw∗, and by
convexity, w∗ must be a global optimum. Convexity implies that

C(w∗) ≥ C(wk) + (w∗ − wk) ⋅ ∇wC(wk).
Combining the two bounds above entails that

C(wk+1) − C(w∗) ≤ (wk − w∗) ⋅ ∇wC(wk) − η2 󵄩󵄩󵄩󵄩∇wC(wk)󵄩󵄩󵄩󵄩2≤ 1
2η
(2η(wk − w∗) ⋅ ∇wC(wk) − η2󵄩󵄩󵄩󵄩∇wC(wk)󵄩󵄩󵄩󵄩2)= 1

2η
(−󵄩󵄩󵄩󵄩wk − w∗ − η∇wC(wk)󵄩󵄩󵄩󵄩2 + ‖wk − w∗‖2)= 1

2η
(−‖wk+1 − w∗‖2 + ‖wk − w∗‖2),

where we used that wk+1 = wk − η∇wC(wk) for the last identity. Thus the above bound
shows that

K∑
k=0
(C(wk) − C(w∗)) ≤ 1

2η

K−1∑
k=0
(‖wk − w∗‖2 − ‖wk+1 − w∗‖2)= 1

2η
(‖w0 − w∗‖2 − ‖wK − w∗‖2)
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≤ ‖w0 − w∗‖2
2η
.

Note that C(wk+1) ≤ C(wk) for all k ≥ 0, as we showed in the proof of Theorem 3.2.4.
Therefore

C(wK ) − C(w∗) ≤ ‖w0 − w∗‖2
2ηK

,
which concludes the proof.

Under the conditions of the theorem, gradient descent converges at rate O(1/K).
Consider the following examples from ℝ to ℝ: f : x 󳨃→ x2 and g : x 󳨃→ x4 (technically,
g is not L-smooth, but provided that the learning rate is small enough, gradient descent
will not visit points that are too far away from 0, and on this bounded domain, g is
L-smooth). The behavior of gradient descent in the vicinity of 0 is rather different for
the two maps:

xfk+1 = xfk − η2xfk = (1 − 2η)xfk ,
xgk+1 = xgk − η4(xgk )3 = (1 − 4(xgk )2)xgk .

We see that although the update for f remains of the order of the error 2ηxfk , that of g
vanishes much quicker, that is, of the order of the cube of the error, 4η(xgk )3, causing a
slowdown in the convergence of the algorithm. The reason can be seen from the second
derivatives of f and g: both maps are convex with a unique global minimum at 0, but f
is 2-strongly convex, whereas g is only convex.

The next theorem formalizes this observation.

Theorem 3.2.6. Suppose that C ∈ 𝒞2 is L-smooth and c-strongly convex and that η ≤ 1
L .

Then

0 ≤ C(wK ) − C(w∗) ≤ (1 − ηc)K(C(w0) − C(w∗)),
where w∗ is the unique global minimum of C.

Remark 3.2.7. Note that the assumptions on C can be translated, thanks to Proposi-
tions 3.1.11 and 3.1.17, to the assumptions that the largest and smallest eigenvalues λ1(w)
and λP(w) of its Hessian satisfy

sup
w∈ℝP λ1(w) ≤ L, inf

w∈ℝP λP(w) ≥ c.
Proof. Using Lemma 3.1.14 and (3.3), we get

C(wk+1) ≤ C(wk) − ηc(C(wk) − C(w∗))⇔ C(wk+1) − C(w∗) ≤ (1 − ηc)(C(wk) − C(w∗)).
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Iterating the inequality entails that

C(wK ) − C(w∗) ≤ (1 − ηc)K(C(w0) − C(w∗)),
which proves the claim and concludes the proof.

For a more complete treatment of convergence properties of gradient descent, we
refer to [8, Chapter 9].

3.2.2 Gradient flow

Closely related to gradient descent is the gradient flow, which canbe seen as a continuous
version of gradient descent when the learning rate goes to 0, as we will see. The interest
of gradient flow is purely theoretical: no discussion about the learning rate is needed
to prove the convergence, which then can be sometimes deduced for gradient descent
with small enough learning rate.

Definition 3.2.8. We say that a family (u(t))t∈ℝ+ ⊂ ℝP follows the (negative of the) gra-
dient flow of C if it is a solution of the following differential equation:𝜕tu(t) = −∇uC(u(t)).

Because u(t) follows the negative of the gradient of C, the map t 󳨃→ C(u(t)) is de-
creasing until it reaches its limit as t → ∞ (recall that C is bounded from below by 0).
Assuming that u(t) → u∗ ∈ ℝP as t → ∞, we see that ∇C(u∗) = 0, and the convexity of
C ensures that C(u∗) is a global minimum.

To see that gradient descent is a discrete approximation of gradient flow, let k ∈ ℕ
and use Definition 3.2.1 to write

wk = −η k∑
ℓ=0
∇C(wℓ).

By choosing k = ⌊t/η⌋, where ⌊⋅⌋ denotes the integer part, we can take the limit as
η→ 0+, and (assuming that ∇C is continuous to define the Riemann integral) there ex-
ists w : ℝ+ → ℝP such that

lim
η→0+

w⌊t/η⌋ = lim
η→0+
−η ⌊t/η⌋−1∑
ℓ=0
∇C(wℓ) = t∫

0

−∇C(w(s))ds,
and therefore rescaled time gradient descent converges to gradient flow.
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3.2.3 Stochastic gradient descent

In machine learning the number of trainable parameters can be large. Even when com-
puting the gradient at an input datapoint ∇wfw(xi) is relatively cheap, the size m of the
dataset can dramatically increase the computational cost of gradient descent, since m
gradients need to be computed at each step.

To reduce the computational cost of training, stochastic gradient descent samples a
single sample of the training dataset and performs a gradient descent step on this data-
point only.

Definition 3.2.9. Letw0 ∈ ℝP and fix η > 0. Suppose that C(w) = 1
m ∑mi=1 ℓ(fw(xi), yi). Let(x̃k , ỹk)k≥0 be i. i. d. pairs sampled uniformly at random in the dataset S = {(xi, yi); i =

1, . . . ,m}. For all k ≥ 0, define
wk+1 = wk − η∇wℓ(fw(x̃k), ỹk).

Stochastic gradient descentwith learning rateη > 0 andnumber of stepsK is the training
algorithm

𝒜SGD : w0 󳨃→ wK

for all w0 ∈ ℝP .
Remark 3.2.10. Fix w0 and let (wGD

k )k≤K be the sequence generated from gradient de-
scent, and, similarly, let (wSGD

k )k≤K be generated by stochastic gradient descent. Stochas-
tic gradient descent treats the dataset S as an empirical distribution, fromwhich it sam-
ples random variables (X , Y ). In particular, since we assume that S consists of i. i. d. sam-
ples from an unknown true distribution D, we can check that for all k ≥ 0,𝔼[wSGD

k+1 |wSGD
k = wGD

k ] = wGD
k+1.

In other words, the expectation of the SGD update is equal to the GD update. However,
one SGD update does not necessarily make C decrease, that is, possibly, ℙ[C(wSGD

k+1 ) ≤
C(wSGD

k )] < 1.
Remark 3.2.11. Many variations of SGD can be derived from the same idea. For exam-
ple, instead of sampling a single example each step, we can randomly sample a mini-
batch of examples. The previous remark remains correct, that is, the expectation of SGD
is GD by using aminibatch, and the larger the batch, the smaller the variance of the SGD
update.

The following convergence rates and their proofs for SGD can be found, e. g., in [22,
Theorems 5.5 and 5.7].

Theorem 3.2.12. Suppose that C ∈ 𝒞2 and that there exists w∗ ∈ ℝP such that C(w∗) =
1
m ∑mi=1 ℓ(fw∗ (xi), yi) = 0. Let (wk)k≥0 be generated by SGD on C, and let wk := 1

k ∑k−1i=0 wi.
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(i) If w 󳨃→ ℓw(xi) is L-smooth and convex for all i = 1, . . . ,m and if η < 1
2L , then for all

k ≥ 1, 𝔼[C(wk)] ≤ ‖w0 − w∗‖2
2η(1 − 2ηL)k .

(ii) If w 󳨃→ ℓw(xi) is L-smooth and c-strongly convex for all i = 1, . . . ,m and if η < 1
2L ,

then for all k ≥ 1, 𝔼[‖wk − w∗‖2] ≤ (1 − ηc)k‖w0 − w∗‖2.
3.2.4 Momentum

To speed up the optimization algorithm, the history of the algorithm can be taken into
account in the update. Many forms can be considered; we focus on the so-called Heavy
Ball Algorithm:

wk+1 = wk − η∇C(wk) + β(wk − wk−1).
The last term keeps in memory the last update, scaled by a factor β ∈ [0, 1), and is there-
fore interpreted as the momentum. When β = 0, we get GD back. To see how the mo-
mentum affects the training trajectory, we write

w1 − w0 = −η∇C(w0),
w2 − w1 = −η∇C(w1) + β(w1 − w0) = −η(∇C(w1) + βC(w0)),

...

wk − wk−1 = −η k∑
i=1

βk−i∇C(wi−1).
We see that the kth update is a weighted sum of all past gradients, the older ones being
discounted more than the newer ones. Small β > 0 forget faster the previous gradients,
whereas the momentum is strong for large β < 1.

The momentum has the following immediate benefit: if wk is a saddle point of C,
then even though ∇C(wk) = 0, the update is likely to satisfy wk+1 ̸= wk . Hence it is
easier to escape from saddle points while still converging to a nearby minimum, the
momentum eventually vanishing since 0 ≤ β < 1, see Figure 3.6. On the other hand,
if the directions of the recent previous gradients roughly align, then the momentum
accelerates the update in a meaningful direction.

Formal convergence theorems can be proved for the heavy ball algorithm. In par-
ticular, akin to GD and SGD, it converges for L-smooth convex maps at a rate O(1/k) and
for L-smooth c-strongly convex maps at a rate O(rk) for some r ∈ (0, 1); see, e. g., [23].
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Figure 3.6: Comparison of gradient descent and heavy ball algorithms near a saddle point. For η = 0.01
and β = 0.7, both are initialized at x = 1 and are stopped after 27 steps. Left: gradient descent slows
down in the vicinity of the saddle point at 0. Right: Heavy ball passes over the saddle point thanks to the
momentum induced by the previous updates.

3.3 Nonconvex case

Recall that in theERMframework, the cost is of the formC(w)=L(fw)= 1
m∑mi=1 ℓ(fw(xi), yi).

The mean squared error corresponds to the choice ℓ(x, y) = ‖fw(xi) − yi‖2, which is con-
vex in both arguments. However, the parameterisation w 󳨃→ fw is not necessary, so that
choosing ℓ convex does not guarantee the convexity of the cost C.

Without convexity, local minima can exist in the loss landscape. Nonetheless, sev-
eral things can be studied, and in this section, we informally discuss two: the likelihood
of converging to a saddle point and the rate of convergence to a critical point.

3.3.1 Strict saddle points are avoided

Consider the map f : ℝ2 → ℝ defined by

f (x, y) := x2 − y2.
One can check that f is not convex and ∇f (0, 0) = (0, 0)T, since ∇f (x, y) = (2x, −2y)T. In
particular, (0, 0) is the unique critical point, and in fact it is a strict saddle point.

Let w0 = (x, 0) for any x ̸= 0. One gradient descent step leads to

w1 = w0 − η∇f (x, 0) = (x, 0) − η(2x, 0) = (x(1 − 2η), 0).
It is easy to show that wk ∈ ℝ × {0} for all k ≥ 0, so that for a small enough learning
rate η > 0, gradient descent converges to w∞ = (0, 0) (any of Theorems 3.2.4, 3.2.5,
and 3.2.6 applies on the restriction of f to the line ℝ × {0}). However, by initializing w0
at random – say, a standard two-dimensional Gaussian – then with probability 1 the
y-component of w0 is nonnull, and we see that the y component of wk goes away from
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0 under gradient descent. Hence, with probability 1 under random initialization (that
has no atom at 0, e. g., any measure absolutely continuous with respect to the Lebesgue
measure), gradient descent avoids the strict saddle point at 0.

The above example is not isolated. In fact, in [31], it is proved (among other things)
that

For an L-smooth cost C ∈ 𝒞2, the set of w0 ∈ ℝP such that limk→∞ wk is a strict saddle point has
Lebesgue measure 0.

Several extensions of this result have been established, since, for example, we can con-
sider vanishing learning rates; see [36] and references therein.

3.4 Constrained optimization: duality theory

In the previous sections, we have considered optimization problemswithout constraints
on the parametersw ∈ ℝP . In full generality, this is not the case, andwe have to optimize
a certain cost functionwhile parameters satisfy some restrictive conditions. The content
of this section will be crucial when studying the Support Vector Machine problem in
Chapter 5.

3.4.1 Lagrangian function

Consider the following constrained optimization problem:

min
w∈ℝP C(w) (3.4)

s. t. hi(w) = 0, i = 1, . . . , r,
where the hi are 𝒞

1 constraints (maps from ℝP to ℝ).
We can use the method of Lagrange multipliers to solve (3.4) by turning a con-

strained optimization into an unconstrained optimization and introducing penalties on
the violation of the constraints.

Definition 3.4.1. The Lagrangian function of (3.4) is defined for all w ∈ ℝn and α ∈ ℝr
by

ℒ(w, α) = C(w) − r∑
i=1

αihi(w). (3.5)

The coefficients αi are called the Lagrange multipliers.
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Intuition (hand-wavy)
Suppose that w∗ is the solution of (3.4). In particular, the constraints are satisfied, and
for each i ∈ {1, . . . , r}, if we move in a direction w orthogonal to ∇whi(w∗), then we
locally have hi(w∗ + ϵw) ≈ hi(w∗) + O(ϵ2). Now this reasoning applies if w is orthog-
onal to ∇whi(w∗) simultaneously for all i ∈ {1, . . . , r}. If, moreover, wT∇wC(w∗) ̸= 0,
then we found a direction that decreases the cost in a neighborhood of w∗ while re-
specting the constraints, which contradicts that w∗ is optimal. This means that, neces-
sarily, wT∇wC(w∗) = 0. We deduce that the gradient of the cost at w∗ is orthogonal to
any w orthogonal to the gradient of the constraints at w∗. In other words, ∇wC(w∗) ∈
Span({∇whi(w∗); i = 1, . . . , r}), that is, there exist α∗1 , . . . , α∗r such that∇wC(w∗) = r∑

i=1
α∗i ∇whi(w∗). (3.6)

See Figure 3.7 for a visual example.

Figure 3.7: Optimizing C(w1,w2) := ‖(w1,w2) − (2, 1)‖ subject to h(w1,w2) = w1 − w2 = 0. The gradients
∇h(w∗) and ∇C(w∗) align at the optimum.

The above intuition justifies the definition of the Lagrangian function, as it helps us
write (3.6) in a concise manner as ∇wℒ(w∗, α∗) = 0. Computing the gradient of ℒ(w, α)
with respect to w and α and setting it to 0, we can solve for the unknowns. Whether
we are minimizing or maximizing ℒ, the αi play a role of penalizing the solution if the
constraints are violated. Consider ∇w,αℒ = 0 and write∇w,αC(w) − ∇w,α∑

i
αihi(w) = 0.
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Expanding this out, we have a vector where the first n entries with respect to w lead to∇wC(w) − ∑
i
αi∇whi(w) = 0,

and the last r entries lead to

hi(w) = 0, i = 1, . . . , r.
Define gprim : w 󳨃→ maxα ℒ(w, α). The solution to (3.5)1 is given in terms of the

Lagrangian as

p∗ = min
w

gprim(w). (3.7)

Howdoes this solution relate to that of the original problem (3.4)?When considering
gprim(w), we are fixing a w and then maximize over α. We see that as soon as one con-
straint is violated, say hi(w) ̸= 0, then we can let αi go to plus or minus infinity (depend-
ing on the sign of hi(w)) to make the Lagrangian blow up, and therefore gprim(w) = +∞.
In particular, gprim(w) is finite if and only ifw satisfy the constraints (provided that C(w)
is finite). Hence the solution w∗ of (3.4) is the same as that of (3.7).

More generally, we can write the Lagrangian for constrained optimization problem
that includes both equality and inequality constraints: consider

min
w

C(w), (3.8)

s. t. hi(w) = 0, i = 1, . . . , r,
s. t. fi(w) ≤ 0, i = 1, . . . , p.

Definition 3.4.2. The Lagrangian function of (3.8) is defined for all w ∈ ℝn, α ∈ ℝr , and
β ∈ [0,∞)p by

ℒ(w, α, β) = L(w) + r∑
i=1

αihi(w) + p∑
i=1

βifi(w), (3.9)

where the αi and βi are called the Lagrange multipliers.

Again, note that if any constraint is violated (i. e., if hi(w) > 0 or fi(w) ̸= 0), then we
can make the Lagrangian blow-up by sending one of αi →∞, βi →∞, or βi → −∞.

Similarly as in the equality constraints, the solution to (3.8) is given in terms of the
Lagrangian as

p∗ = min
w

gprim(w) = min
w

max
α∈ℝp ,β∈[0,∞)r ℒ(w, α, β). (3.10)

1 Also called as the primal problem/primal solution.
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The primal problem, however, does not seem easier to solve than the original prob-
lem itself. Indeed, in the minimization–maximization problem (3.10), because we maxi-
mize over α and β after having chosen aw, whenminimizing overw, we are restricted to
candidates that satisfy the constraints (otherwise, the Lagrangian blow-up as explained
before). We would like to first choose α, β and only then minimize over w. This is called
the dual optimization problem, which turns the constrainedmin-max optimization prob-
lem into a penalized max/min optimization problem where we search for an optimal
solution over α, β after minimizing over w.2

First, we write the dual function

gdual(α, β) = min
w

ℒ(w, α, β)
and then the dual optimization problem

d∗ = max
α∈ℝp ,β∈[0,∞)r gdual(α, β) = max

α∈ℝp ,β∈[0,∞)r min
w

ℒ(w, α, β). (3.11)

How does solving this relate to solving (3.10)? We can note that the solution to (3.11)
returns a lower bound to (3.10): firstly, by definition, for all w, α, β, we have

ℒ(w, α, β) ≤ gprim(w).
Taking the minimum over w yields

gdual(α, β) ≤ p∗,
and then the maximum over α, β gives

d∗ ≤ p∗.
In some cases, the solution to the original optimization problem (primal) is the same

as the solution to the dual problem, i. e.,

d∗ = p∗.
This is called the strong duality condition. To ensure strong duality, we need some condi-
tions on the candidate solutions, namely theKarush–Kuhn–Tucker (KKT) conditions:3

we say that w∗ and α∗ fulfil the KKT conditions if∇wℒ(w∗, α∗, β∗) = 0 (stationarity),

2 If you are interested in this, then start with the notion of duality in linear programming problems.
3 Subject to differentiability and convexity requirements.
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hi(w∗) = 0, i = 1, . . . , r,
fi(w∗) ≤ 0, i = 1, . . . , p (primal feasibility),

β∗i ≥ 0, i = 1, . . . , p (dual feasibility),
β∗i fi(w∗) = 0, i = 1, . . . , p (complementary slackness).

We admit the following result.

Theorem 3.4.3. For an optimization problem for which the strong duality condition
holds, any primal optimal solution w∗ and dual optimal solution α∗ respect the KKT con-
ditions. Conversely, if the fi and hi are affine for all i, then the KKT conditions are sufficient
for duality.

The proof can be found in [8].
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Part II: Supervised learning





4 Statistical learning theory

In this chapter, we take the point of view of statistics to study learning theory. In short,
statistics is concernedwith estimating an unknown distribution μ from its observations.
Typical questions can be: how many data points should we collect to ensure that an
estimator μ̂ of μ is close enough (in some sense) to μ? How does the complexity of a
model relate to its empirical error and its generalization error? More generally, we are
interested in deriving approximation bounds of hypothesis classes.

Remark 4.0.1. If you are familiar with numerical analysis, then you can think of this
chapter as techniques to come up with a priori error estimates (i. e., before we sample
the dataset), whereas in the previous chapter, we computed a posteriori error estimates
(we measure the error for a specific model and a specific dataset).

4.1 Learnability

In this chapter, except where explicitly stated, we restrict ourselves to the case of binary
classification, that is, 𝒴 = {0, 1}, as it simplifies the presentation. As usual, we assume
that the dataset S = {(xi, yi) : i ∈ {1, . . . ,m}} is such that the xi are i. i. d. with common
law D in𝒳 and that yi = f (xi) for some labeling function f . Furthermore, we assume the
0–1 loss function 1{h(x) ̸=y}.

Since a predictor h is trained to minimize the empirical error L(h) (see (1.3)), which
depends on the training set S, and since S is generated through random samplings un-
der D, there will be randomness on the trained predictor h, and therefore in the gen-
eralization error RD(h) defined in (1.1). Thus we can see RD(h) as a random variable.
Hence if we expect to find a good classifier, then we need S to be a “good representative”
of D.

Example 4.1.1. Suppose we have an urn with 30% red and 70% green balls, and we
take a sample where we get five greens “G G G G G”. In this case, our sample does not
represent the underlying distribution of the balls. (Note that the probability of sampling
this dataset is 0.75 ≈ 0.16, which is far from negligible.)

From the law of large numbers (Theorem 2.8.1) we know that more data samples
ensure that the dataset is representative enough to avoid situations like in the above
example. In Chapter 1, we saw ways to assess the quality of a model and how to select
a good model among a collection of models to solve a given task. In this chapter, we are
instead concerned with studying the learnability of a given hypothesis class ℋ from a
finite dataset.

https://doi.org/10.1515/9783111288994-004
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4.1.1 Realisability assumption

Definition 4.1.2 (Realisability assumption). For a given hypothesis classℋ, data distribu-
tion D, and labeling function f , we say that the realisability assumption holds forℋ, D, f
if there exists h ∈ ℋ such that RD,f (h) = 0.

Informally, this means that the labeling function f can be represented by elements
of ℋ, at least on the support of D. Alternatively, if f ∈ ℋ, then clearly the realisability
assumption holds.

Example 4.1.3. It is easy to construct a case where the realisability assumption does not
hold: let 𝒳 = ℝ, D = Unif(−1, 1), f : x 󳨃→ 1{|x|>1/2}, and ℋ = {hw : x 󳨃→ 1{x>w}}, where
w ∈ ℝ denotes the only parameter of the model. We can check that the realisability as-
sumption does not hold. (Note that m being fixed, there is a positive probability on the
dataset S that there exists h ∈ ℋ such that L(h) = 0, but this probability is not 1.)

4.1.2 PAC learnability

The realisability assumption ensures that there is a predictor in the hypothesis class that
perfectly fits the data. This guarantee, however, does not mean that we are able to find
this predictor. We need stronger properties for the hypothesis class. The Probably Ap-
proximately Correct learning (PAC learning) framework is introduced for this purpose.

For a given hypothesis class ℋ and a given number of samples m, let 𝒜ERM be any
algorithm that returns a hypothesis h𝒜 minimizing the empirical loss L as in (1.3), that
is, h𝒜 ∈ argminh∈ℋ L(h).

Definition 4.1.4 (PAC learnability). A hypothesis class ℋ is PAC learnable if there exists
a function mℋ : (0, 1)

2 → ℕ with the following properly: for all ϵ, δ ∈ (0, 1), for every
distribution 𝒟 over 𝒳 , and for every labeling function f : 𝒳 → {0, 1}, if the realisability
assumption holds with respect to ℋ, D, f , then when running 𝒜ERM on m ≥ mℋ(ϵ, δ)
i. i. d. examples generated by D labeled by f , with probability at least 1 − δ, we have
RD(h𝒜) ≤ ϵ.

We have two parameters in the PAC learnability. The accuracy parameter ϵ deter-
mines how far we allow our predictor h to be from the optimal predictor (“approxi-
mately correct”), and the confidence parameter δ indicates how likely h is to meet the
accuracy requirement (“probably”).

Remark 4.1.5. Definition 4.1.4 does not imply anything on the computational aspects of
learnability. Nonetheless:
(i) Some definitions require m(ϵ, δ) to grow polynomially with its parameters as they

tend to 0, which, for example, does not allowm(ϵ, δ) = ϵ−121/δ .
(ii) Some definitions include the number of computations of𝒜 as a parameter ofm (and

ask for polynomial growth).
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Remark 4.1.6. The PAC learning definition is not easy to digest at first. After some time,
we may even wonder if the definition is not vacuous. Indeed, since m can grow at any
pace in terms of its parameters and there is no restriction either on 𝒜ERM, we can set
m(ϵ, δ) extremely large (think of 10(ϵδ)−1000000 ). By the lawof large numbers and the central
limit theorem (Theorems 2.8.1 and 2.8.2) we know that L(h) → RD(h) as m → ∞ with
an approximation error of orderO(1/√m), and since the realisability assumption holds,
it feels like we should always be likely to find a good enough predictor. However, this
intuition does not take into account the following fact: m(ϵ, δ) and ℋ are fixed before
choosing f andD. In Corollary 6.4 and Theorem 5.1 in [39], the interested reader will find
a construction of a non-PAC learnable hypothesis class. We now informally explain the
main idea on a particular case.

Letℋ be the set of all functions fromℝ to {0, 1}; we claim that it is not PAC learnable,
and to demonstrate this, as soon as we choosem(ϵ, δ), we adversarially construct D and
f as follows. After we fix m(ϵ, δ), we choose arbitrary 2m(ϵ, δ) pairwise distinct points
in ℝ. We let D be the uniform discrete distribution on these 2m(ϵ, δ) points. Because ℋ
contains all {0, 1}-binary functions, we can label them in any possible way with an f ∈ ℋ
so that the realisability assumption holds. Because (at least) half of the 2m(ϵ, δ) points
will not be in the dataset S (recall that it is sampled with D), an ERM predictor h𝒜 with
L(h𝒜) = 0 cannot have learned anything on half of the points and thereforewill be likely
not ϵ-close to f . Conclusion:ℋ is not PAC learnable.

4.1.3 Agnostic PAC learnability

We saw that PAC learning offers guarantees on a hypothesis class that enables the re-
trieval of a labeling function within that class, since Definition 4.1.4 assumes the re-
alisability assumption. However, the datasets a practitioner meets are not, in general,
labeled by a function that belongs to the hypothesis class they use. Even in the case of
a truly linear relationship between x and y, it is enough, for example, to have noise in
the samples so that the realisability assumption does not hold for the set of linear pre-
dictors. This means that we cannot guarantee that the generalization error RD(h) = 0;
we still want to find h ∈ ℋ for which the RD(h) is nevertheless low.

It turns out that the realisability assumption can be removed and the PAC learn-
ing formalism can be extended. Recall that 𝒜ERM denotes an algorithm that returns a
predictor h𝒜 ∈ argminh∈ℋ L(h). Note, however, that since we removed the realisability
assumption, we no longer have the guarantee that L(h𝒜) = 0.

Definition 4.1.7 (Agnostic PAC learnability). A hypothesis class ℋ is agnostic PAC learn-
able if there exists a function mℋ : (0, 1)

2 → ℕ with the following property: for all
ϵ, δ ∈ (0, 1), every distribution 𝒟 over 𝒳 , and every labeling function f : 𝒳 → {0, 1},
when running𝒜ERM onm ≥ mℋ(ϵ, δ) i. i. d. samples, the hypothesis h𝒜 is such that with
probability at least 1 − δ,
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RD(h𝒜) ≤ min
h∗∈ℋRD(h

∗) + ϵ.
Remark 4.1.8. When the realisability assumption does not hold, no learner can guar-
antee an arbitrarily small error. Under the definition of agnostic PAC learning, a learner
can still declare success if its error is not much larger than the best error achievable by
a predictor from the class ℋ. This is in contrast to PAC learning, in which the learner
is required to achieve a small error in absolute terms and not relative to the best error
achievable by the hypothesis class. In particular, for a given task, a hypothesis class ℋ
could be a very poor choice and still be agnostic PAC learnable. More informally and
concisely, agnostic PAC learnable does not imply a good model choice.

4.2 Finite-sized hypothesis classes

The PAC learning formalism tells us that ifℋ is too complex, then wemay not be able to
find good predictors inℋ from finitely many data samples. The first restriction we con-
sider iswhenℋ is finite, that is,ℋ contains only a finite number of functions. Isℋ simple
enough to be PAC learnable? Throughout this section, we work under the assumption
thatℋ is finite.

4.2.1 PAC learnability

It turns out that any finite hypothesis class is PAC learnable:

Theorem 4.2.1. Suppose that the realisability assumption holds. If ℋ is finite, then it is
PAC learnable. Moreover, the map m : (0, 1)2 → ℕ in Definition 4.1.4 can be chosen as

m(ϵ, δ) = ⌈ log(|ℋ|/δ)
ϵ
⌉,

where ⌈x⌉ denotes the smallest integer greater than or equal to x ∈ ℝ.

Proof. Let h𝒜 denote the predictor trained with algorithm𝒜ERM. Note that h𝒜 depends
on the dataset S; if we samplem i. i. d. data points according to D, then we look at S as a
random variable in (𝒳 × 𝒴)m with law Dm.

Fix ϵ, δ ∈ (0, 1) and let the map m(⋅, ⋅) be defined as in the theorem. Proving that ℋ
is PAC learnable amounts to proving that

Dm(ϵ,δ)(S : RD(h𝒜) > ϵ) < δ. (4.1)

We will make use of the three following basic facts that we admit without proof:
(i) For all x ∈ ℝ, 1 + x ≤ ex .
(ii) For all sets A,B ∈ ℱ and probability P, P(A ∪ B) ≤ P(A) + P(B).
(iii) If A ⊂ B, then P(A) ≤ P(B).
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Fixm ∈ ℕ and let us bound Dm(S : RD(h𝒜) > ϵ). Define the set of bad predictors

ℋb := {h ∈ ℋ : RD(h) > ϵ}

and define the set of misleading datasets of sizem

Mm := {S ∈ (𝒳 × 𝒴)
m : ∃h ∈ ℋb, L(h) = 0}.

We use “misleading” to stress that even though the hypothesis class contains a predictor
with null empirical error, this predictor fails to achieve a generalization smaller than
our threshold ϵ. Finally, for all h ∈ ℋb, define the set of misleading datasets of sizem for
h by

Mm(h) := {S ∈ (𝒳 × 𝒴)
m : L(h) = 0}.

Note that by definition we can write

Mm = ⋃
h∈ℋb

Mm(h).

In particular, by fact (ii) we have that

Dm(Mm) ≤ ∑
h∈ℋb

Dm(Mm(h)).

Because them samples of the dataset are independent, for all h ∈ ℋb, we have that

Dm(Mm(h)) = D
m(S ∈: h(xi) = yi, ∀i ∈ {1, . . . ,m}) =

m
∏
i=1 D(xi : h(xi) = yi),

and by the definition of the generalization error,

RD(h) = 𝔼x∼D(1{h(x) ̸=y}) = D(xi : h(xi) ̸= yi).
Since h ∈ ℋb, we moreover have that

D(xi : h(xi) = yi) = 1 − RD(h) ≤ 1 − ϵ.

In particular, by fact (i) we see that

Dm(Mm(h)) ≤ (1 − ϵ)
m ≤ e−ϵm.

Putting everything together, we have shown that

Dm(Mm) ≤ ∑
h∈ℋb

e−ϵm ≤ |ℋ|e−ϵm.
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Recall that our goal is to establish (4.1), which is not equivalent to the above bound. In-
deed,we just upper bounded the sumover badhypotheses of the probability to sample
a misleading dataset. Nonetheless, the probability of sampling a misleading dataset for
the trained predictor (as in (4.1)) is upper bounded by the left hand-side above, thanks
to fact (iii): since {S ∈ (𝒳 × 𝒴)m : RD(h𝒜) > ϵ} ⊂ ⋃h∈ℋb

{S ∈ (𝒳 × 𝒴)m : RD(h) > ϵ} = Mm,
we have that

Dm(S : RD(h𝒜) > ϵ) ≤ D
m(M) ≤ |ℋ|e−ϵm.

It suffices now to check that for m > m(ϵ, δ) = log(|ℋ|/δ)
ϵ , the right hand-side above is

smaller than δ, which is the case, hence concluding the proof.

Given a finite hypothesis class and two numbers ϵ, δ ∈ (0, 1), Theorem 4.2.1 provides
a sufficient number of data points to learn a good predictor for binary classification,
that is to say, with generalization error smaller than ϵ and with probability greater than
1 − δ, even in the worst-case scenario where the labeling function (in ℋ) and the data
distribution are chosen adversarially.

We can analyze the bound of Theorem 4.2.1 and note that:
– As m → ∞, the probability of picking a misleading set for which h ∈ ℋb yields

L(h) = 0 decreases.
– As |ℋ| increases, so does the (adversarial) probability of finding bad hypothesis.
– The smaller we choose ϵ (i. e., we want better accuracy), the greater we need to

choosem.

Remark 4.2.2. It is important to note that Theorem 4.2.1 does not say that ifm < m(ϵ, δ),
then training will fail. In other words, the bound is not tight. In practical problems, it is
uncommon to know whetherm > m(ϵ, δ) or not.

4.2.2 Agnostic PAC learnability

Recall Definition 4.1.7, where agnostic PAC learnability was defined. We proved in The-
orem 4.2.1 that any finite hypothesis class is PAC learnable and derived a bound for the
number of data samples that guarantee success of training. We are now interested in
removing the realisability assumption.

Theorem 4.2.3. If ℋ is finite, then it is agnostic PAC learnable. Moreover, the map m :
(0, 1)2 → ℕ in Definition 4.1.7 can be chosen as

m(ϵ, δ) := ⌈2 log(2|ℋ|/δ)
ϵ2
⌉.

Before we prove Theorem 4.2.3, we need to introduce the uniform convergence
property.
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Definition 4.2.4. We say that a hypothesis class ℋ has the uniform convergence prop-
erty if there is a function mUC : (0, 1)2 → ℕ such that for all ϵ, δ ∈ (0, 1) and every
probability distribution D over 𝒳 , if m ≥ mUC(ϵ, δ) and the m data samples in S are
sampled i. i. d. with common law D, then

Dm(∃h ∈ ℋ : 󵄨󵄨󵄨󵄨RD(h) − L(h)
󵄨󵄨󵄨󵄨 > ϵ) < δ.

In short, the uniform convergence property states that provided that m is large
enough, the generalization gap is likely to be small across all data distribution D and
labeling function f .

Proof of Theorem 4.2.3. The strategy is the following:
– We show that every finite ℋ has the uniform convergence property of Defini-

tion 4.2.4.
– We show that if ℋ has the uniform convergence property, then it is agnostic PAC

learnable withm(ϵ, δ) = mUC(ϵ/2, δ).

Letℋ be a finite hypothesis class. To show that it has the uniform convergence property,
we admit without proof that

Dm(󵄨󵄨󵄨󵄨RD(h) − L(h)
󵄨󵄨󵄨󵄨 > ϵ) ≤ 2e

−2mϵ2 ∀h ∈ ℋ.
It is a simple application of Hoeffding’s inequality (see, e. g., [6]) that provides a bound
on the probability that an empirical mean is far from its expectation. (Note that the
expectation of L(h) integrated over the datasets under Dm is indeed given by RD(h).) We
now use fact (ii) from the proof of Theorem 4.2.1 to write

Dm(⋃
h∈ℋ{󵄨󵄨󵄨󵄨RD(h) − L(h)󵄨󵄨󵄨󵄨 > ϵ}) ≤ ∑h∈ℋ 2e−2mϵ2 ≤ |ℋ|2e−2mϵ2 .

Hence we can choosemUC(ϵ, δ) = log(2|ℋ|/δ)
2ϵ2 , and we see thatℋ has the uniform conver-

gence property.
We now show that the uniform convergence property implies the agnostic PAC

learning property. Let h𝒜 denote the predictor obtained by the training algorithm, and
let h∗ be the optimal predictor within the class, that is,

h∗ := argmin
h∈ℋ RD(h).

Define the event Eunif := {∀h ∈ ℋ : |RD(h) − L(h)| < ϵ}. On the event Eunif, we have
that

RD(h𝒜) ≤ L(h𝒜) + ϵ ≤ L(h
∗) + ϵ ≤ RD(h∗) + 2ϵ,
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where we used that by definition h𝒜 achieves minimal empirical loss. Note that the
uniform convergence property ensures thatDm(Eunif) > 1−δ, whichmeans in particular
that the above inequalities hold with probability greater than 1 − δ.

This shows that settingm(ϵ, δ) := mUC(ϵ/2, δ),ℋ satisfies the agnostic PAC learnabil-
ity property. More explicitly,

m(ϵ, δ) = 2 log(2|ℋ|/δ)
ϵ2
,

as claimed, which concludes the proof.

Remark 4.2.5 (Infinite-sized hypothesis classes). We have assumed that |ℋ| is finite and
showed that finite classes are learnable and that the sample complexity of a hypothesis
class is upper bounded by an expression that involves the log of its size. What happens
when |ℋ| = ∞?Wewant to say something about the expressiveness of a set of functions.

Let us consider a hypothesis classℋ that contains all functions

f : S → {−1, 1}|S|.
This means that this hypothesis class is capable of correctly labeling all datasets of
size |S|.

The Vapnik–Chervonenkis dimension (VC-dimension) of a hypothesis classℋ mea-
sures precisely the following: it is the maximal size of a set S that can always be cor-
rectly labeled by elements in ℋ. For example, dimVC({h = 1[a,∞); a ∈ ℝ}) = 1 and
dimVC({h = 1[a,b]; a ≤ b ∈ ℝ}) = 2 (note that both classes contain infinitely many hy-
potheses). For more information on this, see [46].

4.3 Bias-complexity tradeoff and bias-variance tradeoff

4.3.1 Existence of noise

Consider again the setting of classification with 𝒴 = {−1, 1}. Let us introduce the notion
of noisy labels.

Suppose we have a dataset S = {(x1, y1), . . . , (xn, yn)}. We now suppose that each
data point and its corresponding label are independently drawn from an unknown data
distribution, i. e., (xi, yi) ∼ 𝒟(X , Y ). Note the difference with the setup where the labels
are given by a deterministic labeling function f : here the same x can have a positive
probability to be labeled by −1 or 1.

This lack of a perfect labeling function f accounts for the noise on the label. For
example, we can think of this as, for example, the features do not contain all the infor-
mation needed to attribute the label in a deterministic way. This setting is a bit closer to
reality, because of maybe lack of information, noise, or other source of uncertainty, the
labeling function may be nondeterministic.
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Example 4.3.1. Suppose we have a model for tastiness of a papaya given the color and
softness. Suppose that most soft, brightly colored papayas are tasty. However, we can
have the situation that the papaya is soft and bright but still not tasty (e. g., because of
bad climate), even if it is unlikely.

Under this new assumption that there is also noise on the labels, we can write a
theoretical optimal classifier.

Definition 4.3.2 (Bayes optimal predictor). Given a probability distribution𝒟 over𝒳×𝒴 ,
the predictor is defined as

fBayes = {
1 if 𝒟(y = 1|x) ≥ 1/2,
−1 otherwise.

– In the deterministic case,𝒟(y = 1|x) is either 1 or 0, becausewe have a deterministic
map f .

– Under uncertainty, on average, this predictor is optimal:

RD(fBayes) ≤ RD(h) ∀h : 𝒳 → 𝒴 .

– We rarely have access to this classifier, because it implies that we can evaluate the
probability 𝒟(y = 1|x). Typically,

fBayes ∉ ℋ.

The error made by fBayes by definition is

RD(fbayes) = 𝔼x[1 −max{(𝒟(−1|x),𝒟(1|x))}],

and this is the minimal theoretical error possible. This leads us to defining the noise as
follows.

Definition 4.3.3. Given a distribution𝒟 over𝒳 ×𝒴 , the noise at a point x ∈ 𝒳 is defined
as

noise(x) = 1 −max{(𝒟(−1|x),𝒟(1|x))}.

The noise is a characteristic of the learning task and indicates its level of difficulty.
For example, for a point x, if the noise is 1/2, then it will be challenging to predict its
label correctly. On the contrary, a noise of 0 means that there exists a labeling func-
tion.
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4.3.2 Bias-complexity trade-off

In learning theory, we talk about bias-complexity trade-off. The generalization error can
be decomposed into two components (three components if we include noise):

RD(h) = ϵapprox + ϵest, (4.2)

where ϵapprox = minh′∈ℋ RD(h
′) and ϵest = RD(h) − ϵapprox.

Approximation error:
this is the minimum generalization error achievable by a predictor in the hypothesis
classℋ. This term measures how much error we have because we restrict ourselves to
a specific class, that is, how much inductive bias we have. This error does not depend
on the sample size and is determined by the hypothesis class chosen. Enlarging the hy-
pothesis class (e. g., making it more complicated) can only decrease the approximation
error. Note that under the realisability assumption, the approximation error is zero,
whereas in the agnostic case, it can be large.

Example 4.3.4. Using a finite polynomial basis to represent a nonpolynomial function
induces an inherent approximation error.

Estimation error:
Consider an ERM predictor h∗ ∈ argminh∈ℋ L(h). The estimation error is the gap be-
tween h∗ and the best predictor inℋ in terms of generalization error. This is in general
nonnull because the empirical error is only an estimate of the generalization error, and
therefore h∗ does not necessarily reach the minimal generalization error over the hy-
pothesis set. This quantity depends on the training set size and on the size and com-
plexity of the hypothesis class (namely, ϵest increases logarithmically with size of ℋ
and decreases withm increasing).

Since we want to minimize the total error, we have a trade-off, called a bias-
complexity trade-off. A rich ℋ reduces the approximation error but may lead to
high estimation error (overfitting), whereas a simple ℋ reduces the estimation error
but increases the approximation error (underfitting).

4.3.3 Bias–variance trade-off

The Bias–Variance trade-off is typically referenced in computational statistics and does
not use the learning frameworkwehave described in this Chapter (PAC). Nevertheless, it
is used quite often to describe the notion of managing the complexity of a chosenmodel
class with its different sources of errors. Bias and variance are schematically illustrated
in Figure 4.1.
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Figure 4.1: Graphical representation of bias and variance (precision and accuracy).

In this section, we leave the binary classification setup to consider a regression task
with the mean squared error. In the theorem below, we consider that in the dataset,
there is noise of the following form: for some unknown map f : 𝒳 → 𝒴 , the dataset
S = {(xi, yi); i = 1, . . . ,m} is such that for all i = 1, . . . ,m, yi = f (xi) + ϵi, where the law of
ϵi depends on xi and has bounded variance.

We denote by𝒟 the law of a pair (xi, yi) and by𝒟m the law of S composed ofm i. i. d.
samples under 𝒟. To make the sources of randomness explicit, we write 𝔼z[⋅] for the
expectation where all variables z are integrated; for example, 𝔼(x,y)[(g(x) − y)2]means
that x and y are random variables and the expectation is over (x, y) ∼ 𝒟. Similarly,
𝔼z|z′ [⋅] denotes the conditional expectation where z is integrated conditionally given z′.
Theorem 4.3.5. Consider the setting described above. For a predictor hS ∈argminh∈ℋL(h),
the expected mean-squared error can be decomposed as

𝔼x,y,S[(hS(x) − y)2]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Expected Test Error

= 𝔼x,S[(hS(x) − h̄(x))2]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Variance

+𝔼x,y[(ȳ(x) − y)2]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Noise

+𝔼x[(h̄(x) − ȳ(x))
2
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Bias2
,

h̄(⋅) = 𝔼S[hS(⋅)],

and

ȳ(x) = 𝔼y|x[y] = 𝔼ϵ|x[f (x) + ϵ].
Note that if the noise is centered, then we get ȳ(x) = f (x), and the noise term in

Theorem 4.3.5 vanishes. Furthermore, letting g(x) := 𝔼ϵ|x[ϵ] be the expectation of the
noise given x, we can always define f̃ := f + g to be the function to approximate, which
centers the noise ϵ̃ = ϵ − g(x).
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Proof. Artificially adding and subtracting in h̄, the expected test error of the ERM pre-
dictor hS can be decomposed as

𝔼(x,y),S[(hS(x) − y)2] = 𝔼(x,y),S[(hS(x) − h̄(x) + h̄(x) − y)2]
= 𝔼x,S[(hS(x) − h̄(x))2]
+ 2𝔼(x,y),S[(hS(x) − h̄(x))(h̄(x) − y)] + 𝔼x,y[(h̄(x) − y)2]. (4.3)

The middle term of the above equation is 0, since basic properties of conditional expec-
tation yield that

𝔼(x,y),S[(hS(x) − h̄(x))(h̄(x) − y)] = 𝔼(x,y)[𝔼S|(x,y)[hS(x) − h̄(x)](h̄(x) − y)]
= 𝔼(x,y)[(𝔼S|(x,y)[hS(x)] − h̄(x))(h̄(x) − y)]
= 𝔼(x,y)[(h̄(x) − h̄(x))(h̄(x) − y)]
= 𝔼x,y[0]
= 0.

Returning to (4.3), we are left with two terms:

𝔼(x,y),S[(hS(x) − y)2] = 𝔼x,S[(hS(x) − h̄(x))2]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Variance

+𝔼(x,y)[(h̄(x) − y)2]. (4.4)

Artificially adding and subtracting ȳ(x) in the second term of the right-hand side, we get

𝔼(x,y)[(h̄(x) − y)2] = 𝔼(x,y)[(ȳ(x) − y)2]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Noise

+𝔼x[(h̄(x) − ȳ(x))
2
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Bias2

+ 2 𝔼(x,y)[(h̄(x) − ȳ(x))(ȳ(x) − y)].
The third term in the right-hand side above is 0, since

𝔼(x,y)[(h̄(x) − ȳ(x))(ȳ(x) − y)] = 𝔼x[𝔼y|x[ȳ(x) − y](h̄(x) − ȳ(x))]
= 𝔼x[(ȳ(x) − ȳ(x))(h̄(x) − ȳ(x))]
= 𝔼x[0]
= 0.

This gives us the decomposition of expected test error

𝔼x,y,S[(hS(x) − y)2]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Expected Test Error

= 𝔼x,S[(hS(x) − h̄(x))2]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Variance

+𝔼x,y[(ȳ(x) − y)2]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Noise

+𝔼x[(h̄(x) − ȳ(x))
2
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Bias2
,

as claimed, which concludes the proof.
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Figure 4.2: Left: Schematic of the contributions of variance and squared bias to the total error as a function
of the complexity of the model. Right: Numerical experiment where complexity is the degree used in poly-
nomial regression to fit a noisy function. We observe a “U shape” for the error, whereas the contribution of
the variance increases, and that of the squared bias decreases.

In words, Theorem 4.3.5 decomposes the mean-squared test error of the ERM pre-
dictor into the sum of
the variance, which captures how “overspecialized” your model is to a particular

training set (i. e., overfitting),
the bias, which is the inherent error of our model even with infinite training data (this

is because our model is “inherently biased” to a particular kind of solution, e. g., a
linear function), and

the noise, which measures the shift in the data due to intrinsic uncentered noise (we
can never beat this; it is an aspect of the data).

The tradeoff between the bias and the variance is illustrated in Figure 4.2.

Remark 4.3.6. What about neural networks? Do not they have millions (sometimes bil-
lions) of parameters and are still able to generalize? The bias–variance trade-off implies
that a model should balance underfitting and overfitting: rich enough to express under-
lying structure in data and simple enough to avoid fitting spurious patterns. However, in
modern practice, very richmodels such as neural networks are trained to exactly fit (i. e.,
interpolate) the data. Classically, such models would be considered overfitting, and yet
they often obtain high accuracy on test data. In [4] the authors show a “double-descent”
curve (Figure 4.3), which includes the textbook U-shaped bias–variance trade-off curve
by showing how increasing model capacity (in some model types) beyond the point of
interpolation results in improved performance. This is observed, for instance, in neu-
ral networks and ensemble methods with decision trees. This has also been observed in
numerical experiments (see Figure 4.4).
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Figure 4.3: Curves for training risk and test risk. (A) The classical U-shaped risk curve arising from the bias–
variance trade-off. (B) The double-descent risk curve, which incorporates the U-shaped risk curve (i. e., the
classical regime) together with the observed behavior from using high-expressivity function classes (i. e.,
themodern interpolating regime), separated by the interpolation threshold. The predictors to the right of
the interpolation threshold have zero training risk. Source: [5].

Figure 4.4: Double-descent risk curve for a fully connected neural network on MNIST. Training and test
errors are shown for different losses. The dataset considered has 4000 datapoints, with feature dimension
d = 784 and K = 10 classes. The number of parameters of the network is given by (d + 1)H + (H + 1)K . The
interpolation threshold (black dashed line) is observed at n ⋅ K . Source: [5].



5 Linear models

In this chapter, we study the family of linear predictors. Linear predictors are intuitive,
easy to interpret, theoretically sound, and fit the data reasonably well in many natural
learning problems.

Let 𝒳 = ℝd and 𝒴 = ℝ. We consider the parametric class of affine functions

ℋ = { fw : x → fw(x) = w⃗
T x⃗ + b : w⃗ ∈ ℝd , b ∈ ℝ}, (5.1)

where each function is parameterized by w⃗ and b, takes as input a vector x⃗ ∈ ℝd , and
returns a scalar w⃗T x⃗+b. We could consider the output space to beℝd

′
for d′ ≥ 2 without

changing the theory but making the presentation slightly more difficult. We will stick to
𝒴 = ℝ throughout the chapter.

We call the homogeneous representation of the parameters the concatenated
form w⃗ = (w1, . . . ,wd , b). The class above is then equivalent to setting the input space to
be ℝd × {1} and fw(x⃗) = w⃗

T x⃗.
Even though the output space isℝ, linearmodels are not limited to regression tasks:

for examples for binary classification, we can compose an element of ℋ with the sign
function, which returns the sign of a real number (positive or negative); see Section 5.2.

5.1 Linear regression

5.1.1 Cost function choice

Linear predictors are nice because they are linear both in the inputs and in the param-
eters and thus preserve nice properties of the loss function ℓ : 𝒴 × 𝒴 → ℝ+ to the
(empirical) cost function C : ℝd → ℝ+, defined on the parameter space by

C(w) := 1
m

m
∑
i=1
ℓ(fw(xi), yi). (5.2)

For example, since the composition of differentiable and convex maps is differentiable
and convex, if ℓ is convex in its first argument, then so is C on the parameter space.
In particular, training onℋ with gradient flow on the parameters is guaranteed to
converge to a global minimum of the cost function (see Chapter 3).

Common choices of loss functions are
– the squared error loss (or L2 loss) ℓ : (y, y

′) := 1
2 (y − y

′)2,
– the absolute error loss (or L1 loss) ℓ : (y, y

′) 󳨃→ |y − y′|, and
– the Huber loss

ℓ(y, y′, δ) = {
1
2 (y − y

′)2 for |y − y′| < δ,
δ(|y − y′| − 1

2δ) otherwise.

https://doi.org/10.1515/9783111288994-005

https://doi.org/10.1515/9783111288994-005
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The squared error loss is nice for theoretical reasons: it is convex and differentiable
and has no hyperparameters, but it is not robust to outliers (i. e., the total error may
be dominated by a point that is an outlier, since the difference grows squared). On the
contrary, the absolute error loss is less prone to potential outliers (see Figure 5.1, right)
and is convex too. However, it is not differentiable at 0. The Huber loss is a compro-
mise between squared and absolute error losses: it is convex and both differentiable
and robust to outliers. The price to pay is that it has a hyperparameter δ that has to be
tuned.

Figure 5.1: Left: Different shapes of loss functions. Right: Example of an optimal linear predictor for the
squared and absolute error losses with the presence of outlier.

5.1.2 Explicit solution

Least squares is the method that solves the empirical risk minimization problem for the
hypothesis class (5.1) with respect to the squared loss. We want to findw that minimizes

argmin
w

C(w) = argmin
w

L(fw) = argmin
w

1
2m

m
∑
i=1
(wTxi − yi)

2.

Note that here we use the homogeneous notation:w=(w1, . . . ,wn, b), xi=(xi1, . . . , xin, 1)
T .

We will use the more compact notation and equivalent formulation

argmin
w

C(w) = 1
2m

argmin
w
‖Xw − Y‖2, (5.3)

where X = (xij)ij ∈ ℝ
m×n, Y = (y1, . . . , ym)

T , and ‖ ⋅ ‖ is the Euclidean norm in ℝm. The
numberm is the number of samples, and n is the number of features.

Definition 5.1.1 (Moore–Penrose pseudoinverse). Let A ∈ ℝm×n, a matrix A+ ∈ ℝn×m

is a Moore-Penrose pseudoinverse of a real matrix A if it satisfies the following con-
ditions:
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1. AA+A = A.
2. A+AA+ = A+.
3. (AA+)T = AA+.
4. (A+A)T = A+A.

It can be shown that for anymatrix A ∈ ℝm×n, there exists a uniqueMoore–Penrose
inverse: use the singular value decomposition A = UΣVT and check that A+ = VΣ−1UT

satisfies the above definition, where Σ is anm × n rectangular diagonal matrix, and Σ−1

is an n ×m rectangular diagonal matrix with diagonal entries the inverses of those of Σ
when positive and 0 when the corresponding entry in Σ is 0.

TheMoore–Penrose pseudoinverse of amatrix generalizes the inverse to noninvert-
ible matrices. The geometric interpretation is the following: for any matrix X ∈ ℝm×n,
denote Ker(X) := {u ∈ ℝn : Au = 0} and Im(X) = {v ∈ ℝm : ∃u ∈ Ker(X)⊥, Xu = v}. Then
for all elements v ∈ Im(X), there exists a unique element u ∈ Ker(X)⊥ such that Xu = v
(otherwise, if there were two such u and u′, then we would have X(u − u′) = 0 and thus
u − u′ ∈ Ker(X) ∩ Ker(X)⊥ = {0}). The pseudoinverse X+ ∈ ℝn×m returns the following:
for any v ∈ ℝm, consider its unique orthogonal projection π(v) onto Im(X); then X+v is
the unique u ∈ Ker(X)⊥ such that Xu = π(v). In other words, the restriction of X+ on
Im(X) is the inverse of the restriction of X on Ker(X)⊥.

Indeed, for every v ∈ Im(X), there exists a unique u ∈ Ker(X)⊥ such that Xu = v.
Then by item 2 of Definition 5.1.1 we see that XX+v = XX+Xu = Xu = v. We can reason
similarly with item 1 and show that for every u ∈ Ker(X)⊥, there exists a unique v ∈
Im(X) such that X+v = u.

We deduce the following lemma.

Lemma 5.1.2. For all v ∈ ℝm, we have

v = XX+v⏟⏟⏟⏟⏟⏟⏟⏟⏟
∈Im(X)
+ (ℐm − XX

+)v⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
∈Im(X)⊥ .

Similarly, for all u ∈ ℝn, we have

u = X+Xu⏟⏟⏟⏟⏟⏟⏟⏟⏟
∈Ker(X)⊥ + (ℐm − X+X)u⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

∈Ker(X)

.

Proof. It is clear that the two sides of the equation are equal. It is also clear that XX+v ∈
Im(X), since it is X applied to the vector X+v. It is a standard linear algebra fact that
there exists a unique decomposition of v into the sum of an element of Im(X) and an
element of Im(X)⊥. Therefore we only need to show that (ℐm − XX

+)v ∈ Im(X)⊥. Since
the restriction of X on Ker(X)⊥ has inverse the restriction of X+ on Im(X), we only need
to check that by applying X+ to (ℐm − XX

+)v we obtain 0:

X+(ℐm − XX
+)v = (X+ − X+XX+)v = 0
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by item 2 of Definition 5.1.1. This shows the first claim. The second claim follows from
an identical argument, and this concludes the proof.

Theorem 5.1.3. Let X ∈ ℝm×n and Y ∈ ℝm, and let X+ denote the Moore–Penrose pseu-
doinverse. Then w is a solution to (5.3) if and only if there exists z ∈ ℝn such that

w = X+Y + (ℐn − X
+X)z.

Proof. Firstly, note that for any z ∈ ℝn, if w = X+Y + (ℐn − X
+X)z, then

Xw = XX+Y + (X − XX+X)z = XX+Y + (X − X)z = XX+Y ,

where we used item 1 in Definition 5.1.1. We see that whatever value z takes, it vanishes
when X is applied to w. Therefore let w′ := X+Y ′ ∈ Ker(X)⊥ for an arbitrary Y ′ ∈ ℝm.
We now check that if w′ ̸= X+Y , then C(w) < C(w′). We write

C(w′) = 󵄩󵄩󵄩󵄩Xw
′ − Y󵄩󵄩󵄩󵄩

2 = 󵄩󵄩󵄩󵄩Xw − Y + X(w
′ − w)󵄩󵄩󵄩󵄩

2.

Note that Xw−Y = (XX+−ℐm)Y ∈ Im(X)
⊥ by Lemma 5.1.2. Moreover, X(w′−w) ∈ Im(X),

so that X(w′ − w) ⊥ Xw − Y . The Pythagorean theorem thus shows that

󵄩󵄩󵄩󵄩Xw − Y + X(w
′ − w)󵄩󵄩󵄩󵄩

2 = ‖Xw − Y‖2 + 󵄩󵄩󵄩󵄩X(w
′ − w)󵄩󵄩󵄩󵄩

2 = C(w) + 󵄩󵄩󵄩󵄩X(w
′ − w)󵄩󵄩󵄩󵄩

2.

We see that whenever X(w′ − w) is nonnull, C(w′) > C(w). By Lemma 5.1.2 and the
discussion below its proof we have that X(w′ − w) = XX+(Y ′ − Y ) is null if and only if
Y ′−Y ∈ Im(X)⊥, that is, if and only ifX+Y ′ = X+Y . This shows thatw = X+Y+(ℐn−X

+X)z
are the only solutions of (5.3) and concludes the proof.

Corollary 5.1.4. Following Theorem 5.1.3 and assuming that the data {x1, . . . , xm} are not
colinear, we can specify some properties of the solution w:
(i) When n = m, we have by definition X+ = X−1 and thus w = X−1Y.
(ii) When m > n, XTX is invertible, and there is a unique w = (XTX)−1XTY.
(iii) When n > m, XTX is not invertible, and there are infinitely many solutions w.

The proof of this corollary is left as an exercise to the reader.
In case (iii) of Corollary 5.1.4, we find an infinite number of w∗ that achieve the

sameminimal squared error. So wemay ask which solution do we seek in this case (i. e.,
when XTX is not invertible)? We can seek to solve the following minimization problem
to obtain a unique solution w instead:

w∗ = argmin
w
‖w‖2 subject to min

w
‖Xw − y‖2, (5.4)

that is, we find a solution with minimal L2 norm in the parameter space. In this case, we
have the following result.
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Corollary 5.1.5. The solution to (5.4) is given by w = X+Y.

The result follows from Theorem 5.1.3, by setting z = 0⃗, as it does not change the cost
and minimizes the norm of w.

Remark 5.1.6 (Over- and underdetermined systems). We discussed two cases for the lin-
ear regression problem: one where we have an invertible matrix (XTX)−1 and another
where we do not. The discussion is also often made with respect to having an overde-
termined system when m > n, which often leads to an invertible (XTX)−1 correspond-
ing to case (ii), or underdetermined system when we have more degrees of freedom
than data to constrain the system, i. e., n > m, which corresponds to case (iii) of Corol-
lary 5.1.4.

Remark 5.1.7 (Direction of a constructive proof of Corollary 5.1.4(ii)). WhenXTX is invert-
ible, then we can directly derive the form of w by evaluating the gradient of objec-
tive (5.3) and setting it to zero. Then by showing that the Hessian of the objective is
semipositive definite we see that the minimization is convex, so that the w found is the
unique minimum for the optimization problem. This is sketched later on for the ridge
regression case.

Remark 5.1.8 (No closed-form solution). In generality, we might not have access to the
closed-form solution of a learning task. Then we can use optimization techniques, such
as gradient descent, as introduced in Chapter 3.

But even when a closed-form solution is available such as for linear models, we
might use gradient descent. This is because building (XTX)−1 can be expensive, whereas
computing the gradient of C and iterating is cheap. Furthermore, because C is convex,
we find the optimal solution (for appropriate learning rate).

5.1.3 Regularization

In (5.4), we modified the objective to include some norm of w to achieve a unique solu-
tion. Indeed, (infinitely) many solutions may have zero empirical loss, but we hope to
have a small generalization error as well. The practice of adding something extra to the
minimization is a way to prevent overfitting and attain a unique solution.

RegularizedLossMinimization (RLM) is a learning rule inwhichwe jointlyminimize
the empirical risk (ERM) and a regularization function.

A regularization function is a mapping ℛ : ℝP → ℝ+, and the regularized loss
minimization rule outputs a hypothesis in

argmin
w
(L(w) +ℛ(w)).

Suppose that the regularization function measures the complexity of hypotheses. Then
the above minimizes the sum of the empirical risk and penalization on the complexity
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of the model. Hence this prevents overfitting by favoring simpler hypotheses. The
complexity of w can be seen by its norm, so we can take the Lp norm to regular-
ize w.

The L2 regularization is standard and is given by

ℛ(w) = λ‖w‖2, λ > 0,

where ‖w‖2 = ∑nj=1 w
2
j , which in the context of linear regression leads to the Ridge re-

gression defined by the following minimization problem:

min
w

1
2m

m
∑
i=1
(yi − w

Txi)
2 + λ‖w‖2, λ > 0. (5.5)

Theorem 5.1.9. Consider the ridge regression problem (5.5). If −mλ is not an eigenvalue
of XTX, then the solution is unique and is given by

w∗ = (XTX + λmIm)
−1XTY ,

where Im is the identity matrix in ℝm×m.

Proof. We can show that the map

L(w) +ℛ(w)

is convex. To find all the solutions, we take the gradient with respect to w and get

∇w(L(w) +ℛ(w)) =
1
m
∇w(‖Y‖

2 − 2wTXTY + wTXTXw +mλ‖w‖2)

= 1
m
(−2XTY + 2XTXw + 2mλw)

= 1
m
(2(XTX +mλIm)w − 2X

TY).

The above gradient is zero if and only ifw = (XTX +mλIm)
−1XTY , which is therefore the

unique solution of (5.5), as claimed, which concludes the proof.

Another commonly used norm for regularization is the L1 norm, namely

ℛ(w) = λ‖w‖1, ‖w‖1 =
n
∑
i=1
|wi|,

which defines the Lasso regression, leading to the optimization problem

min
w

1
2m

m
∑
i=1
(yi − w

Txi)
2 + λ‖w‖1, λ > 0.

However, there is no closed-form solution for the general case.
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Remark 5.1.10. Note that a minimal norm solution (as seen in Corollary 5.1.5) is not a
solution of the norm-regularized problem. Nevertheless, it can be shown that as λ→ 0,
the solution of the L2 regularized problem converges to the minimal L2 norm solution
of the original (nonregularized) problem.

The example below compares minimal L1 and L2 norm solutions, as well as L2 reg-
ularized solutions.

Example 5.1.11. Let x1 = ( 11 ), x2 = ( 22 ), y1 = 1, and y2 = 2. We can see that the solutions
of minw∈ℝ2 ∑

2
i=1(w

Txi − yi)
2 are given by the line w = ( a1−a ), a ∈ ℝ.

TheminimalL2 norm solution is obtained for a = 1/2, whereas the segment a ∈ [0, 1]
contains all minimal L1 norm solutions of the problem.

However, if we regularize with an L2 penalty on the parameters, i. e., we minimize
minw∈ℝ2

1
4 ∑

2
i=1(w

Txi − yi)
2 + λ‖w‖22 for some λ > 0, then w = ( 1/21/2 ) is not a solution (we

can check this by taking the gradient and noting that it is nonzero).
The conclusion is similar for the L1-regularized problem.1

Remark 5.1.12. Note that now the scale of the vectors in X matters. Why? We want w⃗
to be small; if features (i. e., coordinates) span different magnitudes, then the contribu-
tion of a large feature will dominate the regression. So it is necessary, when considering
Ridge or Lasso regression, to center and normalize the data X .

5.1.4 Representing nonlinear functions using basis functions

As we have seen, linear models have nice theoretical guarantees. What if the relation-
ship between inputs and outputs is not linear? It turns out that we can use linear mod-
els to express nonlinear relationships. Indeed, suppose we have data given in the form
similar to Figure 5.2. We can see that our predictor can benefit from having nonlinear
features. Namely,

fw(x) = w1x
2 + w0x + b.

Our linear coefficients are w = [b,w0,w1], and our features become [1, x, x2]. We are
finding a linear model on nonlinear features, namely, given by xk , k = 0, 1, 2.

In general, we can fit nonlinear functions via linear regression using a transforma-
tion ϕ that applies nonlinear transformations on our features:

fw(x) =
d
∑
i=1

wiϕi(x).

1 An example of regression weights optimized under different regularization strategies: https://
developers.google.com/machine-learning/crash-course/regularization-for-sparsity/l1-regularization

https://developers.google.com/machine-learning/crash-course/regularization-for-sparsity/l1-regularization
https://developers.google.com/machine-learning/crash-course/regularization-for-sparsity/l1-regularization
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Figure 5.2: Quadratic relation.

For example, if we consider polynomial transformations of our feature space, then ϕ
can be given as
– Feature space is one-dimensional: ϕ(x) → (1, x, x2, . . . , xk).
– Feature space is two-dimensional: ϕ(x) → (1, x1, x2, x

2
1 , x

2
2 , x1x2, . . . , x

k
1 , x

k
2 ).

– Feature space is d-dimensional: a vector of all monomials in x1 to xp of degree up
to k.

5.2 Classification

Let us turn again to the classification problem, where we consider a dataset with binary
labels, i. e., S = {(xi, yi) : i = 1, . . . ,m} ⊂ ℝ

n × {−1, 1}.

Assumption. We suppose that the dataset S ⊂ ℝn×{−1, 1} is linearly separable, i. e., there
exists a hyperplane P = {x ∈ ℝn : wTx + b = 0} for some fixed w ∈ ℝn∗ and b ∈ ℝ that
separates the data. Formally, for all i = 1, . . . ,m, yi = 1 if and only if wTxi + b > 0, and,
similarly, yi = −1 if and only if wTxi + b < 0.

The class of half-spaces is defined as follows:

ℋ = { fw : x → fw(x) = sign(w⃗
T x⃗ + b) : w⃗ ∈ ℝn, b ∈ ℝ}.

Let us illustrate this hypothesis class geometrically, considering the case n = 2.
Each hypothesis forms a hyperplane (for n = 2, a line) that is orthogonal to the vec-
tor w⃗ = (w1,w2) and intersects the vertical axis at the point (0, −b/w2). The instances
that are “above” the hyperplane, that is, share an acute angle with w⃗, are labeled posi-
tively. Instances that are “below” the hyperplane, that is, share an obtuse angle with w⃗,
are labeled negatively.

How do we find a good w⃗? We can consider the following minimization:

argmin
w

C(w) = argmin
w⃗,b

m
∑
i=1
1{yi ̸=sign(w⃗T ⃗xi+b)}.
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However, the loss function ℓ(y, y′) = 1{y ̸=y′}, called 0–1 loss, is neither convex nor con-
tinuous. Thus, to make the optimization problem easier, we introduce a surrogate loss,
called the perceptron loss:

ℓperc(y, y
′) = max(0, −yy′),

and the cost function becomes2 C(w) = 1
m ∑

m
i=1 max(0, −y(w⃗T x⃗ + b)).

5.2.1 Perceptron algorithm

The perceptron loss is useful for solving the optimization problem.3 As previously seen,
we compute the gradient of the cost:

C(w) = 1
m

m
∑
i=1

max(0, −yi(w
Txi + b)),

∇C(w) = 1
m

m
∑
i=1
∇w max(0, −yi(w

Txi + b))

= 1
m

m
∑
i=1
{
0 if yiw

Txi + b ≥ 0 (correctly classified),
−yixi otherwise (misclassified).

Thenwe can use the gradient descent algorithmdefined inDefinition 3.2.1 to find a plane
that linearly separates the data (if possible). This gives us the perceptron algorithm

wt+1 = wt − ηt
1
m
∑

i:yi(wTxi+b)<0
−yixi.

The perceptron algorithm guarantees that the trained predictor separates the data if
the data is linearly separable (i. e., if gradient descent converges, then it finds a local
minimum, which by convexity is a global minimum). There are in general, however,
infinitely many planes that separate the data, and we do not know a priori which one
will be found.

5.2.2 Support vector machine

The support vector machine (SVM) is a linear classifier that can be viewed as an exten-
sion of the perceptron algorithm. In the context of binary classification in a linearly sepa-

2 Note that if y and wTx − b have the same sign, then the second term is negative, and thus ℓperc(x, y) is
zero. If the signs are opposite, then the error will be positive.
3 What about at x = 0? The derivative is not unique, but it can be approached with subgradients.
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rable dataset, the perceptron guarantees that you find a separating hyperplane,whereas
the SVM finds themaximum-margin separating hyperplane. Refer to Figure 5.3 for a
comparison.

Figure 5.3: Two different separating hyperplanes for the same data set. Right: The maximummargin hy-
perplane. The margin γ is the distance from the hyperplane (solid line) to the closest points in either class
(which touch the parallel dotted lines).

Definition 5.2.1 (Margin). Consider a separating hyperplane defined by w and b as the
set P = {x ∈ ℝn : wTx + b = 0}. The margin γ(w, b) is defined as the distance from the
hyperplane to the closest point across both classes.

Given a linearly separable dataset S = {(xi, yi); i = 1, . . . ,m}, we can state the SVM
objective

max
w,b

γ(w, b) s. t. ∀i = 1, . . . ,m, yi(w
Txi + b) ≥ 0. (5.6)

By maximizing the SVM objective we seek the hyperplane defined by w and b such
that the distance of that plane to points in the dataset is maximized and such that the
plane correctly classifies points.

The expression above is not yet computable. Namely, we need an explicit expression
for the margin γ to solve this optimization problem. However, we will see that it leads
us to the max-min problem (5.6), which is not trivial to solve. Luckily, it turns out that
the SVM objective can be reformulated in a much nicer way.

Theorem 5.2.2. The solution (w∗, b∗) of

max
w,b

γ(w, b) s. t. ∀i = 1, . . . ,m, yi(w
Txi + b) ≥ 0

is equal to the solution (w′∗, b
′
∗) of
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min
w

wTw

s. t. ∀i = 1, . . . ,m, yi(w
Txi + b) ≥ 1. (5.7)

Remark 5.2.3. This new formulation (5.7) is a quadratic optimization problem. The ob-
jective is quadratic, and the constraints are all linear. We can solve it efficiently with a
Quadratically Constrained Quadratic Program solver (e. g., see [2]). It has a unique solu-
tion whenever a separating hyper plane exists.

Before we prove Theorem 5.2.2, we need to establish some preliminary results such
as finding a convenient expression for the margin of a separating hyperplane. Namely,
how do we find the margin or how do we compute the distance of an arbitrary point x
to a hyperplane P (see Figure 5.4)?

Figure 5.4: Distance between an arbitrary point x and hyperplane P
with the projection of x onto P as xP .

Lemma 5.2.4. Let P be the hyperplane induced by a nonzero w ∈ ℝn and b ∈ ℝ, and let
x ∈ ℝn. We have that

dist(P, x) = |w
Tx + b|
‖w‖
.

In particular, if S = {(x1, y1), . . . , (xm, ym)}, then the margin of P with respect to S is given
by

γ(w, b) = min
x∈S

|wTx + b|
‖w‖
.

Furthermore, we can rescale the parametersw and b, and thus themargin, without chang-
ing the hyperplane (i. e., invariant to rescaling)

γ(βw, βb) = γ(w, b) ∀β ∈ ℝ, β ̸= 0.

Proof. Let d := x−xP ∈ ℝn, where xP is the orthogonal projection of x onto hyperplaneP.
We know that wTxP + b = 0 by definition, which entails that
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wT (x − d) + b = 0.

What is d? It is the distance vector resulting from subtracting x from its projection xP ,
and its norm is the minimum distance between x and any point on the hyperplane. Fur-
thermore, note that d is colinear with w, so we can write d = αw for some α ∈ ℝ. Then

wT (x − d) + b = 0,

wT (x − αw) + b = 0,

α = w
Tx + b
wTw
= w

Tx + b
‖w‖2
.

Since now we know α, we can compute the length of d = αw, i. e., the distance of x to P
as

‖d‖ = √dTd = √α2wTw = |w
Tx + b|
‖w‖
,

as claimed.
The margin of the hyperplane P to a dataset S follows by definition, i. e., we find

the point in S for which the distance to the hyperplane is the smallest. From the expres-
sion of the margin we then deduce its scale-invariance property, which concludes the
proof.

Remark 5.2.5 (Symmetry of the margin). If the hyperplane is such that the margin γ to a
labeled dataset is maximized, then it must lie right in the middle of the two classes. In
other words, γmust be the distance to the closest point within both classes. (If not, then
you could move the hyperplane toward data points of the class that is further away and
increase γ, which contradicts that γ is maximized.)

Proof of Theorem 5.2.2. By plugging the expression of γ from Lemma 5.2.4 into objec-
tive (5.6) we get

max
w,b
[min
x∈S

|wTx + b|
‖w‖
] such that ∀i ∈ {1, . . . ,m}, yi(w

Txi + b) ≥ 0.

We can pull the denominator outside of the minimization because it does not depend
on x. Because the hyperplane is scale invariant, we can fix the scale of w and b any way
we want. Let us be clever about it, and choose it such that

min
x∈S
󵄨󵄨󵄨󵄨w

Tx + b󵄨󵄨󵄨󵄨 = 1.

Then we can simplify the optimization:

max
w

1
‖w‖
⋅ 1 = min

w
‖w‖;
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note that the w that (satisfies the constraints and) minimizes ‖w‖ is the same that mini-
mizes ‖w‖2. This is because f (x) = x2 is increasing for x ≥ 0 and ‖w‖ ≥ 0.

Then the new constrained optimization problem becomes

min
w

wTw

∀i ∈ {1, . . . ,m}, yi(w
Txi + b) ≥ 0

s. t. min
i
󵄨󵄨󵄨󵄨w

Txi + b
󵄨󵄨󵄨󵄨 = 1.

These constraints are still hard to deal with. However, luckily, we can show that (for the
optimal solution) they are equivalent to the much simpler (5.7).

( 󳨐⇒ ) We can write the constraints with the absolute value

󵄨󵄨󵄨󵄨w
Txi + b
󵄨󵄨󵄨󵄨 = 1

as

yi(w
Txi + b) = 1,

because we are in the separable case. If the minimum is 1, then all other points are ≥ 1.
( ⇐󳨐 ) Assume that for all i ∈ {1, . . . ,m}, yi(w

Txi + b) ≥ 1 (e. g., larger than 1). Then
how can we guarantee that |wTxi + b| = 1 for at least one point xi? Suppose it is not the
case. Thenw is not minimized, and we can minimize it further. (Dividew and b by ‖w‖.)
This concludes the proof.

Now that we have established the simpler formulation of the SVM problem (5.7),
we can numerically find a solution to it as mentioned in Remark 5.2.3. Although we do
not have a general closed-form solution, more can be said about the maximal margin
hyperplane by studying the optimization problem derived in Theorem 5.2.2, which is a
constrained optimization problem.

For a constrained optimization problem, we can derive its Lagrangian. The La-
grangian for the SVM problem is

ℒ(w, b, β) = wTw −
m
∑
i=1

βi(yi(w
Txi + b) − 1) (5.8)

for β ∈ [0,∞)m. The solution (w∗, b∗, β∗) to the minimax problem

min
w,b

max
β

ℒ(w, b, β)

yields the solution (w∗, b∗) to (5.6). This means that we could, in principle, solve an un-
constrained optimization with the Lagrangian formulation with a minimax optimiza-
tion instead of a constrained optimization as in (5.6).
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Furthermore, the solution (w∗, b∗, β∗) above is also the solution to the maximin
problem

max
β

min
w,b

ℒ(w, b, β).

This is only true because the SVM optimization problem satisfies the strong duality con-
dition.4

We recall Theorem 3.4.3, which tell us that the optimal solution (w∗, b∗, β∗) satis-
fies the Karush–Kuhn–Tucker (KKT) conditions. We will use the KKT conditions to say
something more about the structure of the optimal solution to the SVM problem.

The stationarity condition:

∇wℒ = 2w
∗ −

m
∑
i=1

β∗i yixi = 0 󳨐⇒ w∗ =
m
∑
i=1

β∗i yixi. (5.9)

This means that the optimal weight vector w∗, which defines the normal to the hy-
perplane that maximizes the margin, is a linear combination of the training data
{x1, . . . , xm}.

The complementary slackness condition:

∀i ∈ {1, . . . ,m}, β∗i [yi(w
Txi + b) − 1] = 0 󳨐⇒ β∗i = 0 or yi(w

Txi + b) = 1. (5.10)

Thismeans that there are some training datapoints that lie on themargin, and for those,
the corresponding β∗i is nonzero.

Combining (5.9) and (5.10), a training datapoint xi appears in the expansion ofw∗ if
and only if β∗i ̸= 0. The training datapoints that appear in the expansion ofw∗ are called
“support vectors”. The support vectors define the maximummargin hyperplane.5

Remark 5.2.6 (Nonuniqueness of support vectors). Although w is unique for the SVM
problem, the support vectors are not. For example, in a hyperplane in n dimensions, we
need n + 1 points to define a hyperplane. If there are more than n + 1 support vectors,
then we can choose different support vectors to specify the same hyperplane.

Remark 5.2.7 (Moving training datapoints). Note that if we move one of the support vec-
tors and retrain the SVM, then the resulting hyperplane would change. However, if we
move nonsupport vectors, then the SVM hyperplane would not change (provided that
they do not move too much or they could turn into support vectors themselves).

4 For a reminder of essential results in constrained optimization, refer to Section 3.4.
5 To find b, note that

yj(w
Txj + b) = 1

for some j (one of the support vectors). Then b = yj − w
Txj .
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We can wrap up the discussion above in the following:

Theorem 5.2.8. The SVM classifier f∗ with parameters (w
∗, b∗) that maximize the maxi-

mal margin hyperplane for a separable dataset S = {(xi, yi); i = 1, . . . ,m} is of the form

f∗(x) = sign((w
∗)Tx + b∗) = sign((

m
∑
i=1

β∗i yixi)
T

x + b∗)

for βi ∈ [0,∞).

Note that the approximating function is given by an inner product between support
vectors andnewdatapoint x, whichwewill exploit in the next chapter to learnnonlinear
hyperplanes.

5.2.3 Nonseparable case

So far, we have assumed that the data were linearly separable. This is often not the case;
it is possible that there is no hyperplane that separates the two classes. In this case, there
is no solution to the optimization problems stated previously.

We can fix this by allowing the constraints to be violated ever so slightly with the
introduction of slack variables ξ = (ξ1, . . . , ξm):

min
w,b,ξ

wTw + λ
m
∑
i=1

ξi

s. t. ∀i ∈ {1, . . . ,m}, yi(w
Txi + b) ≥ 1 − ξi, λ ≥ 0, (5.11)

ξi ≥ 0.

The slack variable ξi allows the input xi to be closer to the hyperplane (or even be on
the wrong side), but there is a penalty in the objective function for such a “slack”, given
by λ:
– If λ is very large, then the SVM becomes very strict and tries to get all points to be

on the right side of the hyperplane.
– If λ is very small, then the SVM becomes very loose andmay “sacrifice” some points

to obtain a simpler hyperplane (i. e., lower ‖w‖22) solution.

We can write (5.11) as an unconstrained optimization by noting that for λ ̸= 0, we have

ξi = {
1 − yi(w

Txi + b) if yi(w
Txi + b) < 1,

0 if yi(w
Txi + b) ≥ 1.

This is equivalent to the following closed form:
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ξi = max(1 − yi(w
Txi + b), 0).

If we plug this closed form into the objective of our SVM optimization problem (5.11),
then we obtain the following unconstrained optimization composed of two terms:

min
w,b

wTw⏟⏟⏟⏟⏟⏟⏟
l2-regularizer

+λ
m
∑
i=1

max[1 − yi(w
Txi + b), 0]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

hinge-loss
.

5.3 Implementation details

In this section, we provide some code snippets for linear regression and SVM using the
scikit-learn library.

Listing 5.1: Linear regression model using scikit-learn

1 import numpy as np

2 from sklearn.model_selection import train_test_split

3 from sklearn import datasets , linear_model

4 from sklearn.metrics import mean_squared_error

5

6 # Load generic dataset for regression

7 X, y = datasets.load_diabetes(return_X_y=True)

8

9 # Create hold -out test set

10 X_train , X_test , y_train , y_test = train_test_split(X, y,

test_size =0.2, random_state =0)

11

12 regressor = linear_model.LinearRegression ()

13 regressor.fit(X_train , y_train)

14

15 # Evaluate performance on test set

16 y_pred = regressor.predict(X_test)

17 print(f"MSE: {mean_squared_error(y_test , y_pred)}")

Listing 5.2: SVM model using scikit-learn

1 from sklearn.datasets import load_breast_cancer

2 from sklearn.model_selection import train_test_split

3 from sklearn import svm

4

5 # Standard binary classification task

6 X, y = load_breast_cancer(return_X_y=True)

7 X_train , X_test , y_train , y_test = train_test_split(X, y)
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8

9 classifier = svm.LinearSVC ()

10 classifier.fit(X_train , y_train)

11

12 print(f"Mean accuracy: {classifier.score(X_test ,y_test)}")

Additional coding resources that were featured in this chapter can be found in the
github: https://github.com/hanveiga/tmml:
– Optimizing with L1 or L2 losses.
– Implementation of perceptron.

https://github.com/hanveiga/tmml


6 Kernel methods

Linear classifiers are great, but what if the decision boundary is highly nonlinear? As it
turns out, there is an elegant way to incorporate nonlinearities into most linear classi-
fiers.

We can make linear classifiers nonlinear by applying a nonlinear mapping ϕ on
the input feature vectors 𝒳 to a higher-dimensional space 𝒳H , where linear separation
is possible; see the example in Figure 6.1. However, there are some disadvantages to
this approach; for example, ϕ(x)may be very high dimensional, and building ϕ(x) from
scratch may be difficult.

Figure 6.1: Nonlinear transformation on the input. On the left, the correct boundary decision in two di-
mensions is a circle, so that linear decision boundaries cannot separate the data. Transforming the data by
adding the third coordinate x3 = x

2
1 + x

2
2 to the data, we get the figure on the right, where a linear decision

boundary – a plane – perfectly separates the data.

In this chapter, we talk about methods that use this idea of sending elements of
x ∈ 𝒳 onto some higher-dimensional space 𝒳H , which we do not necessarily have to
know much about, where our problem becomes easier to solve. All we need to know
about this new space is that it is a so-called reproducible kernel Hilbert space.

Before we can dive into what this means, we start with a brief review and introduc-
tion to key concepts.

Note: throughout this chapter, to ease the notation, we always assume that the output
space 𝒴 = ℝ.

6.1 Inner products and kernels

In ℝn the dot product x ⋅ x′ = ∑ni=1 xix
′
i can be seen as a way to measure the similarity

between two elements x, x′: x ⋅ x′ = 0 if and only if x and x′ are orthogonal, i. e., nothing
of x can be used to represent x′, and x ⋅ x′ ≤ ‖x‖ ⋅ ‖x′‖with equality if and only if x = x′,
that is, the dot product is maximal if and only if x = x′. In an arbitrary vector space, this
notion can be generalized:

https://doi.org/10.1515/9783111288994-006

https://doi.org/10.1515/9783111288994-006
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Definition 6.1.1. An inner product in a real vector space H is a map ⟨⋅, ⋅⟩ : H × H → ℝ
that satisfies the following properties: for all u, v,w ∈ H and α ∈ ℝ,
1. ⟨u, v⟩ = ⟨v, u⟩ (symmetry).
2. ⟨u + αv,w⟩ = ⟨u,w⟩ + α⟨v,w⟩ (bilinearity).
3. ⟨v, v⟩ ≥ 0 with equality if and only if v = 0 (strict positive-definiteness).

Note that by symmetry, bilinearity is equivalent to linearity in the first variable. To
avoid ambiguity, we will sometimes write ⟨⋅, ⋅⟩H to specify on which space we consider
the inner product.

Example 6.1.2 (Inner product examples). Some common spaces and associated inner
products are:
– The Euclidean space ℝn, where the inner product is given by the dot product

⟨(x1, . . . , xn), (y1, . . . , yn)⟩ = x1y1 + ⋅ ⋅ ⋅ + xnyn.

– The vector space of square-integrable real functions on a closed interval [a, b]with
inner product

⟨ f , g⟩ =
b

∫
a

f (x)g(x)dx.

This inner product induces the norm on H defined by

‖u‖H := √⟨u, u⟩H .

Definition 6.1.3 (Bounded linear operator). Let (H , ‖ ⋅ ‖H ) be a normed space. A map T :
H → ℝ is called a linear operator if

T(u + λv) = T(u) + λT(v)

for all u, v ∈ H and λ ∈ ℝ.
We say that T is a bounded operator if

∃M > 0 s. t. ∀u ∈ H , 󵄨󵄨󵄨󵄨T(u)
󵄨󵄨󵄨󵄨 ≤ M‖u‖H .

Remark 6.1.4. The abovenotion of boundedness differs from theusual one in thatwhen
we say that a map f : ℝ → ℝ is bounded, we mean that there exists C > 0 such that
|f (x)| ≤ C for all x ∈ ℝ. On the other hand, a nonzero linear operator T on a normed
space is never “bounded” in the standard sense since T(λu) = λT(u), which diverges as
λ→∞whenever T(u) ̸= 0; it is only “bounded” in the standard sense on the closed unit
ball {u ∈ H ; ‖u‖H ≤ 1}.
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Sometimes, bounded linear operators are instead called continuous linear opera-
tors, since for a normed space, a linear operator is bounded if and only if it is Lipschitz
continuous, which can be shown using the linearity.

Example 6.1.5. Consider the normed space ℓ2 of real sequences (xn)n≥1 such that
∑n≥1 x

2
n < ∞. Then the shift operator T((xn)n≥1) := (xn+1)n≥1 is bounded, but the op-

erator I((xn)n≥1) := (nxn)n≥1 is not bounded. (Both T and I are linear.)

In Definition 6.1.3 the smallestM such that |T(u)| ≤ M‖u‖H for all u ∈ H is called the
operator norm of T and is denoted by ‖T‖op.

From an inner product we defined a norm, and from a norm we can define the
metric d(u, v) := ‖u − v‖H , so that the notion of completeness of a space makes sense.

Definition 6.1.6. We say that a sequence (un)n≥1 in an inner product spaceH is a Cauchy
sequence if for all ϵ > 0, there exists N ≥ 1 such that for allm, n ≥ N , it holds that

‖un − um‖H < ϵ.

An inner product spaceH is said to be complete (with respect to norm ‖⋅‖H ) if any Cauchy
sequence (un)n≥1 of elements ofH converges with respect to norm ‖ ⋅ ‖H to some u∗ ∈ H .

An inner product space that is complete with respect to the norm induced by its
inner product is called a Hilbert space.

Theorem 6.1.7 (Riesz representation theorem). If T is a linear bounded operator on a
Hilbert space H, then there exists a unique g ∈ H such that

T(f ) = ⟨ f , g⟩H ∀f ∈ H .

This means that every bounded linear operator T : H → ℝ has a unique represen-
tative g ∈ H such that T corresponds to the inner product with g.

Definition 6.1.8. Let 𝒳 be an nonempty set. We say that a symmetric1 function K : 𝒳 ×
𝒳 → ℝ is a positive definite kernel (pd kernel) if for any fixed n ∈ ℕ and c1, . . . , cn ∈ ℝ,
we have

n
∑
i,j=1

cicjK(xi, xj) ≥ 0 ∀x1, . . . , xn ∈ 𝒳 .

Remark 6.1.9. In some fields such as probability theory, the above is called a positive
semidefinite kernel, because it allows the sum in the definition to be 0 even for nonnull ci.
In the machine learning literature, a “positive definite kernel” is understood as in Def-
inition 6.1.8. This is the convention we will use in this book, and when the inequality is
always strict for nonnull cis, we call the kernel strictly positive definite.

1 In this book, a kernel is always symmetric.
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Note that there are no restrictions on 𝒳 (except that it is nonempty). The property
that defines pd kernels can be rephrased as follows: for all n ∈ ℕ and x1, . . . , xn ∈ 𝒳 , the
matrix K given by

K i,j = K(xi, xj), i, j = 1, . . . , n,

is (symmetric) positive semidefinite. This matrix is called the Gram matrix.

Exercise. Show that it is equivalent for a symmetric matrix to be positive semidefinite
and to have all its eigenvalues nonnegative.

6.2 Reproducible kernel Hilbert spaces

We introduced two notions of inner products and pd kernels in the previous section.
The link between them may not seem straightforward. However, as mentioned in the
previous section, pd kernels share some similarities with pd symmetric matrices, which
satisfy the following: if A ∈ ℝn×n is a strictly pd symmetric matrix, then the function
b : (x, x′) 󳨃→ xTA−1x′, x, x′ ∈ ℝn, defines an inner product.

Viewing pd kernels as an infinite-dimensional analogue of pd symmetric matrices,
we can hope that a pd kernel is always linked to some inner product. It is indeed the
case, but before we see it, we need to introduce some concepts.

Letℋ be a Hilbert space of functions from 𝒳 to ℝ.

Remark 6.2.1. Suppose that for all x ∈ 𝒳 , the functional Lx : ℋ→ ℝ defined by Lx(f ) =
f (x) is a bounded operator onℋ, i. e.,

∀x ∈ 𝒳 , ∃Mx > 0 s. t. ∀f ∈ ℋ, 󵄨󵄨󵄨󵄨f (x)
󵄨󵄨󵄨󵄨 ≤ Mx‖f ‖ℋ. (6.1)

Then by the Riesz representation theorem there exists a unique kx ∈ ℋ such that Lx(f ) =
⟨ f , kx⟩ℋ, so that we can define the kernel k : (x, x′) := ⟨kx , kx′⟩ℋ on 𝒳 × 𝒳 such thatℋ
is an RKHS.

Definition 6.2.2. We say that a kernel K on ℋ satisfies the reproducing property if for
all x ∈ 𝒳 and f ∈ ℋ, we have

⟨ f ,Kx⟩ℋ = f (x),

where Kx := K(x, ⋅) ∈ ℋ. In this case, we say thatℋ is a reproducible kernel Hilbert space
(RKHS) with reproducing kernel K .

We note in particular that for all x, y ∈ 𝒳 ,

K(x, y) = ⟨Kx ,Ky⟩ℋ. (6.2)

Example 6.2.3 (On the reproducing property). Let the feature map ϕ : ℝ2 → ℋ, where
ℋ is the space of functions from ℝ2 to ℝ, be defined for all x ∈ ℝ2 by
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ϕx ∈ ℋ : y 󳨃→ x1y1 + x2y2 + x1x2y1y2,

ℝ2 → ℝ.

Define the kernel K on ℝ2 × ℝ2 by

K(x, x′) = ⟨ϕx ,ϕx′⟩ℋ := x1x′1 + x2x′2 + x1x2x′1x′2.
Fix u ∈ ℝ3 and define fu : ℝ

2 → ℝ by

fu(x) = u1x1 + u2x2 + u3x1x2.

Note that fu ∈ ℋ, since we can write fu = ϕ(u3 ,1) + ϕ(u1−u3 ,0) + ϕ(0,u2−1), which is a linear
combination of elements of ℋ. We thus have an RKHS ℋ with feature map ϕ, and we
can check that K enjoys the reproducing property: since Kx = ϕx , we have

⟨ fu,Kx⟩ℋ = ⟨ϕ(u3 ,1),ϕx⟩ + ⟨ϕ(u1−u3 ,0),ϕx⟩ + ⟨ϕ(0,u2−1),ϕx⟩

= fu(x),

as claimed.

Now given a pd kernel K on 𝒳 × 𝒳 , we can ask ourselves, is there an RKHS of real
functions on 𝒳 associated with K? The answer is positive and is known as the Moore–
Aronszajn theorem.

Theorem 6.2.4 (Moore–Aronszajn theorem). Let K : 𝒳 × 𝒳 → ℝ be a positive definite
kernel. Then there exists a unique RKHSℋ ⊂ {f : 𝒳 → ℝ} with reproducing kernel K. In
particular, there exists a mapping ϕ : 𝒳 → ℋ such that for all x, x′ ∈ 𝒳 ,

K(x, x′) = ⟨ϕ(x),ϕ(x′)⟩ℋ.

Note that Theorem 6.2.4 shows that a pd kernel induces a unique RKHS and vice
versa. However, for a given RKHS, the feature map ϕ is not unique. Nonetheless, we can
always choose ϕx = Kx thanks to (6.2). The map x 󳨃→ Kx is thus called the canonical
feature map.

In view of Theorem 6.2.4, why do we introduce a kernel instead of computing ϕ(x)
and then the inner product inℋ? That is because evaluating the kernel is computation-
ally more tractable. Furthermore, we can define a kernel K without explicitly knowing
the space ℋ and a fortiori its inner product. Thanks to the theorem, a pd kernel allows
us to measure the similarity of two points x, x′ ∈ 𝒳 through the implicit inner product
of ϕ(x) and ϕ(x′) in an unknown RKHS. This is sometimes referred to as the kernel trick
in machine learning: we send the input space to a higher-dimensional space where the
elements can better be compared.

Equipped with those theoretical tools, we now look at some examples where intro-
ducing a kernel can be useful.
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Example 6.2.5 (Polynomial kernel). For a constant c > 0, a polynomial kernel of degree
d ∈ ℝ is the kernel K defined over 𝒳 ⊂ ℝN by

∀x, x′ ∈ 𝒳 , K(x, x′) = (x ⋅ x′ + c)d .

Suppose the input space 𝒳 is of dimension N = 2. Then a second-degree polynomial
(d = 2) corresponds to the following inner product in dimension 6:

∀x, x′ ∈ 𝒳 , K(x, x′) = (x1x
′
1 + x2x

′
2 + c)

2
=

[[[[[[[[[

[

x21
x22
√2x1x2
√2cx1
√2cx2
c

]]]]]]]]]

]

⋅

[[[[[[[[[

[

x′ 21
x′ 22
√2x′1x

′
2

√2cx′1
√2cx′2
c

]]]]]]]]]

]

.

The features corresponding to a second-degree polynomial are the original features
(x1, x2), products of these features, and the constant feature.2

Example 6.2.6 (Gaussian kernel). Gaussian kernels are among the most frequently used
kernels in applications. For any constantσ > 0, aGaussian kernel or radial basis function
(RBF) is the kernel K defined over 𝒳 ⊂ ℝN by

∀x, x′ ∈ 𝒳 , K(x, x′) = exp(−‖x
′ − x′‖2

2σ2 ).

What mapping ϕ would lead to this kernel? Let us consider a simplification where

σ = 1, let 𝒳 = ℝ, and consider the mapping ϕ(x) := ⟨( 1
√n!e
− x

2
2 xn)n≥0, ⋅⟩. Then Kx(⋅) :=

⟨( 1
√n!e
− x

2
2 xn)n≥0, ⋅⟩, and

⟨Kx ,Kx′⟩ = ∞∑
n=0
(

1
√n!

e−
x2
2 xn)( 1
√n!

e−
x′ 2
2 x′ n)

= e−
x2+x′ 2

2

∞

∑
n=0
(
(xx′)n

n!
)

= e−
(x−x′)2

2 .

Intuitively, the Gaussian kernel sets the inner product in the feature space between x, x′

to be close to zero if the instances are far away from each other (in the original domain)
and close to 1 if they are close.

2 A nice visualization using Kernel SVM with a polynomial kernel: https://www.youtube.com/watch?v=
OdlNM96sHio&t=0s

https://www.youtube.com/watch?v=OdlNM96sHio&t=0s
https://www.youtube.com/watch?v=OdlNM96sHio&t=0s
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Example 6.2.7 (Kernelized SVM). Recall fromTheorem 5.2.8 that using the Lagrangemul-
tipliers to solve a linearly separable classification task with SVM, the solution (w∗, b∗)
has the form

fw∗ (x) = sign(wT
∗x + b∗) = sign(

m
∑
i=1

αiyi((xi)
Tx) + b∗).

The “kernelized” SVM (an example can be seen in Figure 6.2) yields

fw∗ (x) = sign( m
∑
i=1

αiyiK(xi, x) + b∗).

We simply replace the dot product (xi)
Tx by K(xi, x), i. e., we compare the features

through K , or, equivalently, we compare the features in some implicit higher-dimen-
sional space where the similarity is measured through an inner product.

See Figure 6.2 for an example of Kernel SVM using a Gaussian kernel (radial basis
functions, RBF).

Example 6.2.8. Consider the function K : ℝ2 × ℝ2 → ℝ given as

K(x, y) = x1y1 + x2y2.

Is this a valid kernel, i. e., is it a symmetric, positive definite kernel?
1. Check symmetry.
2. For any n ∈ ℕ, consider the set of points x1, . . . , xn ∈ ℝ

2. Verify that the matrix K
given by

K i,j = K(xi, xj), i, j = 1, . . . , n,

is symmetric positive semidefinite.

Now that we have developed some intuition about what kernels are and how they
work, let us prove the main theorem (Moore–Aronszajn theorem) of this section.

Proof of Theorem 6.2.4 (sketch). We are given a pd kernel K , and we want to construct
the RKHSℋ. This is done as follows.
– Let G1 := {Kx : x ∈ 𝒳 }, where we recall that Kx = K(x, ⋅).
– Let G2 be the set of finite linear combinations of elements of G1, i. e.,

G2 := {
r
∑
i=1

αiKxi : r ∈ ℕ, αi ∈ ℝ, xi ∈ 𝒳 , ∀i = 1, . . . , r}.

We can check that G2 is a vector space.
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Figure 6.2: Comparison of linear SVM and SVM using an RBF kernel. Left panel: different datasets
of the two-class nonseparable data are shown. Middle panel: a classifier attained using linear SVM
is shown on the background; in particular, the stronger the color, the further from the classification
boundary. Right panel: a classifier attained using kernel SVM (RBF kernel), showing a nonlinear sepa-
rating hyperplane. The numbers in the corner show the accuracy. Source: [11].

– We define an inner product in G2 as follows: for all x, y ∈ 𝒳 , define b : G1 × G1 by
b(Kx ,Ky) := K(x, y).
Then for all f , g ∈ G2, there exist rf , rg ∈ ℕ, αi, βj ∈ ℝ, and xi, yj ∈ 𝒳 for all i =
1, . . . , rf , j = 1, . . . , rg such that we can write f , g as

f =
rf
∑
i=1

αiKxi , g =
rg
∑
i=1

βiKyi .

We then extend b on G2 × G2 as

b(f , g) =
rf
∑
i=1

rg
∑
j=1

αiβjK(xi, yj).
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We readily see by construction that b is symmetric and bilinear.
Moreover, since K is a pd kernel, b(f , f ) ≥ 0 for all f ∈ G2. To show that b is an inner
product, it remains to show that b(f , f ) > 0 for f ̸= 0.

Exercise. Show that |b(f ,Kx)| ≤ √b(f , f )K(x, x), x ∈ 𝒳 , f ∈ G2 (Cauchy–Schwarz
inequality).

Hint: look at b(f + Kx , f + Kx) and b(f − Kx , f − Kx) and then use the inequality
c2 + d2 ≥ 2|cd| for all c, d ∈ ℝ. We choose x ∈ 𝒳 such that f (x) ̸= 0 and use the
result of the above exercise: 0 < f (x)2 = b(f ,Kx)

2 ≤ b(f , f )K(x, x). We thus have
that b is strictly positive definite, which entails that b is an inner product on G2. We
then define ⟨⋅, ⋅⟩G2

:= b(⋅, ⋅) and ‖f ‖G2
:= √⟨ f , f ⟩.

– There is a last property that G2 lacks to be a Hilbert space: it is not complete. We can
define the space

ℋ := { lim
n→∞

fn; (fn)n≥1 Cauchy sequence in (G2, ‖ ⋅ ‖G2
)},

where the limit is the pointwise limit. For f , g ∈ ℋ, it is possible to define ⟨ f , g⟩ℋ :=
limn→∞⟨ fn, gn⟩G2

, which makesℋ a Hilbert space.

Remark 6.2.9. The proof of this last point turns out to be quite technical and is beyond
the scope of this book. For our purpose, the intuition given by the above sketch should be
sufficient. For the curious andmotivated reader,we give a roughplan of how to complete
the proof of the last point:
(i) Show that if (fn)n≥1 is a ‖ ⋅ ‖G2

-Cauchy sequence, then fn(x) is a Cauchy sequence
in ℝ for all x ∈ ℝ (use the reproducing kernel and then the Cauchy–Schwarz
inequality). In particular, (fn)n≥1 converges pointwise.

(ii) Show that if a Cauchy sequence fn → 0 pointwise as n → ∞, then ‖fn‖G2
→ 0 (fix

N ∈ ℕ large enough, write ⟨ fn, fn⟩G2
= ⟨ fn − fN , fn⟩G2

+ ⟨ fN , fn⟩G2
, and bound the

two terms).
(iii) Show that for two Cauchy sequences (fn)n≥1 and (gn)n≥1 in G2, the sequence
(⟨ fn, gn⟩G2

)n≥1 is a Cauchy sequence in ℝ. (Use the Cauchy–Schwarz inequality.)
(iv) For f , g ∈ ℋ, define ⟨ f , g⟩ℋ := limn→∞⟨ fn, gn⟩G2

and show using (ii) that it does
not depend on the choice of the Cauchy sequences (fn)n≥1 and (gn)n≥1 that converge
pointwise to f and g.

(v) Show that ⟨⋅, ⋅⟩ℋ is indeed an inner product.
(vi) Show that G2 is dense inℋ.
(vii) Show thatℋ is complete: take a Cauchy sequence (fn)n≥1 inℋ and use (vi) to define

a sequence (gn)n≥1 in G2 such that limn→∞ ‖fn − gn‖ℋ = 0; check that (gn)n≥1 is a
Cauchy sequence in G2 that converges pointwise to a function g ∈ ℋ and show
that fn converges to g inℋ.

(viii) Check that K is the reproducing kernel ofℋ.
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6.3 Mercer’s theorem

In this section, we state results on pd kernels without proofs. We will see that a kernel
can be represented as a sum of its eigenfunctions, similarly to the eigendecomposition of
a symmetric matrix. Thanks to this representation, the inner product in the associated
RKHS can be seen as an inner product in L2(μ), the set of square-integrable functions
against somemeasure μwith compact support in𝒳 .Wewill then use this representation
to see how the inner product in the RKHS corresponds, for some specific examples, to a
dot product in ℝn.

Definition 6.3.1. Let μ be a finite measure on a compact subset B ⊂ 𝒳 . The integral
operator TK : L

2(μ) → L2(μ) induced by a pd kernel K and the measure μ is defined by

TK f : 𝒳 → ℝ,

x 󳨃→ TK f (x) := ∫
𝒳

K(x, x′)f (x′)μ(dx′).

We say that a map e : 𝒳 → ℝ is an eigenfunction of TK with eigenvalue λ if TKe = λe.

Positive definite kernels can be seen as an infinite-dimensional generalization of
positive definite matrices. We admit the following well-known fact:

A real matrix M ∈ ℝn×n is semipositive definite with rank k ≤ n if and only if M = BTB for
some matrix Bk×n of rank k, and if M is positive definite, then k = n. In particular, the columns
b1, . . . , bn ∈ ℝ

k of B are such thatMi,j = ⟨bi , bj⟩, where the inner product denotes the dot product.

It turns out that we can decompose the kernelK using the eigenfunctions of the operator
TK and get an analogue of the above fact for pd kernels. For a measure μ on a set B, let
L2(B, μ) := {f : B→ ℝmeasurable : ∫B f (x)

2μ(dx) < ∞}.

Theorem 6.3.2 (Mercer’s theorem). Let K be a continuous pd kernel, and let μ be a finite
measure supported on a compact subset B ⊂ 𝒳 . There exists an orthonormal basis (ei)i≥1
of L2(B, μ) consisting of eigenfunctions of TK with nonnegative eigenvalues (λi)i≥1. Fur-
thermore, for all i ≥ 1, if λi > 0, then ei is continuous, and for all x, x

′ ∈ B,

K(x, x′) = ∑
i≥1

λiei(x)ei(x
′),

where the series converges uniformly on B.

Suppose that TK has finitelymanynonzero eigenvalues, say n ∈ ℕ. Then byMercer’s
theorem we can write K as a dot product:

K(x, x′) =
n
∑
i=1

λiei(x)ei(x
′) = ⟨eλ(x), eλ(x

′)⟩,
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where eλ(x) := (√λ1e1(x), . . . , √λnen(x)) ∈ ℝ
n. Now by Theorem 6.2.4 this means that

⟨ϕ(x),ϕ(x′)⟩ℋ = ⟨eλ(x), eλ(x
′)⟩,

that is, the inner product in the RKHSℋ actually corresponds to a dot product in ℝn!
Let us come back to Example 6.2.3 to illustrate this.

Example 6.3.3. In Example 6.2.3, we started from a feature map ϕx to define the kernel
K(x, x′) = x1x

′
1 + x2x

′
2 + x1x2x

′
1x
′
2. Visually, we recognized the dot product in ℝ3 of the

vectors (x1, x2, x1x2)
T and (x′1, x

′
2, x
′
1x
′
2)
T . We now show how to derive this from Mercer’s

theorem.
Let B := [−c, c]2 ⊂ ℝ2 with arbitrary c > 0. Let μ be the Lebesgue measure on B. The

associated integral operator reads as

TK f (x) = ∫
[−c,c]2

(x1x
′
1 + x2x

′
2 + x1x2x

′
1x
′
2)f (x
′) dx′.

We look for the eigenfunctions of TK :

TK f (x) = λf (x) ∀x ∈ B
⇔ a1x1 + a2x2 + a3x1x2 = λf (x), (6.3)

where

a1 := ∫
[−c,c]2

x′1f (x
′) dx′,

a2 := ∫
[−c,c]2

x′2f (x
′) dx′,

a3 := ∫
[−c,c]2

x′1x
′
2f (x
′) dx′.

We can check that e1(x) =
x1
λ1/21

, e2(x) =
x2
λ1/22

, and e3(x) =
x1x2
λ1/23

are eigenfunctions with

respective eigenvalues λ1 = λ2 =
2
3c

3 and λ3 =
4
9c

6 Let us do it only for the first eigen-
function/eigenvector: we plug e1 into the left-hand side of (6.3), and we get

1
λ1/21

(x1 ∫
[−c,c]2

(x′1)
2 dx′ + x2 ∫

[−c,c]2

x′1x
′
2 dx
′ + x1x2 ∫

[−c,c]2

(x′1)
2x′2 dx

′)

= e1(x)[
(x′1)

3

3
]
c

−c
+ 0 + 0

= λ1e1(x),

as claimed.



6.4 Representer theorem � 99

The reader can also check that e1, e2, and e3 are orthonormal, and it is clear from (6.3)
that TK has no other eigenfunction with nonzero eigenvalue (that is not a combination
of these three).

Let eλ(x) := (λ
1/2
1 e1(x), λ

1/2
2 e2(x), λ

1/2
3 e3(x))

T . Then for any x, x′ ∈ B, we thus see that

K(x, x′) = ⟨ϕx ,ϕx′⟩ℋ = ⟨eλ(x), eλ(x′)⟩.
Conclusion
For a simple kernel, we used Mercer’s theorem to express it as a dot product in ℝ3 in-
stead of an abstract inner product in the RKHS of its canonical feature map ϕx and ϕx′ .
We thus speak of noncanonical feature map φ(x) = (x1, x2, x1x2)

T of the RKHS, for which
the corresponding inner product is equivalent.

Note that we made an arbitrary choice for the compact set B = [−c, c]2 and finite
measure μ(dx) = 1B(x) dx. Changing c does not change the eigenfunctions (inside the
smallest B), but does change the eigenvalues. Choosing a shape different from a square
for B would more profoundly change the operator and then the eigenfunctions, which
would lead to other noncanonical feature maps and another Hilbert space with, again,
an equivalent inner product.

6.4 Representer theorem

The representer theorem plays an large role in a large class of learning problems. It pro-
vides the means to reduce an infinite-dimensional optimization problem to a tractable
finite-dimensional one.

Theorem 6.4.1. Let 𝒳 be a set, let K be a positive definite kernel on 𝒳 , and let ℋ be its
correspondingRKHS. Let S = {(x1, y1), . . . , (xm, ym)} be afinite set of points in𝒳×𝒴 . Finally,
let λ > 0, and let ℓ : 𝒴 × 𝒴 → ℝ+ be an arbitrary loss function. Then the optimization
problem

min
h∈ℋ

m
∑
i=1
ℓ(h(xi), yi) + λ‖h‖

2
ℋ

has a unique solution, which admits a representation of the form

∀x ∈ 𝒳 , fw(x) =
m
∑
i=1

wiK(xi, x) =
m
∑
i=1

wiKxi (x).

For a more general version of the representer theorem and references, see [38].

Proof. Let ℋs be the subspace spanned by the canonical feature maps of the training
data:
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ℋs = {f ∈ ℋ : f (x) =
m
∑
i=1

wiKxi (x), (w1, . . . ,wm) ∈ ℝ
m}.

Note that ℋs is a finite-dimensional subspace of ℋ. Denoting its complement in ℋ by
ℋ⊥s = {f ∈ ℋ : ⟨ f , g⟩ℋ = 0, ∀g ∈ ℋs}, for all f ∈ ℋ, there exists a unique orthogonal
decomposition

f = fs⏟⏟⏟⏟⏟⏟⏟
∈ℋs

+ f⊥⏟⏟⏟⏟⏟⏟⏟
∈ℋ⊥s .

In particular, since Kxi ∈ ℋs for all i = 1, . . . ,m, we have

∀i = 1, . . . ,m, f⊥(xi) = ⟨ f⊥,Kxi⟩ℋ = 0

by the reproducing property of the RKHSℋ. Therefore

∀i = 1, . . . ,m, f (xi) = fs(xi),

and we see that the orthogonal part f⊥ does not influence the loss ℓ(f (xi), yi) in the min-
imization problem.

We now show that if f ∈ ℋ solves the optimization problem, then f ∈ ℋs. By the
orthogonality of fs and f⊥ we have

‖f ‖2ℋ = ⟨ fs + f⊥, fs + f⊥⟩ℋ = ‖fs‖
2
ℋ + ‖f⊥‖

2
ℋ.

As the objective function is strictly increasing in the last variable (the norm), necessarily,

‖f⊥‖
2
ℋ = 0;

otherwise, f would not minimize the objective function. Hence we have shown that
f ∈ ℋs, which concludes the proof.

6.5 Kernel (ridge) regression

In Chapter 5, we studied linear models and obtained the analytical solution of linear
regression in Theorem 5.1.3 and that of linear ridge regression in Theorem 5.1.9 when
considering the squared error loss. In the current chapter, we saw how kernel methods
can express nonlinear relationships between inputs and outputs as linear combinations
of elements of an RKHS; in particular, see Theorem 6.4.1.

Question. Can we derive an analytical solution with kernel methods?

It turns out that by considering the mean-squared loss the answer is yes. We define
respectively the objective function and the regularized objective function for all h ∈ ℋ
as
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L(h) := 1
m

m
∑
i=1
(h(xi) − yi)

2
,

Lr(h) := L(h) +ℛ(h),

whereℛ(h) := λ‖h‖2ℋ for some λ > 0. The kernel regression and kernel ridge regression
problems then read as

min
h∈ℋ

L(h) (6.4)

and

min
h∈ℋ

Lr(h). (6.5)

Theorem 6.5.1. Let S = {(xi, yi) ∈ 𝒳 ×𝒴 ; i = 1, . . . ,m} and recall that K = (K(xi, xj))1≤i,j≤m
denotes the Gram matrix of the dataset. Let K(x,X) = (K(x, x1), . . . ,K(x, xm)).
(i) If K is invertible, then a solution to (6.4) is h∗ given by

h∗(x) = K(x,X)K
−1Y .

Moreover, h∗ is the unique solution which has the minimal RKHS norm.
(ii) If −mλ is not an eigenvalue of K, then (6.5) is minimized at h∗ given by

h∗(x) = K(x,X)(K +mλIm)
−1Y ,

where Im is the m ×m identity matrix. Moreover, the solution is unique.

Proof. (i) Define

ℋs := {h(⋅) =
m
∑
i=1

wiK(⋅, xi) : w1, . . . ,wm ∈ ℝ}.

Note that

h∗(x) = K(x,X)K
−1Y

=
m
∑
i,j=1

K(x, xi)K
−1
i,j yj

=
m
∑
i=1

wiK(x, xi)

with wi := ∑
m
j=1 K
−1
i,j yj . This shows that h∗ ∈ ℋs. Note also that h∗(xi) = yi for all i =

1, . . . ,m, so that h∗ is indeed a solution of (6.4).
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Let g ∈ ℋ be another solution of (6.4). We uniquely decompose g = gs + g⊥ with
gs ∈ ℋs and g⊥ ∈ ℋ⊥, and since Kxi ∈ ℋs, we have for all i = 1, . . . ,m that g⊥(xi) =
⟨g⊥,Kxi⟩ℋ = 0. Hence we see that gs(xi) = yi for all i = 1, . . . ,m, that is, gs is a solution
of (6.4). We deduce that ⟨h∗ − gs,Kxi⟩ℋ = h∗(xi) − gs(xi) = 0 for all i = 1, . . . ,m since both
functions are solutions, so that h∗ − gs ∈ ℋs ∩ℋ

⊥
s and h∗ = gs. Finally, by orthogonality

we have ‖g‖ℋ = ‖h∗‖ℋ + ‖g⊥‖ℋ, which is minimal for g⊥ = 0 and proves that h∗ is the
unique solution with minimal norm ‖ ⋅ ‖ℋ.

(ii) Thanks to the representer theorem (Theorem 6.4.1), we know that if fw is a solu-
tion of (6.5), it can be written as

fw(x) =
m
∑
i=1

wiK(x, xi).

Note also that the squared RKHS norm of fw can be written as

‖fw‖
2
ℋ = ⟨ fw, fw⟩ℋ

=
m
∑
i,j=1

wiwj⟨Kxi ,Kxj⟩ℋ

=
m
∑
i,j=1

wiwjK(xi, xj),

thanks to the reproducing property. Hence the optimization problem (6.5) is equivalent
to

min
w∈ℝm

1
m
‖Kw − Y‖2 + λwTKw = min

w∈ℝm
1
m
(wTK2w − 2wTKY + ‖Y‖2) + λwTKw.

The rest of the proof is now very similar to that of the linear ridge regression, i. e., Theo-
rem 5.1.9. The reader can check that the problem is convex, and so there exist solutions.
Taking the gradient of the function to optimize with respect to w yields

1
m
(2K(K +mλIm)w − 2KY).

The above gradient is zero if and only if w = (K + mλIm)
−1Y , which therefore achieves

the unique global minimum. Hence the solution is given by

K(x,X)w = K(x,X)(K +mλIm)
−1Y ,

as claimed, which concludes the proof.



7 Gaussian processes

So far, we have considered models with a clear functional structure, meaning that we
consider a class of functions with explicit relationship between inputs and outputs, for
example, linear functions. Another approach to tackle the learning problem (both in
regression and classification) is to give a prior probability to every possible function,
where higher probabilities are given to functions that we consider to be more likely, for
example, because they are smoother than other functions.

The first mentioned approach has an obvious problem in that we have to decide
upon the richness of the class of functions considered; if we are using a model based
on a certain class of functions (e. g., linear functions) and the target function is not well
modeled by this class, then the predictionswill be poor.We can increase the flexibility of
the class of functions, but this runs into the danger of overfitting, where we can obtain
a good fit to the training data but a bad fit on points outside of the training set.

The second approach appears to have a serious problem in that, surely, there is an
uncountably infinite set of possible functions, so how are we going to compute with this
set in finite time? A Gaussian process is a generalization of a Gaussian random variable.
So far, we have seen random variables that are scalars or vectors; similarly, a stochastic
process is a random function.

Example 7.0.1. Consider a one-dimensional regression problem. In Figure 7.1(a), we
show a number of functions drawn at random from the prior distribution over func-
tions specified by a particular Gaussian process, which favors smooth functions. This
prior is taken to represent our prior beliefs over the kinds of functions we expect to
observe before seeing any data.

Figure 7.1: Left: Shows four samples drawn from a Gaussian process when no data have been observed
(prior). Right: Shows posterior GP after five datapoints from the function f (x) = cos(x) have been ob-
served. In both plots the mean prediction is shown as the solid line, and four samples from the posterior
are shown as dotted lines. The shaded region denotes twice the standard deviation at each input value x.

https://doi.org/10.1515/9783111288994-007

https://doi.org/10.1515/9783111288994-007
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Suppose that we see two datapoints (x1, y1) and (x2, y2). Then we wish to consider
only functions that pass by those two points. In Figure 7.1(b), we see functions that are
consistent with the observed data (dashed lines), and the solid line depicts the mean of
all functions consistentwith those observations. Notice howuncertainty is reduced close
to the observations: this is because we have the prior that the functions are smooth.

7.1 Formal definition

7.1.1 Gaussian processes

To ease the presentation, we consider Gaussian processes with values in ℝ while we
allow the input space 𝒳 to be multidimensional.

Definition 7.1.1 (Gaussian process). Let 𝒳 be a nonempty set, let K : 𝒳 × 𝒳 → ℝ be a
positive definite kernel, and let μ : 𝒳 → ℝ be a real-valued function. Then a random
function f : 𝒳 → ℝ is called a Gaussian process (GP) with mean function μ and covari-
ance kernelK , whose law is denoted byGP(μ,K), if for any finite set X = (x1, . . . , xm) ∈ 𝒳
of any sizem ∈ ℕ, the random vector

fX = (f (x1), . . . , f (xm))
T
∈ ℝm

follows the multivariate normal distribution𝒩 (μX ,KXX )with covariance matrix KXX =
(K(xi, xj))

m
i,j=1 ∈ ℝ

m×m and mean vector

μX = (μ(x1), . . . , μ(xm))
T
∈ ℝm.

Remark 7.1.2. This definition implies that if f is a Gaussian process, then there exist a
mean function μ : 𝒳 → ℝ and a covariance kernel K : 𝒳 × 𝒳 → ℝ characterizing
the law of f , that is, GP(μ,K). On the other hand, it is also true that for any positive
definite kernel K and mean function μ, there exists a corresponding Gaussian process
f ∼ GP(μ,K). Note that saying “f is aGP(μ,K)”means that f is a randomvariable in some
space of functions with law GP(μ,K); the same way, saying “X is a standard Gaussian”
means that X is a random variable on ℝ with mean 0 and variance 1. The one-to-one
correspondence above thus states that for all (μ,K), there exists a unique law GP(μ,K)
and vice versa.

Remark 7.1.3. The positive definite kernel K is equivalent to the covariance kernel/co-
variance function, that is, it can be written as

K(x, x′) = 𝔼f∼GP(μ,K)[(f (x) − μ(x))(f (x
′) − μ(x′))], x, x′ ∈ 𝒳 ,

where the expectation is with respect to the random function f ∼ GP(μ,K).
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Example 7.1.4 (A concrete GP). The most common choices for μ(x) and K(x, x′) are
μ(x) = 0 and K(x, x′) = exp(−(x − x′)2/2).

7.1.2 Kernel (covariance functions)

The (covariance function) kernel is a crucial ingredient in a Gaussian process predic-
tor, as it encodes our assumptions about the function we wish to learn. From a slightly
different viewpoint it is clear that in supervised learning the notion of similarity be-
tween data points is crucial; it is a basic similarity assumption that points with inputs
x that are close are likely to have similar target values y, and thus training points that
are near to a test point should be more informative about the prediction at that point.
Under the Gaussian process view, it is the covariance function that defines nearness or
similarity.

What is the effect of choosing a kernel to define the GP(μ,K)? We answer this ques-
tion by looking at specific examples. Note that without loss of generality, we can assume
that the mean function is null since we can always recenter a Gaussian process as f − μ.

Definition 7.1.5 (Squared exponential covariance function). The squared exponential
(SE) covariance function has the following form for r = x − x′, x, x′ ∈ 𝒳 :

KSE(r) = exp(−
r2

2ℓ2
)

with parameter ℓ ∈ ℝ+ defining the characteristic length-scale. This kernel is also com-
monly referred to as the radial basis function (RBF) kernel.

We make two observations regarding KSE . The first one concerns the parameter ℓ:
the covariance between two points remains close to 1 for small r ≥ 0 and then decays

quickly once r is of order ℓ, since e−
r2

2ℓ2 decreases exponentially fast to 0 past that point.
This explains the name “characteristic length-scale” for the parameter ℓ; see, in partic-
ular, Figure 7.2 for the graph of KSE(|r|) with ℓ = 2 and Figure 7.3 for the impact of ℓ on
the GP.

The second observation concerns the regularity ofKSE : the covariance of twonearby
points with r ≈ ϵ > 0 small behaves as KSE(ϵ) ≈ 1 − O(ϵ2). Hence the values of f ∼
GP(0,KSE) at points that are close are highly correlated, and we can thus expect that f is
likely to be a rather smooth function (we come back to this later on).

Even though the squared exponential is a widely used kernel, smoothness can be a
disadvantage when representing nonsmooth processes (e. g., stock market prices). For
such processes, we prefer a covariance kernel from theMatérn class, for which smooth-
ness can be controlled.

Definition 7.1.6 (Matérn class of covariance functions). The Matérn class of covariance
functions is given for x, x′ such that ‖x − x′‖ = r by
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Figure 7.2: Graph of KSE(|r|) for ℓ = 2.

Figure 7.3: Effects of varying the hyperparameter ℓ in the squared exponential covariance function. It reg-
ulates the influence of neighboring points. If ℓ is small, then the influence of each point is more localized,
shown by the uncertainty growing as soon as we are not at the observed point. As ℓ grows, the influence of
each point increases.

KMatern(r) =
21−ν

Γ(ν)
(
√2νr
ℓ
)
ν

Kν(
√2νr
ℓ
)

with positive parameters ν and ℓ, where Kν is a modified Bessel function of the second
kind [41].

The length-scale parameter ℓ plays the same role as for the squared exponential
kernel, that is, it measures how far should points influence each other. The parameter
ν controls the smoothness of the kernel; see Figure 7.4, where the map KMatern(|r|) is
plotted for different values of ν.
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Figure 7.4: The graph of KMatern(|r|) is plotted for different values of ν and for length-scale parameter
ℓ = 1. We see that the smaller the ν, the spikier the kernel at 0.

Both covariance functions obtained from the SE and the Matérn kernels are so-
called stationary covariance functions, as they are functions of r = ‖x − x′‖ and thus
invariant to translations in the input space. The covariance functions given above decay
monotonically with r and are always positive. However, this is not a necessary condition
to be a covariance function.1 For example, the following kernel constitutes a nonstation-
ary covariance function:

Definition 7.1.7 (Dot product covariance function). The dot product covariance function
has the form

K(x, x′) = σ2
0 + x ⋅ x

′, x, x′ ∈ 𝒳 .

7.2 Smoothness properties

In this section, we investigate how the covariance kernel of a Gaussian process charac-
terizes its smoothness. Suppose that (f (x))x∈𝒳 ∼ GP(0,KSE). Then we have

𝔼[
1

‖x − x0‖2
(f (x) − f (x0))

2
] =

1
‖x − x0‖2

(KSE(0) − 2KSE(‖x − x0‖) + KSE(0)).

1 For example, a valid covariance function can have the form of a damped oscillation.
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In particular, since KSE(h) = 1−
h2
2ℓ2 + o(h

2) as h→ 0, we see that we can take the limit as
x → x0 of the expectation above, which leads to

lim
x→x0
𝔼[

1
‖x − x0‖2

(f (x) − f (x0))
2
] =

1
ℓ2
.

This quantity being finite, it seems to indicate that f is somewhat differentiable thanks to
the differentiability ofKSE . This is not always true; however, this intuition can be formal-
ized introducing the notions ofmean square continuity andmean square differentiability.

To ease the presentation, we consider 𝒳 = ℝ; the multidimensional extension fol-
lows from the analogue arguments.

Definition 7.2.1. We say that a random process (X(x))x∈ℝ is mean square continuous at
x0 if

lim
x→x0
𝔼[(X(x) − X(x0))

2
] = 0.

Wesay that (X(x))x∈ℝ ismean square differentiable at x0 if there exists a randomprocess
(X ′(x))x∈ℝ such that

lim
x→x0
𝔼[(X ′(x0) −

X(x) − X(x0)
x − x0

)
2

] = 0.

When a sequence of randomvariables (Yn)n≥1 is such that𝔼[(Yn−Y )
2] → 0 for some

square-integrable random variable Y , we say that Yn converges to Y in 𝕃2.
We see thatmean square differentiability impliesmean square continuity. Note that

if a GP f is continuous (respectively, differentiable), then it is mean square continuous
(respectively, mean square differentiable), but the converse is not true.

Example 7.2.2. To be more precise, consider the process g : [0, 1] → ℝ defined by

g(t) := 1{t≤U},

where U is uniformly distributed on (0, 1). Then, for all 0 ≤ t < t0 ≤ 1, we see that
𝔼[(g(t) − g(t0))

2] = ℙ[t < U < t0] = t0 − t, which tends to 0 as t → t0. In particular, g is
mean square continuous on [0, 1], but, clearly, it is not continuous.

The realization of a stochastic process is called a path. The example above shows
that f can bemean square continuous, whereas almost surely, its path is not continuous.

For Gaussian processes, mean square continuity/differentiability are rather easy to
verify. For simplicity, we focus on the stationary case K(x, x′) = K(|x −x′|). In particular,
by symmetry the derivative at r = 0 is K ′(0) = 0, so that K ′′(0) = limr→0 K(r)/r

2.

Theorem 7.2.3. Let f ∼ GP(0,K) for some stationary kernel K : ℝ × ℝ → ℝ.
(i) The process f is mean square continuous if and only if K is continuous at 0.
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(ii) The process f is mean square differentiable if and only if K ′′(0) exists and is finite.
(iii) If f is mean square differentiable and r 󳨃→ K(r) is twice differentiable on ℝ, then the

mean square derivative f ′ of f has the law GP(0, −K ′′).

In the multidimensional case f : ℝdin → ℝdout , statement (iii) reads as 𝜕f (x)𝜕xi ∼

GP(0, ( 𝜕
2K
𝜕xi𝜕xj
)i,j≤din ).

Proof. (i) By the definition of a covariance kernel we have

𝔼[(f (x) − f (x0))
2
] = K(0) + K(0) − 2K(|x − x0|).

We see that taking the limit as x → x0, themean square continuity of f at x0 is equivalent
to the continuity of K at 0 for all x0 ∈ ℝ.

(ii) Let Yx0 (x) :=
f (x)−f (x0)

x−x0
. If f is mean square differentiable, then Yx0 (x) converges

in 𝕃2 to the mean square derivative f ′(x0) as x → x0, and we have

𝔼[Yx0 (x)
2] =

2K(0) − 2K(x − x0)
(x − x0)2

󳨀→
x→x0
𝔼[f ′(x0)] < ∞.

By symmetry we must have K ′(0) = 0, which implies that K is twice differentiable at 0.
Suppose now that K is twice differentiable at 0. Let (xn)n≥1 be a sequence in ℝ such

that xn → x0 as n → ∞. The goal is to show that (Y (xn))n≥1 is a Cauchy sequence in 𝕃2,
which entails that Y (xn) converges to some Y in 𝕃2.2 We write

𝔼[(Yx0 (xn) − Yx0 (xn+m))
2
] = 4K(0) − K(xn − x0)

(xn − x0)2
+ 4

K(0) − K(xn+m − x0)
(xn+m − x0)2

− 2𝔼[
(X(xn) − X(x0))(X(xn+m) − X(x0))
(xn − x0)(xn+m − x0)

].

Assumewithout loss of generality that (xk)k≥1 is decreasing, so that xn−x0 ≥ xn+m−x0 ≥ 0.
For n large enough, the first two terms yield −2K ′′(0)+o(1) since K ′(0) = 0 by symmetry,
where o(1) tends to 0 with n but is independent of m. We compute the last term of the
right-hand side:

𝔼[
(X(xn) − X(x0))(X(xn+m) − X(x0))
(xn − x0)(xn+m − x0)

]

=
K(xn − xn+m) + K(0) − K(xn+m − x0) − K(xn − x0)

(xn − x0)(xn+m − x0)
.

Since K ′(0) = 0 by symmetry of the kernel, by Taylor expansion we have

2 This technical claim can be seen from the fact that𝕃2 is complete, which we admit without proof here.
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K(xn − xn+m) − K(xn − x0)

= −K ′(xn − x0)(xn+m − x0) + O((xn+m − x0)
2)

= −K ′′(0)(xn − x0)(xn+m − x0) + O((xn − x0)
2).

Approximating K(0) − K(xn − x0) similarly, we get

𝔼[
(X(xn) − X(x0))(X(xn+m) − X(x0))
(xn − x0)(xn+m − x0)

] = −2K ′′(0) + o(1).

Again, the term in o(1) tends to 0 with n but is independent ofm. Hence this shows that
for all a > 0,

𝔼[(Yx0 (xn) − Yx0 (xn+m))
2
] ≤ o(1),

that is, (Yx0 (xn))n≥1 is a Cauchy sequence in 𝕃2 and therefore converges in 𝕃2 to some
square-integrable random variable Y . This proves that (f (x))x∈𝒳 is mean square differ-
entiable for all x.

(iii) Let f ′ denote the mean square derivative of f . Firstly, for all n ≥ 1 and all
x1, . . . , xn ∈ 𝒳 , we can show that the vector (f ′(x1), . . . , f

′(xn)) is a centered Gaussian vec-
tor, as the limit in distribution of a centered Gaussian vector. Secondly, for all x, y ∈ 𝒳
and all sequences (xn)n≥1, (yn)n≥1 in 𝒳 such that xn → x and yn → y as n → ∞, the
covariance kernel κ of f ′ is given by

κ(x, y) = 𝔼[f ′(x)f ′(y)] = lim
n,m→∞
𝔼[

f (xn) − f (x)
xn − x

⋅
f (ym) − f (y)

ym − y
]

by the definition of mean square differentiability and since convergence in 𝕃2 implies
convergence in 𝕃1. We get

κ(x, y) = lim
n,m→∞

K(xn − ym) + K(x − y) − K(x − ym) − K(xn − y)
(xn − x)(ym − y)

= lim
m→∞

K ′(x − ym) − K
′(x − y)

ym − y
= −K ′′(x − y),

as claimed.

Thanks to Theorem 7.2.3, we see that f ∼ GP(0,K) of a stationary K is k times mean
square differentiable if and only if K is 2k times differentiable at 0. In particular:
– The SE covariance function is infinitely differentiable, so that the corresponding

centered GP hasmean square derivatives of all orders and is therefore very smooth.
– A centered GP f with Matérn covariance kernel is k times mean square differen-

tiable if and only if k < ν. See Figure 7.5 for sample paths of a GP(0,KMatern) with
varying ν.
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Figure 7.5: Varying the hyperparameter ν regulates regularity of the functions in the GP when using the
Matérn class of covariance functions. It can be shown that taking ν → ∞, we obtain the SE covariance
function.

Let us stress once more that mean square smoothness does not imply smoothness
of sample paths, that is, a Gaussian process f can be mean square continuous/differen-
tiable, butℙ[f is continuous/differentiable] = 0 (see Example 7.2.2). Nonetheless, for sta-
tionary Gaussian processes, we have the following condition, taken from Theorem 3.4.1
of [1]. We refer the reader to this book for proofs and more details on sample path
smoothness of GPs.

Theorem 7.2.4. Let 𝒳 = ℝd , d ≥ 1. Let f ∼ GP(0,K) be stationary for some continuous
K : 𝒳 × 𝒳 → ℝ. Let r0 > 0. If there exist C > 0 and ϵ > 0 such that for all r ∈ (−r0, r0),

󵄨󵄨󵄨󵄨K(0) − K(r)
󵄨󵄨󵄨󵄨 ≤

C
1 + | log(|r|)|ϵ

,

then ℙ[f is continuous] = 1.

We deduce from the above theorem that if f ∼ GP(0,KSE) onℝ, then f is continuous
on ℝ almost surely. Indeed, we have

󵄨󵄨󵄨󵄨K(0) − KSE(r)
󵄨󵄨󵄨󵄨 = 1 − e

−r2/2ℓ2 =
r2

2ℓ2
+ O(r4),

which is clearly of order o(1/| log r|1+ϵ) as r → 0.
In Figure 7.6 the map | log(|r|)|−1.01 is plotted. Note that a kernel with such a spike

for K(0) − K(r) would be continuous almost surely by Theorem 7.2.4, which shows that
the kernel needs to exhibit an extremely “spiky” behavior near zero to generate a GP
that is not continuous.
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Figure 7.6: Behavior of the bound, up to constant factor, of Theorem 7.2.4 near r = 0 for ϵ = 0.01.

7.3 Gaussian processes and kernel methods

In this short introduction to Gaussian processes, we have seen some familiar objects
that were already introduced in Chapter 6 on kernel methods. In particular, for both
GPs and kernel methods, the smoothness of the kernel characterizes the smoothness of
the predictor. Is this a coincidence, or is there a deeper relation between GPs and kernel
methods?

Recall that the Ridge regression adds a regularization penalty (scaled by λ) to the
mean square error:

1
m

m
∑
i=1
(yi − f (xi))

2
+ λ‖f ‖2ℋ.

By Theorem 6.5.1 the solution for the optimization above is

f (x) = KxX (KXX +mλI)
−1Y

with (KXX )i,j = k(xi, xj), Y = (y1, . . . , ym)
T , and kxX = (k(x, x1), . . . , k(x, xm))

T , the vector
of inner products between the data and the new point x.

Bayesian posterior
To construct a predictor from a Gaussian process, we use the Bayesian approach we
mentioned in Theorem 2.8.3 and the discussion below it. This approach estimates an
unknown probability distribution as follows: we fix a prior distribution encoding our
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beliefs, we observe data samples, and we update our beliefs accordingly to obtain the
posterior distribution.

Example 7.3.1. Let μ∗ ∈ ℝ be the unknownmean of a normal distribution D = 𝒩 (μ∗, 1).
Suppose that S = {xi; i = 1, . . . ,m} consists of i. i. d. samples from D. Let Pprior = 𝒩 (0, 1)
be our prior distribution for the mean μ, that is, our initial guess before observing the
data S is that μ ∼ 𝒩 (0, 1). Using S, we seek a distribution for μ that predicts better the
value of μ∗. Using Bayes Theorem 2.8.3, we can formally make sense of

ℙ[μ = x|S] = ℙ[S|μ = x]ℙ[μ = x]
ℙ[S]

=
1
ℙ[S]

Pprior[μ = x]
m
∏
i=1

e−
(xi−x)2

2
1
√2π

=
1
ℙ[S]
(2π)−(m+1)/2e−

x2
2 −∑

m
i=1 (xi−x)22 .

(To be clearer, we abuse the notation and, e. g., write ℙ[μ = x] not for the actual proba-
bility that μ = x, which is 0, but for the density of the law of μ at x.) The left-hand side is
called the posterior distribution, and ℙ[S|μ = x] =: ℓS(x) is called the likelihood. Hence
the above is often written as

fpost,S(x) ∝ ℓS(x) × fprior(x),

where∝ denotes a proportionality relationship up to a constant in x. Let μ̂ := 1
m ∑

m
i=1 xi.

Then the term in the exponential can be written as

−
1
2
((m + 1)x2 − 2mxμ̂ +

m
∑
i=1

x2i) = −
1

2/(m + 1)
(x − √ m

m + 1
μ̂)

2

+ C,

where C does not depend on x. In particular, we have that

ℙ[μ = x|S] ∝ exp(−
(x − m

m+1 μ̂)
2

2/(m + 1)
).

This means that the posterior probability given the prior Pprior, and after observing the
data, S is a Gaussian with mean√ m

m+1 μ̂ and variance 1/(m + 1).
Note that the law of large numbers, that is, Theorem 2.8.1, shows that μ̂ converges

almost surely to μ∗, so that the Bayesian posterior converges to a Dirac mass at the true
value μ∗.

GP posterior
The example above shows a situation where it is possible to explicitly compute the
Bayesian posterior. The general idea is that there exist true parameters θ generating
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observations S, and the use of the Bayes theorem can be framed as changing the view-
point in swapping the role of θ and S, that is, considering θ as a random variable and S
as parameters.

In what follows, we keep using the notation such as ℙ[X = x] even for acontinuous
random variable X (and conditioning on such events with probability 0). Strictly speak-
ing, this notation is not rigorous, but it is convenient and can be rigorously justified.

The Gaussian process regression (also known as Kriging) is a Bayesian nonparamet-
ric method for regression. Being a Bayesian approach, it reads as follows:
– Start with a prior GP(μprior,Kprior) on f∗, the unknown function generating the data.
– Observe a dataset S = (X , Y ) = {(xi, yi); i = 1, . . . ,m} assumed to be such that yi =

f∗(xi) + ξi, where ξis are i. i. d. with common law𝒩 (0, σ2).
– Derive a posterior distribution GP(μpost, σ

2
post) for f∗ based on μprior, σ

2
prior, and S to

construct the likelihood ℓX ,Y (f ), using the Bayes theorem.

Since a GP serves as a prior, the mean function μprior and the kernel Kprior should be
chosen so that they reflect the prior knowledge or belief about the regression func-
tion f .

It is not clear what form does the Bayesian posterior

Ppost(f |X , Y ) ∝ ℓX ,Y (f ) × Pprior(f )

take, where Pprior = GP(μprior,Kprior) and ℓX ,Y (f ) = ∏
m
i=1 ℙ[yi = f (xi) + ξi|f ]. The next

theorem provides the answer, which turns out to be a Gaussian process as well.

Theorem 7.3.2. Assume the following:
– Observations are noisy, yi = f∗(xi) + ξi, i = 1, . . . ,m.
– Noise variables are i. i. d. ξi ∼ 𝒩 (0, σ

2), i = 1, . . . ,m.
– The prior is f ∼ GP(μ,K).

Denote X = (x1, . . . , xm) ∈ 𝒳
m and Y = (y1, . . . , ym)

T ∈ ℝm. Then the Bayesian posterior
f |(X , Y ) has the distribution

f |(X , Y ) ∼ GP(μ,K),

where μ : 𝒳 → ℝ and K : 𝒳 × 𝒳 → ℝ are given by

μ(x) = μ(x) + KxX(KXX + σ
2Im)
−1
(Y − μX ), x ∈ 𝒳 ,

K(x, x′) = K(x, x′) − KxX(KXX + σ
2In)
−1KXx′ , x, x′ ∈ 𝒳 ,

with KXx = K
T
xX = (K(x1, x), . . . ,K(xm, x))

T and (KXX )i,j = K(xi, xj).

Using Theorem 7.3.2, the following equivalence holds for GP-regression and kernel
Ridge regression: We have μ = fKRR if σ2 = mλ, where
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1. μ is the posterior mean function of GP-regression based on (X , Y ), the GP prior f ∼
GP(0,K), and the modeling assumption where the noise is i. i. d.𝒩 (0, σ2).

2. fKRR is the solution to kernel ridge regression based on (X , Y ), the RKHSℋ, and the
regularization constant λ > 0.

We refer to [30] (see Theorem3.1 therein) for the proof of Theorem7.3.2 and,more gener-
ally, for an extensive treatment on connections between Gaussian processes and kernel
methods. It is worth noting that their proof does not rely on computing the Bayesian
posterior.

In the noise-free case, we also have the correspondence with the kernel predictor:

Theorem 7.3.3. Using the same notation as in Theorem 7.3.2, assume that
– Observations are noiseless, yi = f∗(xi), i = 1, . . . ,m.
– The prior is f ∼ GP(μ,K).
– The matrix KXX is invertible.

Then the Bayesian posterior f |(X , Y ) has the distribution

f |(X , Y ) ∼ GP(μ,K),

where μ : 𝒳 → ℝ and K : 𝒳 × 𝒳 → ℝ are given by

μ(x) = μ(x) + KxXK
−1
XX (Y − μX ), x ∈ 𝒳 ,

K(x, x′) = K(x, x′) − KxXK
−1
XXKXx′ , x, x′ ∈ 𝒳 .

Remark 7.3.4. The explicit solution is available for Gaussian processes; however, one of
the disadvantages is the fact that the covariancematrix size scales with relationm2 for a
dataset of sizem, and furthermore, inverting the covariancematrix takes approximately
O(m3) operations.

7.4 Implementation details

In this section, we provide code snippets used to generate the figures of this chapter. In
Listing 7.1, we show the code used to generate Figure 7.1.

Listing 7.1: Regression using a Gaussian process

1 from sklearn.gaussian_process import

GaussianProcessRegressor

2 from sklearn.gaussian_process.kernels import RBF

3 import numpy as np

4 from matplotlib import pyplot as plt

5
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6 # Generate data

7 X = np.linspace (0 ,10 ,100).reshape(-1, 1)

8 y = np.squeeze(np.cos(X))

9 n_samples = 4

10

11 kernel = RBF(length_scale =1.0, length_scale_bounds =(1e-2,

1e2))

12 gaussian_process = GaussianProcessRegressor(kernel=kernel)

13

14 # Untrained Gaussian process

15 prior_mean_prediction , prior_std_prediction =

gaussian_process.predict(X, return_std=True)

16 prior_y = gaussian_process.sample_y(X,n_samples) #

Sampling from prior Gaussian Process at X

17

18 # Generating training data

19 rng = np.random.RandomState (1)

20 training_indices = rng.choice(np.arange(y.size), size=5,

replace=False)

21 X_train , y_train = X[training_indices], y[training_indices

]

22

23 # Fit training data

24 gaussian_process.fit(X_train , y_train)

25 posterior_mean_prediction , posterior_std_prediction =

gaussian_process.predict(X, return_std=True)

26 posterior_y = gaussian_process.sample_y(X,n_samples)

For the plotting routines, we refer to the code repository https://github.com/hanveiga/
tmml.

https://github.com/hanveiga/tmml
https://github.com/hanveiga/tmml


8 Deep learning

In the recent years, machine learning has become often identified as Neural Networks
or Deep Learning , so we could not leave this class of models out of our exposition about
machine learning.

In this chapter, we start with the simplest type of deep neural networks, the fully
connected (or dense) neural networks (Section 8.1). We will see that some notions of
learning theory that we have encountered will be challenged, and new mathematical
theory is necessary to understandwhyneural networks seem towork sowell in practice.

Furthermore, neural networks are (by far) the models presented in these lecture
notes which require more care when being set-up and trained. We will see that there
are more hyperparameters, engineering choices, and ways to successfully/unsuccess-
fully train a neural network. We consolidate some practical advice, tricks of the trade,
in Section 8.6.

8.1 Fully connected dense neural networks

Definition 8.1.1. Let us introduce the function (a unit)

α(x) = σ(wTx + b),

where x ∈ ℝn are inputs, w ∈ ℝn are weights, b ∈ ℝ is the bias, and σ : ℝ → ℝ is an
activation function applied componentwise.

We can write different models we have studied by considering different activation
functions:
– Linear regression: σ(z) = z.
– Binary classification: σ(z) = sign(z).
– Logistic regression: σ(z) = 1

1+e−z .

A neural network is a combination of (typically, a lot of) these units. For example, a
1-layer neural network f : ℝd → ℝd1 is given by

f (x) = σ1(W1x + b1)

for x ∈ ℝd , a matrixW1 ∈ ℝ
d1×d , and b1 ∈ ℝ

d1 .
What does f (x) do? It takes a vector x and applies a linear transformation to it (by

W1, b), which returns a vector of dimension d1, and σ is applied componentwise to this
vector.

A 2-layer neural network f : ℝd → ℝd2 is given as

f (x) = σ2(W2σ1(W1x + b1) + b2),

where a matrixW2 ∈ ℝ
d2×d1 , and b2 ∈ ℝ

d2 .

https://doi.org/10.1515/9783111288994-008

https://doi.org/10.1515/9783111288994-008
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This leads to the recursive definition of an L-layer neural network f : ℝd → ℝdL :

Definition 8.1.2. A neural network is a fully connected feedforward neural network if its
architecture has the following hyperparameters:
– The number of layers L ∈ ℕ;
– The activation functions σi : ℝ → ℝ (i = 1, . . . ,N);
– The numbers of neurons in the lth layer d0, . . . , dL ∈ ℕ, ℓ = 0, . . . , L;

and its output is given by

f (x) = σL(WLσL−1(⋅ ⋅ ⋅ (W2σ1(W1x + b1) + b2) ⋅ ⋅ ⋅) + bL),

whereWi ∈ ℝ
dℓ+1×dℓ and the σis are applied componentwise, that is,

σi(
z1
...
zdi

) =(

σi(z1)
...

σi(zdi )

) for z ∈ ℝdi .

Alternatively, a fully connected feedforward neural network can be defined as follows:
let α(0)(x) := x for all x ∈ ℝd0 , and for ℓ = 1, . . . , L, define the recursion

α̃(ℓ)(x) = Wℓα
(ℓ−1)(x) + bℓ,

α(ℓ)(x) = σℓ(α̃
(ℓ)(x)).

(8.1)

The neural network output for an input x is obtained as α(L)(x). The map α̃(ℓ) is called
the preactivation at layer ℓ, and α(ℓ) is called the postactivation at layer ℓ.

Not the following properties of this definition:
– We can do both classification and regression, depending on the activation function.
– Feature selection is “built-in”: if σL is the identity, then the neural network output

isWLα
(L−1) + bL, which is a linear map of the penultimate layer output.

– The number of degrees of freedom (i. e., trainable parameters) of a neural network
is given by

dof =
L
∑
l=1

dℓdℓ−1 + dℓ.

Remark 8.1.3. There are some engineering choices: L, σi, di. This fixes the number of
degrees of freedom we have to find forWi and bi.

Example 8.1.4. What if all σ are the identity functions?

WL(⋅ ⋅ ⋅ (W1x + b1) ⋅ ⋅ ⋅) + bL = (WL ⋅ ⋅ ⋅W1)x + (bL +WLbL−1 + ⋅ ⋅ ⋅ +WL ⋅ ⋅ ⋅W2b1).

This is just a linear predictor.
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8.1.1 Loss functions

Similarly to other supervised learning models we have seen, neural networks are
trained in the ERM/Regularized ERM framework.

When considering regression-type problems, a typical loss function to be considered
is the mean squared error (or mean absolute error). For a neural network fw, we get

C(w) = L(fw) =
1
2m

m
∑
i=1

󵄩󵄩󵄩󵄩fw(xi) − yi
󵄩󵄩󵄩󵄩
2
2.

From the definition of fully connected neural networks we see that (as soon as there
is a nonlinear activation) the map w 󳨃→ fw is nonlinear. As a consequence, even when
the chosen loss L on the function space is convex, the cost C on the parameter space
needs not be. In particular, for neural networks, there is no guarantee that local minima
are global minima, which makes the success of training through gradient descent not
obvious.

For a classification task, like previously, we cannot use gradient descent on nondif-
ferentiable functions. So instead of the 0–1 loss ℓ(y, y′) = 1{y ̸=y′}, we consider a surrogate
loss, similar to what we did with the perceptron algorithm in Section 5.2.

Consider a fully connected neural network fw(x) = WLα
(L−1)(x) + bL. To perform bi-

nary classification, we can choose the predictor sign(fw(x)). A commonly used surrogate
loss is the logistic loss given by

ℓ(fw(x), y) = log(1 + e
−yfw(x)).

This lossmakes sense, since if y = 1 and fw(x) > 0 (or y = −1 and fw(x) < 0), then the value
exp(−yfw(x)) is small, andwehave ℓ(fw(x), y) ≈ 0. Otherwise, in case ofmisclassification,
we have log(1 + e−fw(x)y) > log 2.

Another common way to do binary classification is to choose dL−1 = 1 and σL(z) =
sigmoid(z) = 1

1+exp (−z) , which returns a number in [0, 1], that can be interpreted as a
probability that the label is 1 according to our predictor. Consider the two classes 0 and
1, then we can predict the label 0 if fw(x) ≤ 0.5 and 1 otherwise. The cross-entropy loss is
then defined by

L(fw) =
1
m

m
∑
i=1
(yi log fw(x) + (1 − yi) log(1 − fw(x))).

Note that if y = 0, then the closer fw(x)yi is to 0, the smaller the loss, and similarly if
y = 1, then we want fw(x) close to 1. Using the convention 0 log 0 = 0, we see that a
perfect classifier achieves the zero loss.

For multiclass classification with n classes, the above is extended by considering
dL−1 = n and σL(z) = softmax, which returns a probability on a finite set as follows:
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fw(x) =
1

∑ni=1 exp(α(L−1)(x)i)
(

exp(α(L−1)(x)1)
...

exp(α(L−1)(x)n)

) .

Then the loss function is the categorical cross-entropy

L(fw) =
1
m

m
∑
i=1

n
∑
j=1
(yi,j log fw(xi)j + (1 − yi,j) log(1 − fw(xi)j)),

where we write yi = (yi,1, . . . , yi,n) for the vector giving the class of the ith datapoint.
Since a datapoint xi only belongs to one class, the vector yi is made of zeros everywhere,
except for a one at the component corresponding to the class xi belongs to. Again, a
perfect classifier achieves the zero loss.

8.2 Back propagation

8.2.1 Definition

Using a gradient-based optimization method, we must find a way to update each of the
∑Li=1 dℓ(dℓ−1 + 1) parameters of the model. We want an efficient way to compute all these
derivatives. The back-propagation algorithm can be thought of as a table-filling algo-
rithm that takes advantage of storing intermediate results.

Example 8.2.1. Let us consider a 1-hidden layer neural networkwith a two-dimensional
input space fw : ℝ

2 → ℝ, written explicitly as

fw(x) = σ1(W1σ0(W0x + b0) + b1),

whereW0 = [
w11 w12
w21 w22
] ∈ ℝ2×2,W1 = [w1

11 w1
12] ∈ ℝ

1×2, b0 = [
b1
b2
] ∈ ℝ2, and b1 = b

1
1 ∈ ℝ.

The cost function, considering a squared loss, reads as

C(w) = L(fw) =
m
∑
i=1
(yi − fw(xi))

2

=
m
∑
i=1
(yi − σ1(W1σ0(W0x + b0) + b1))

2.

To find the weights w1
ij in the weight matrix W1, for example, we want to compute

𝜕w1
ij
C(w). Using the chain rule, this is given by

𝜕w1
ij
C(w) =

𝜕z1i
𝜕w1

ij
σ′1(z

1
i )
𝜕C(w)
𝜕σ1
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with z1 = W1σ0(x) + b1, so
𝜕z1i
𝜕w1

ij
= σ0,j . For the weight wij (belonging toW0), we have

𝜕wij
C(w) = 𝜕zi

𝜕wij
σ′0(zi)
𝜕z1i
𝜕σ0

σ′1(z
1
i )
𝜕C(w)
𝜕σ1

with z = W0x + b0. Note that some terms of this gradient have already been computed
when we wrote the update for w1

ij .

For simplicity, let us denote byW the extended weight matrix given byW = [W ; b],
where the extra column is the bias, and the feature vector is given by X = [X , 1]with the
last entry given by 1. We can write a neural network recursively as

Zn = WnXn−1,
Xn = σn(Zn),

where Z denotes the vector of zi, andW is the (extended) matrix of weightswij . Further-
more, X0 denotes the input vector.

Suppose we have computed 𝜕C𝜕Xn,i for i = 1, . . . , dn (the width of the layer n). Then we
can compute recursively the following gradients:

𝜕C
𝜕zn,i
=
𝜕σn(z)
𝜕z

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨z=zn,i

𝜕C
𝜕xn,i
,

𝜕C
𝜕wn

ij
= xn−1,j

𝜕C
𝜕zn,i
,

𝜕C
𝜕xn−1,j
= ∑

i
wn
ij
𝜕C
𝜕zn,i
.

This can also be written in the matrix–vector notation:

𝜕C
𝜕Zn
= σ′n(Zn) ∘

𝜕C
𝜕Xn
,

𝜕C
𝜕Wn
= (
𝜕C
𝜕Zn
)(Xn−1)

T ,

𝜕C
𝜕Xn−1
= WT

n
𝜕C
𝜕Zn
.

Note that σ′n(Zn) = 𝜕zσn(Zn) produces a vector of derivatives of the activation function
with respect to z, evaluated at Zn, and ∘ gives the Hadarmard product between two vec-
tors.1

1 If a = (a1, . . . , an) and b = (b1, . . . , bn), then a ∘ b = (a1b1, . . . , anbn).
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To make things more clear for the next exposition, we can write

𝜕C
𝜕Wn
= (
𝜕C
𝜕Zn
)(Xn−1)

T

= (σ′n(Zn) ∘
𝜕C
𝜕Xn
)(Xn−1)

T

= (σ′n(Zn) ∘W
T
n+1
𝜕C
𝜕Zn+1
)(Xn−1)

T

= (σ′n(Zn) ∘W
T
n+1σ
′
n+1(Zn+1) ∘W

T
n+2 . . . σ

′
L(ZL) ∘

𝜕C
𝜕XL
)(Xn−1)

T .

We can write the term inside the parenthesis as

δn := σ′n(Zn) ∘W
T
n+1σ
′
n+1(Zn+1) ∘W

T
n+2 . . . σ

′
L(ZL) ∘

𝜕C
𝜕XL
.

Then the gradient reads

𝜕C
𝜕Wn
= δnXT

n−1. (8.2)

We can compute δn−1 recursively by

δL = σ′L(ZL) ∘
𝜕C
𝜕XL
, (8.3)

δn−1 = σ′n−1(Zn−1) ∘W
T
n−1δ

n, n = 1, . . . , L. (8.4)

8.2.2 Exploding and vanishing gradients

Neural networks are usually trained with gradient-based algorithms, the gradient be-
ing computed with backpropagation. Since they are compositions of functions, this may
cause gradients to explode or vanish at early layers. Let us first look at the chain rule (for
simplicity, in the scalar casew ∈ ℝ) for the derivative of amap fL(w) defined recursively
using maps gℓ, ℓ = 1, . . . , L, by f0(w) = w and fℓ+1(w) = gℓ+1(fℓ(w)) for all ℓ = 0, . . . , L − 1.
We have

f ′L(w) = g
′
L(fL−1(w))f

′
L−1(w)

= ⋅ ⋅ ⋅

=
L−1
∏
i=0

g′L−i(fL−i−1(w)).

We see that the derivative of the composition of L maps is a product of L derivatives.
In particular, if each of them is of order, say, a ∈ (0,∞), then f ′L(w) is of order a

L. For
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large L, if a < 1, then we get a very small gradient, whereas if a > 1, then it can grow
very large. Gradients that are too small or too large hinder training, for similar reasons
to that of the learning rate we discussed in Chapter 3; see Figure 3.5. Loosely speaking,
with small gradients, training gets stuck and takes too long to converge, and with large
gradients, training jumps over minima and gets away from good solutions.

Recall that the backpropagation update at layer n ∈ {1, . . . , L} in a fully connected
neural network is given in (8.2) in terms of δn, which is recursively defined from the last
layer to the previous ones in (8.3). In particular, the further we go backward, the more
terms in the product, which, as we said, can cause training instability.

Note that since the derivatives of the activation functions σℓ appear in product (8.3),
the phenomena of exploding and vanishing gradients are linked to the choices of these
functions. For example, the sigmoid function σ : x 󳨃→ (1 + e−x)−1 has a vanishing deriva-
tive away from some interval centered at 0. On the other hand, the derivative of a poly-
nomial activation function of degree at least 2 explodes far enough from 0.

8.2.3 Common initialization schemes

In view of the previous section, we may wonder how to successfully train neural net-
works. In Section 8.6.2, we present implementation tricks based on heuristics to sta-
bilize training. Here we are rather interested in the influence of initialization on the
gradient.

Indeed, the way the neural network weights are initialized prior to training has a
crucial effect on the success of training. Suppose that weights are all initialized to zero.
Then the updates for the weights are given by

𝜕C
𝜕Wn
= δnXT

n−1 = 0,

as δn yields a zero vector, meaning that the weights will not change during training.
More generally, if the weights are all initialized to a constant value c, then the update
yields

𝜕C
𝜕Wn
= δnXT

n−1 = δ
nσn−1(c1

TXn−21)
T = β⃗γ⃗T

= cn1dn×dn−1 ,

where β⃗ and γ⃗ are two constant vectors, and 1 denotes the vector of 1s, and 1dn×dn−1 is
the matrix of 1s. In particular, all weights at the same layer n receive the same update
cn ∈ ℝ.

In general, it is best to initialize the weights at random (independent) values, which
in particular avoids this problem. Commonly used initialization schemes were born
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from heuristics to fix the issue of exploding and vanishing gradients we discussed in
the previous section. They are based on the heuristic approximation

Var[Xn] ≈ σ
′
n(0)Var[Wn]

T Var[Xn−1],

which can be obtained by using a Taylor expansion of σn at 0, up to assuming no bias,
independence of all weights, centered inputs, and σ(0) = 0. In particular, choosing
Var[wn

ij] =
1

σ′(0)2dn−1
for individual weights implies that the variance of Xn is constant

across layers n.
Note that the above heuristic is valid only for the first step of gradient descent, after

which weights are no longer independent. For a more rigorous approach to the initial-
ization scale of weights, see Section 8.5 and in particular Section 8.5.4.

What does this tell us?
The above argument implies that the variance of the weights should scale as the inverse
of the width times a factor that depends on the activation σ . This lead to the following
famous initialization schemes:
(init i) Xavier: wn

ij ∼ Unif(0, 1/√dn−1). This is heuristically justified as above for the
tanh activation function.

(init ii) Le Cun: wn
ij ∼ 𝒩 (0, 1/dn−1).

(init iii) He: wn
ij ∼ 𝒩 (0, 2/dn−1). It can be motivated similarly as above for the ReLU

activation.

Biases are initialized to 0, and all weights aremutually independent. Other initialization
schemes, such as Glorot initialization, scale the variance by dn−1 + dn.

8.3 Approximation theorems

In this section, we give a brief introduction to some approximation results using neu-
ral networks. This is a very active research area, but we will focus on one fundamental
result, frequently cited in talks and literature as one of the earliest of its kind. Guilhoto
[25] has a good introduction, focusing also on the necessary tools from analysis to un-
derstand the proofs.

The following theorem by Cybenko [12] is often called the universal approximation
theorem for neural networks. We state a weaker version of the theorem proved in that
paper.2

Theorem 8.3.1. Let σ be the sigmoid function, that is, σ(x) = 1
1+e−x . Then finite sums of

the form

2 In the original paper, the theorem needs only σ to be a discriminatory function.
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G(x) =
N
∑
j=1

αjσ(w
T
j x + bj)

are dense with respect to the supremum norm in the space C(In) of continuous functions
on In, the n-dimensional unit cube [0, 1]

n. In other words, for any f ∈ C(In) and ϵ > 0, there
is a sum G(x) of the above form for which

󵄨󵄨󵄨󵄨G(x) − f (x)
󵄨󵄨󵄨󵄨 < ϵ ∀x ∈ In.

Proof. We admit without proof the following property (called the discriminatory prop-
erty) of the sigmoid: Let μ be a finite regular signed Borel measure. If

∫
In

σ(wT
j x + θ)dμ(x) = 0 ∀(y⃗, θ) ∈ ℝ

d × ℝ,

then μ = 0.
Let

S = {f (x) =
N
∑
j
αjσ(w

T
j x + bj) : N ∈ ℕ, αj ,wj , bj ∈ ℝ, j = 1, . . . ,N}.

This is a linear subspace of C(Ih). If the closure of S is S = C(In), then we are done.
The proof uses two well-known theorems of functional analysis, the Hahn–Banach

theorem and the Riesz representation theorem. Assume that S ̸= C(In). By the Hahn–
Banach theorem there exists a bounded linear form L ̸= 0 on C(In) such that L(S) = 0.
By the Riesz representation theorem there exists a signed regular nonzero (as L ̸= 0)
Borel measure μ such that

L(h) = ∫
In

h(x)dμ(x) ∀h ∈ C(In).

Taking h ∈ S, we have L(h) = 0, which implies μ = 0 because of the discriminatory
property, which yields a contradiction.

The above theorem tells us that neural networks can approximate an arbitrary
continuous function, similarly to the Stone–Weierstrass theorem for polynomials. It is
worth noting that this fact is true for deeper networks as well: conditioning on the out-
put of layer L − 2 and considering it as the input layer, the layers L − 2, L − 1, and L
can be seen as a two-layer neural network, and we can directly apply the above theo-
rem.

There is also a similar result by Hornik [28]. The result above also extends to classi-
fication tasks. The same result also holds for more general sigmoidal functions and the
ReLU function.
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8.4 Beyond feed forward neural networks

8.4.1 Convolutional neural networks

Convolutional neural networks (CNNs) are designed in such a way that they can take
into account the spatial structure of the input. Theywere inspired bymice visual system
and were originally designed to work with images. Compared to fully connected neural
networks, CNNs have much fewer parameters since there are less connections between
layers, which makes it possible to efficiently train very deep architectures.

Typically, the inputs of a convolutional neural network are tensors. Tensors are a
generalization of matrices: a matrix is an element in ℝnrow×ncolumn , whereas a tensor be-
longs to ℝn1×⋅⋅⋅×np for an arbitrary p ∈ ℕ. In the case of convolutional neural network,
the input space is characterized by two dimensions d, n ∈ ℕ and a depth k ∈ ℕ. For ex-
ample, if the inputs are speeches, then d = 1, for photos, d = 2, and for medical imaging,
d = 3, etc. Consider images, that is, d = 2. The integer n gives the size of the inputs, so that
n × n is the number of pixels in an image (or n ×mwithm ∈ ℕ for rectangular pictures;
in this section, we assume that we have size n in each dimension d for simplicity.). The
color of each pixel is characterized by the three values RGB (red, green, blue), so that
the depth k = 3. The depth is also commonly called the number of channels. Given d, n,
k, the input space corresponds to 𝒳 = (ℝn

d
)k .

A convolutional neural network typically has the structure depicted in Figure 8.1.

Figure 8.1: Diagram of CNN.

Below, even though the inputs are not necessarily images, we call each element at
location i = (i1, . . . , id) ∈ {1, . . . , n}

d a pixel. Typical layers of a convolutional network are
the following:
– Convolution layer: Let nin, din, kin ∈ ℕ be the size, dimension, and depth of the in-

puts of the convolutional layer. A filter (also commonly called a kernel) is an ele-
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ment of (ℝ(nfil)
din )kin that is convolved with the inputs. The size of the filter nfil is

smaller than the size of the inputs nin; often, it is chosen equal to 3, 4 or 5. The filter
g ∈ (ℝ(nfil)

din )kin is applied to an input x ∈ (ℝn
din
in )kin as follows: denoting by gj the jth

depth (channel) of the tensor, for each depth j, we perform a discrete convolution
between the filter gj and the input xj by sliding gj over xj (see Figure 8.2), followed by
a sum over the channels. After the filter g is applied to x, we obtain y ∈ ℝ(nin−nfil+1)

din

such that for all i ∈ {1, . . . , nin − nfil + 1}
din , the value of y at location i is given by

y(i) = (x ∗ g)(i) = ∑
j≤kin

nfil
∑

p1 ,...,pdin=1
xj(i + p − 1)g(p),

where p = (p1, . . . , pnfil ) is the position of the filter pixel, and 1 is a din-dimensional
vector filled with ones. Note that each output location i is obtained as the discrete
convolution of input pixels at locations i + p − 1 with filter pixels at location p.
This is the result of the inner sum for a given input at depth j. The filter is applied
through the depth of the inputs, so that y(i) is the sum of the convolution along the
depth.

Figure 8.2: A convolution is applied between a 5 × 5 pixel image and a 3 × 3 filter that detects vertical
lines. The result of the convolution shows that a vertical line is present on the left of the image.

It is common that a convolution layer has many filters g1, g2, . . . , gℓ ∈ (ℝ(nfil)
din )kin .

Then, the output of the convolution layer is y ∈ (ℝ(nin−nfil+1)
din )ℓ, that is, the depth of

the output is ℓ.
– Pooling layer: its role is to downsize the objects to reduce nin, by downsampling

and selecting the “dominant” pixel within regions of the input. Intuitively, some
features of images, say, do not need extremely high resolution to detect patterns,
meaning that less pixels are needed. For example, images that differ from a slight
shift yield similar downsampled images.
Let npool be a divider of nin, called the tiling size. A pooling layer partitions the
(nin)

din pixels of the inputs into (nin/npool)
din din-dimensional squares of size (npool)

d ,
then maps each square into a single pixel. There are two standard ways of merg-
ing pixels defining different pooling layers: max pooling returns the maximum
value within each square, and average pooling returns the mean value within each
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square. Mathematically, for i ∈ {1, . . . , nin/npool}
din and j ≤ kin, this corresponds

to

yj(i) = max
p1 ,...,pdin≤npool

xj(i + p − 1)

for a max pooling layer. For an average pooling layer, we simply replace the max by
an average. See Figure 8.3 for a simple example of pooling layer.

Figure 8.3: A 2 × 2 max pooling is applied to a 4 × 4 image, returning a 2 × 2 matrix with largest pixel
value per element of the partition.

– Fully connected layer: equivalent to a layer of a fully connected network, it flat-
tens the input and maps it to the desired output size (e. g., multiclass classifica-
tion).

– Output activation function: softmax can be applied to obtain a probability vector
whose coordinate i corresponds to the predicted probability that an input belongs
to class i.

Our definition of convolutional networks is not as general as it can be. Variations are
possible, e. g., by padding an image with zeroes at the boundary to preserve the size n
through a convolution layer, applying filters every other pixel, etc. The overall structure
remains the same: trainable parameters are the values in filters, so that the number of
parameters to train in a given convolutional layer with hyperparameters nin, din, kin for
inputs and nfil, kin for the size and number of filters is given by

#filters × #pixels/filter = kin × n
din
fil .

Another important property of convolutional networks is that they are translation in-
variant by design: if a filter is trained to detect a capybara’s ear, then since it is applied
identically at every location of an image, it detects a capybara’s ear regardless of its lo-
cation on the image.

8.4.2 Generative adversarial neural networks

The original generative adversarial neural network (GAN)was introduced as a new gen-
erative framework from training data sets. It addressed the question: “if you are given a
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data set of objects with a certain degree of consistency, then can we artificially generate
similar objects?”

Mathematically, we are given a dataset S = {(xi, yi); i = 1, . . . ,m} ⊂ 𝒳 × 𝒴 with i. i. d.
samples generated from a common probability distribution D. The goal of a generative
model f is the following: given a label y ∈ 𝒴 , it generates f (y) = x ∈ 𝒳 such that x ∼
D(x|y), that is, x is a random variable with conditional distributionD(⋅|y) given the value
of y.

For example, if S is a set of pictures xis with labels in 𝒴 = {“capybara”, “beaver”},
then a generative model trained on S tries to output a picture f (“capybara”) with same
law as the pictures of capybaras in the dataset S.

Two issues rapidly emerge from trying to formally define a generative model:
I: How to avoid that the generative model simply outputs images from the dataset?

Roughly speaking, we would like the generative model to “create new images” and
not merely memorize previously seen images.

II: What loss function can we train the model on? For regression or classification, the
model updates its parameters according to its performance measured using the la-
bels of the dataset. Here, when themodel outputs a picture, wewould like themodel
to assess its performance autonomously, i. e., without needing human feedback.

To simplify the discussion, let us forget about the label y and reduce the problem to its
equivalent formulation with a dataset S = {xi; i = 1, . . . ,m} ∼ D

m.

I:
To generate random outputs with a distribution close to the unknown D, we start from
a simple, dummy distribution γ on some lower-dimensional space (d < n); for example,
we can take γ a standard Gaussian in ℝd with covariance matrix In. Typically, to avoid
sampling the same value twice (with probability 1), γ is chosen to be absolutely contin-
uous with respect to the Lebesgue measure. Then a random signal z d∼ γ is given to the
generative model G(z) ∈ ℝn, whose goal is to map the distribution γ to D, that is, for a
perfect generative model, G(z) d∼ D. This leads us to the second issue.

II:
To evaluate the outputG(z), we introduce another function fdisc, called the discriminator
function, which is a classifier whose task is to predict whether a particular sample x is
sampled from the true, unknowndistributionD or from the generativemodelG, namely,
if fdisc(x) is high, then a good discriminator should classify x as sampled from D, and if
fdisc(x) is low, then it should classify x as sampled from G.

In the GAN setup, both G and fdisc are neural networks, with their own set of param-
eters to be trained. The true loss function is given by

ℒ(G, fdisc) := 𝔼x∼D[log fdisc(x)] + 𝔼z∼γ[log(1 − fdisc(G(z)))].
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The GAN (and its discriminator) aims at solving the minimax problem

min
G

max
fdisc

ℒ(G, fdisc).

This corresponds to a zero-sum game with two players. If G and fdisc spanned the whole
space of distributions (which is not the case here), we would have minG maxfdisc ℒ =
maxfdisc minG ℒ, so the game has a unique optimal solution; see, e. g., the original paper
[24], where GANs were introduced. For G and fdisc neural networks, it is generally not
the case.

In the loss ℒ, for a fixed generator G, maxfdisc ℒ(G, fdisc) optimizes the discriminator
to reject samples G(z) that look dissimilar to what fdisc knows of the distribution D. The
loss is then minimized over generators that fool the best discriminator.

Since we actually cannot compute the first expectation in ℒ(G, fdisc), we approxi-
mate it using the dataset S = {xi}

m
i=1:

𝔼x∼D[log fdisc(x)] ≈
1
m1

m
∑
i=1

log fdisc(xi),

whereas the second expectation can either be computed or approximated similarly us-
ing z1, . . . , zm

i. i. d.∼ γ as

𝔼z∼γ[log(1 − fdisc(G(z)))] ≈
1
m′

m′

∑
i=1

log(1 − fdisc(G(zi))).

The optimization is done in two steps: first, update the discriminator fdisc taking the
gradient with respect to parameters of fdisc and computing the gradient ascent update;
then update the generator G taking the gradient with respect to parameters of G and
computing the gradient descent update.

GANs have become very powerful tools for generative models, where we want to
generate similar samples to a given dataset, for example, new faces, new rooms, etc.3

Furthermore, GANs can be used to solve problems in which we cannot easily formalize
a loss function, where we do not have access to a loss function, or we are unable to
compute gradients on the loss function.

8.5 Some elements of modern theory of neural networks

Since major progress is made every year in the theoretical understanding of neural net-
works, this section cannot do justice to the advances of the field. The complexity of neu-

3 Check out https://thisxdoesnotexist.com/ for many examples of GANs used to generate a variety of
things!

https://thisxdoesnotexist.com/
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ral networks does not allow for a unifying theory; nonetheless, we present in this section
some modern results that we chose for the following reasons: they are mathematically
rigorous and elegant but also have practical implications. On the other hand, these re-
sults have influenced part of directions that researchers followed, which makes them
relevant for the reader interested in present and future developments in deep learning
theory.

Neural networks are often used largely overparameterized. As a consequence, for a
given architecture, theremay bemany neural networks that perfectly fit a given dataset.
Yet, neural networks trained with (variations of) gradient descent sometimes seem to
generalize well or, at least, better than predicted by the bias-variance tradeoff (see Chap-
ter 4), for example, when compared to overparameterized linear regression.

Constructing a general theory to explain their success seems out of reach. In this
section, we focus on overparameterized neural networks, specifically, on their initial-
ization and training. Wewill see that different training regimes occur by only changing
the scale of the weights at initialization.

8.5.1 Initialization scale

To simplify the notation,we consider a neural network fwwith scalar input andoutput.
Suppose moreover that it has a single hidden layer of width d ∈ ℕ with the identity
activation function between the hidden and output layers; that is, for an input x ∈ ℝ,
the network predicts

fw(x) :=
1
dγ
w2σ(w1x + b),

where w1, b ∈ ℝ
d×1 and w2 ∈ ℝ

1×d are the learnable parameters of the network, and
γ > 0 is a hyperparameter. We assume that the components of w1, w2, and b are i. i. d.
standard Gaussian variables𝒩 (0, 1) at initialization, so that γ governs the initialization
scale (recall that if X ∼ 𝒩 (0, 1), then aX ∼ 𝒩 (0, a2) for a ∈ ℝ).

Instead of the above equation, we will prefer to (equivalently) write the network as
the sum of its hidden neurons, that is,

fw(x) :=
1
dγ

d
∑
k=1

w2,kσ(w1,kx + bk). (8.5)

In the Bayesian learning paradigm, the prior distribution of a model (initialization)
is crucial as it is expected to encode our prior beliefs and radically influences the learn-
ing (training). It is not clear that neural networks trained by gradient descent perform
Bayesian learning (in fact, they do not but are somehow related in some cases; see [27]).
Nonetheless, Neal [35] observed the following result for 2-layer neural networks (later
generalized to deeper networks).
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Theorem 8.5.1. Suppose that fw is a neural network at initialization defined as in (8.5)
with γ = 1/2. Suppose moreover that σ is a Lipschitz map. Then the law of fw converges
as d →∞ to GP(0,K (2)), where the kernel K (2) is given by

K (2)(x, x′) := 𝔼g∼GP(0,K (1))[σ(g(x))σ(g(x
′))],

where K (1)(x, x′) := xx′ + 1.

Sketch of proof. The main idea is to use the central limit theorem (Theorem 2.8.2). In-
deed, note that in (8.5) the output fw(x) corresponds to a sum of d i. i. d. variables and
the convergence to a Gaussian distribution follows from the central limit theorem. (We
need to make sure that σ(X) has a second moment for a Gaussian variable X , which is
the case since σ is Lipschitz.)

For the covariance, we first observe that x 󳨃→ w1x + b is a d-dimensional Gaussian
process, since for all x, we have w1x ∼ 𝒩 (0⃗, x2ℐd) independent from b ∼ 𝒩 (0⃗, ℐd), so
thatw1x +b is a centered Gaussian random variable, and the covariance kernel is easily
computed as

𝔼[(w1x + b)(w1x
′ + b)]

= 𝔼[
d
∑
i=1

w2
1,ixx
′] + 𝔼[

d
∑
i=1

w1,ixbi +
d
∑
i=1

w1,ix
′bi] + 𝔼[

d
∑
i=1

b2i]

= 1 × xx′ + 𝔼[w1]𝔼[b](x + x
′) + 1

= xx′ + 1

= K (1)(x, x′).

Thenwe condition on the values of the neurons in the hidden layer {x(1)k ; k = 1, . . . , d} and
check that fw(x) given x

(1) is a Gaussian process (as a linear combination of independent
Gaussian processes) with covariance kernel 1

d ∑
d
k=1 x
(1)
k (x
′)(1)k . We get a limit as d → ∞

that depends neither on x(1) nor on (x′)(1), and getting rid of the conditioning yields the
claim.

Knowing that infinitely wide neural networks with the above initialization are
Gaussian processes is informative about the prior knowledge we inject in our model
but does not provide any insight on what happens during training. In the next two
sections, we present two recent techniques that allow us to say more about training.

8.5.2 The neural tangent kernel

In this section, we consider a neural network defined as in (8.5) with γ = 1/2. Since we
study training, we denote by wt the network parameters at time t of training.
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FromTheorem8.5.1we know that the network at initialization fw0
is, for largewidth,

close to a Gaussian process with explicit kernel. Recall that gradient descent steps are
given by

wt+1 = wt − η
1
m

m
∑
i=1
𝜕ŷℓ(yi, ŷ)

󵄨󵄨󵄨󵄨ŷ=fwt (xi)
∇wfwt
(xi), (8.6)

where η > 0 is the learning rate. We are interested in the dynamics of training, meaning
that wewould like to knowmore about how fwt

evolves in time (and in particularwhat it
looks like at convergence as t →∞ (provided that it converges)). By a first-order Taylor
expansion of fwt+1

we have

fwt+1
(x) ≈ fwt

(x) + (wt+1 − wt) ⋅ ∇wfwt
(x).

Using (8.6), we get

fwt+1
(x) − fwt

(x) ≈ −η 1
m

m
∑
i=1
𝜕ŷℓ(yi, ŷ)

󵄨󵄨󵄨󵄨ŷ=fwt (xi)
∇wfwt
(xi) ⋅ ∇wfwt

(x). (8.7)

It turns out that the dot product in the right-hand side defines a time-dependent kernel

Θ(d)t (x, x
′) := ∇wfwt

(x) ⋅ ∇wfwt
(x′),

where we made the dependency on the width d explicit. The kernel Θ(d)t is called the
Neural Tangent Kernel (NTK) of the neural network at time t. Because the initialization
is random, the NTK at initialization Θ(d)0 is itself a random kernel. Moreover, the fact that
its dynamics in time depends on the training makes the exact dynamics of the network
fwt

intractable.
However, there is a very important result by Jacot et al. [29], later generalised in

many ways (e. g., by Yang [44]). Consider the gradient flow corresponding to the limit
of gradient descent (see Section 3.2.2) as η → 0+ and the number of steps T/η for fixed
T ∈ ℝ+ and given by

𝜕tfwt
(x) = − 1

m

m
∑
i=1
𝜕ŷℓ(yi, ŷ)

󵄨󵄨󵄨󵄨ŷ=fwt (xi)
Θ(d)t (xi, x). (8.8)

Theorem 8.5.2. There exists a deterministic kernel Θ(∞) : ℝ × ℝ → ℝ such that, in the
setup above, for σ Lipschitz, twice differentiable with bounded second derivative, for all
x, x′ ∈ ℝ and T ∈ ℝ+, we have with probability 1 that

lim
d→∞

sup
t≤T

󵄨󵄨󵄨󵄨Θ
(d)
t (x, x

′) − Θ(∞)(x, x′)󵄨󵄨󵄨󵄨 = 0.

Furthermore, the limiting NTK has the following expression:
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Θ(∞)(x, x′) = K (1)(x, x′)K̇ (2)(x, x′) + K (2)(x, x′),

where K (1) and K (2) are the kernels defined in Theorem 8.5.1, and K̇ (2) is defined as K (2)

with the derivative σ′ instead of σ in its definition.

Remark 8.5.3. The assumption that the neural network has a single hidden layer is su-
perfluous, and we make it solely for presentation.

Remark 8.5.4. We can show that for nonpolynomial, Lipschitz σ , the restriction of the
NTKΘ(∞) to the unit sphere is positive semidefinite. (In our case – scalar inputs – it does
not make much sense; however, it does in the general d-dimensional case.)

Remark 8.5.5. The assumptions on σ can be greatly relaxed, as it suffices to assume
that the second-order weak derivative of σ is polynomially bounded. (It is the case, for
example, of the ReLU activation.)

Many consequences can be drawn from Theorem 8.5.2; we now loosely discuss the
most straightforward.

Training follows kernel gradient descent
With kernel gradient descent (8.8), taking the limit as d →∞, the NTK is fixed, and the
training dynamics is given by

𝜕tfwt
=

1
m

m
∑
i=1
𝜕ŷℓ(yi, ŷ)

󵄨󵄨󵄨󵄨ŷ=fwt (xi)
Θ(∞)(xi, x).

Convergence
Suppose that the loss is the mean square loss ℓ(y, y′) = 1

2 (y− y
′)2. The training trajectory

becomes (up to a factor 2)

𝜕tfwt
(x) = − 1

m

m
∑
j=1

Θ(∞)(x, xj)(fwt
(xj) − yj).

Suppose that (Θ(∞)(xi, xj))1≤i,j≤m is positive semidefinite. This differential equation has
an explicit solution, and in particular it can be shown that fwt

converges as t →∞ to

fw∞ (x) = fw0
(x) −

m
∑
i,j=1

Θ(∞)(x, xi)Θ
(∞),−1(xi, xj)(fw0

(xj) − yj), (8.9)

where Θ(∞),−1 is the inverse of Θ(∞). We see that choosing x in the dataset, i. e., some xi,
we have fw∞ (xi) = yi so that the network perfectly fits the data, and the empirical loss is
zero.
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Gaussian process
Since fw0

is a Gaussian process by Theorem 8.5.1 and since we apply a linear map to the
Gaussian vector (fw0

(xj))j=1,...,m in the expression of fw∞ in (8.9), the limit neural network
fw∞ is itself a Gaussian process.

It is worth noting that this Gaussian process does not correspond to the Bayesian
posterior given the prior fw0

unless we subtract the initial output function fw0
; see, e. g.,

[27] for more detail.

Some limitations
The NTK regime (also called the kernel regime or lazy regime) does not fully describe
neural network behavior for several reasons. The first one is that neural networks used
in practice do not contain an infinite number of neurons. Nonetheless, this shows that
overparameterization is not always problematic and is sometimes desirable: firstly, the
fact that a global minimum is found by gradient descent is not trivial since the problem
is nonlinear. Secondly, we can see that the trained network on unseen datapoints fw∞ (x)
in (8.9) does not explode and its variance can be explicitly computed. Another critic
that can be made to the NTK regime is that the kernel is fixed as a result of the fact
that individual weights asymptotically do not move during training: themap fwt

evolves
during training as a result of infinitely many infinitesimal changes in the weights of the
neurons. Loosely speaking, this causes the network to not learn features to fit the data,
akin to a kernel methodwith given kernel, which fits the data as a linear combination of
featuremaps of the kernel, without trying to learn these features at any point. However,
feature learning can be a crucial characteristic of successfulmodels in practice; see, e. g.,
[15] for a language representation model using pretraining to learn important features
of the data.

8.5.3 Mean field regime

In this section, we stay very informal to present another training regime that allows us
to obtain theoretical guarantees.

We now assume that our 2-layer neural network is initialized as in (8.5) with γ = 1.
Compared to the previous section, where we supposed γ = 1/2, this initialization is
smaller. Let μ0 be a probability distribution onℝ3, seen as the law of theweights of a sin-
gle neuron at initialization (they are not Gaussian anymore). More specifically, suppose
that i. i. d. (w1,k ,w2,k , bk) are sampled from μ0, and let

μd = 1
d

d
∑
k=1

δ(w1,k ,w2,k ,bk ).

We assumemoreover that the componentsw1,w2, and b are independent under μ0. The
above is a probability measure on the weight spaceℝ3 consisting of the average of Dirac
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masses on the neuron weights of the neural network at initialization. The parameteri-
zation (8.5) with γ = 1 can now be rewritten in the integral form

fμd0 (x) = ∫
ℝ3

w2σ(w1x + b)μ
d
0(dw1, dw2, db),

where fμd0 is the network at initialization. Suppose that the weights have expectation 0,
and note that limd→∞ fwd

0
≡ 0 almost surely by the law of large numbers:

lim
d→∞

fμd0 (x) = lim
d→∞
∫
ℝ3

w2σ(w1x + b)μ
d
0(dw1, dw2, db)

= lim
d→∞

d
∑
k=1

w2,kσ(w1,kx + bk)

= ∫
ℝ3

w2σ(w1x + b)μ0(dw1, dw2, b)

= 0,

where we first integrated over w2 to get 0 above (thanks to the independence of w1, w2,
and b).

We denote by μdt the measure of the neural network initialized at μd0 at time t of
training. The advantage of writing the neural network in integral form and taking the
limit is that the dynamics of the measure μdt during training can be studied instead of
that of fμdt . Informally, we can make sense of limd→∞ μ

d
t = μt , where μt corresponds to

the infinite-width neural network at time t of training and initialized at μ0. As many
tools that are out of the scope of this book are involved (from optimal transport theory
such as Wasserstein gradient flow), we refrain to go into technical details and refer the
interesting reader to [10]. One of the main results of this paper can be informally stated
as follows.

Theorem 8.5.6 (Informal). Under some assumption on the support of the initial measure
μ0 and choosing σ = ReLU, if μt converges to some μ∞ as t → ∞, then μ∞ is optimal in
the sense that the induced network fw∞ achieves zero loss.

Remark 8.5.7. Such a result is called a global convergence result: it does not claim that
the network converges, but if it does, then its limit perfectly fits the data. It is important
to note that the results in the mean-field regime require the assumption of having a
single hidden layer (on top of infinite width). We chose σ = ReLU, but the result holds
for more general activations under some homogeneity assumption of the network.

Remark 8.5.8. As opposed to theNTK regime, in themean-field regime, feature learning
occurs, and we can move from one to another regime simply by changing the initializa-
tion scale. For details on the impact of initialization scale on feature learning, see [45].
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8.5.4 Edge of chaos

We discussed the problem of exploding and vanishing gradients in Section 8.2.2 and ex-
plained how a heuristic justified commonly used weight initialization schemes in Sec-
tion 8.2.3. The idea is to keep the magnitude of the propagated signal variance constant
across layers, both forward and backward. A more complete but similar argument that
we present now looks at the whole covariance kernels of the hidden layers. It leads to
more precise recommendations regarding initialization, which practitioners are not al-
ways aware of.

Recall the recursive definition (8.1) of neural networks using preactivations and
postactivations. Suppose that the data are centered with variance 1. Consider a deep
neural networkwith a differentiable activation function σ and randomparameters such
that weights are independent centered Gaussians with variance vw

dℓ
> 0 at layer ℓ =

1, . . . , L and biases are independent Gaussians with variance vb ≥ 0. Let

K(x, x′;K) := 𝔼g∼GP(0,K)[σ(g(x))σ(g(x
′))],

where K is a positive definite kernel, and x, x′ ∈ ℝd0 . Extending Theorem 8.5.1 to deep
networks,we claim that the covariance kernels of the preactivations α̃(ℓ) for largewidths
are close to

K (1)(x, x′) = vwxx
′ + vb,

K (ℓ+1)(x, x′)ij = δijvwK(x, x
′;K (ℓ)) + δijvb,

where 1 ≤ i, j ≤ dℓ are the indices of the neurons at layer ℓ. This means that α̃(ℓ)i is
a Gaussian process with covariance kernel K (ℓ) for all i and is independent of α̃(ℓ)j for
all j ̸= i. Indeed, if α̃(ℓ−1) is a Gaussian process with covariance kernel K (ℓ−1), then by
independence of α̃(ℓ−1) withW (ℓ+1) and b(ℓ+1), we have for all 1 ≤ i, j ≤ dℓ that

𝔼[α̃(ℓ)i (x)α̃
(ℓ)
j (x
′)|α̃(ℓ−1)(x), α̃(ℓ−1)(x′)]

= 𝔼[W (ℓ)i⋅ σ(α̃
(ℓ−1)(x))W (ℓ)j⋅ σ(α̃

(ℓ−1)(x′))|α̃(ℓ−1)(x), α̃(ℓ−1)(x′)] + 𝔼[b(ℓ)i b(ℓ)j ]

=
dℓ−1
∑
k,n=1
𝔼[W (ℓ)ik W (ℓ)jn ]σ(α̃

(ℓ−1)
k (x))σ(α̃

(ℓ−1)
n (x

′)) + δijvb

=
dℓ−1
∑
k=1

δij𝔼[W
(ℓ)
ik W (ℓ)jk ]σ(α̃

(ℓ−1)
k (x))σ(α̃

(ℓ−1)
k (x

′)) + δijvb

= δij
vw
dℓ−1

dℓ−1
∑
k=1

σ(α̃(ℓ−1)k (x))σ(α̃
(ℓ−1)
k (x

′)) + δijvb.

Taking the expectation onboth sides shows that𝔼[α̃(ℓ)i (x)α̃
(ℓ)
j (x
′)] = K (ℓ)(x, x′)ij , showing

that hidden neurons at a given layer are independent from each other and such that
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for each neuron i ≤ dℓ, the covariance of α̃(ℓ)i (x) and α̃(ℓ)i (x
′) is K (ℓ)(x, x′), where we

henceforth write K (ℓ)(x, x′) for K (ℓ)(x, x′)ii, which does not depend on i.
Let usmake some simplifying assumptions: from the equation above, it is natural to

take vw + vb = 1 and rescale σ so that 𝔼X∼𝒩 (0,1)[σ(X)
2] = 1 for all x with norm 1. Indeed,

this ensures that the variance K (ℓ)(x, x) = 1 for all x ∈ ℝd0 such that ‖x‖ = 1. Henceforth,
we thus write 1 − vw in place of vb and assume that 𝔼X∼𝒩 (0,1)[σ(X)

2] = 1.
For ρ ∈ [−1, 1], define the matrix

C(ρ) := (1 ρ
ρ 1
) .

We define σ̂ , the dual activation function4 of σ , by

σ̂(ρ) := 𝔼(Z1 ,Z2)∼𝒩 (0,C(ρ))[σ(Z1)σ(Z2)].

Finally, let h : ρ 󳨃→ vwρ + 1 − vw. The preactivation kernel recursion can be rewritten as

K (ℓ+1)(x, x′) = (h ∘ σ̂)∘(ℓ)h(K (1)(x, x′)).

Under mild assumptions, it is standard that such repeated compositions converge to a
fixed point, as the number of compositions goes to infinity, by the Banach fixed point
theorem. They do here, and we admit the following properties of the dual activation
function (for the proofs, see [13]): if 𝔼X∼𝒩 (0,1)[σ(X)

2] = 1, then
1. σ̂ is convex.
2. σ̂′ = σ̂′, that is, the derivative of the dual is the dual of the derivative.
3. σ̂(ρ) > ρ for all ρ ∈ (−1, 0).

Since h is an increasing linear map, the composition h ∘ σ̂ itself is convex. Note that the
last property entails that there cannot be any fixed point in (−1, 0). We also have that

(h ∘ σ̂)(0) = h(𝔼X∼𝒩 (0,1)[σ(X)]
2) ∈ (0, 1);

(h ∘ σ̂)(1) = h(𝔼X∼𝒩 (0,1)[σ(X)
2]) = 1.

By the convexity the existence of a fixed point in [0, 1) depends on the sign of (h∘σ̂)′(1)−1:
from Figure 8.4 we have that
1. If (h ∘ σ̂)′(1) < 1, then there is no fixed point in [0, 1).
2. If (h ∘ σ̂)′(1) > 1, then there is a unique fixed point in [0, 1).

In the case (h ∘ σ̂)′(1) = 1, infinitely many fixed points can exist if h ∘ σ̂ is the identity.
The condition can be made more explicit by computing

rσ(vw) := (h ∘ σ̂)
′(1) = vwσ̂

′(1) = vwσ̂′(1) = vw𝔼X∼𝒩 (0,1)[σ
′(X)2].

4 The term is taken from [13].
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Figure 8.4: Fixed points of h ∘ σ̂ in [0, 1). Left panel: (h ∘ σ̂)′(1) > 1, so the graph of h ∘ σ̂ intersects the line
y = x once for 0 ≤ x < 1, and this point is unique by convexity. Right panel: (h ∘ σ̂)′(1) < 1, so by convexity
(h ∘ σ̂)(x) > x for all x ∈ [0, 1).

This shows that as the depth ℓ grows large, the activation kernelK (ℓ) exhibits twophases:
1. Order rσ(vw) < 1: the covariance Σ

(ℓ)(x, x′) converges to 1 for all inputs x, x′ ∈ ℝd0
with norm 1.

2. Chaos rσ(vw) > 1: the covariance Σ(ℓ)(x, x′) converges to c ∈ [0, 1) for all inputs
x ̸= x′ ∈ ℝd0 with norm 1.

In the ordered phase, any structure in the data is not seen by the neural network,
whereas in the chaotic phase, two points x ̸= x′ do not have their correlation at layer ℓ
converge to 1 even when x and x′ are very close to each other (but distinct), indicating
that the neural network output is very rough. It has thus been advocated to initialize
the weights of the neural network with the variance parameter vw on the edge of chaos
rσ(vw) = 1 or very close to 1. See, e. g., [37, 26, 43].

The phase diagram of the order/chaos dichotomy is more general than what we
have presented here: we assumed that vb = 1− vw, which is not necessary, in which case
the edge of chaos rσ(vw, vb) = 1 is described as a curve in a two-dimensional plane. The
general edge of chaos curves r(vw, vb) = 1 are slightlymore cumbersome to characterize,
and we refer to [26] for details on how to obtain them; see Figure 8.5 for plots of three
order/chaos phase diagrams.

Lastly, we note that the variances (vb, vw) = (0, 1) of Xavier initialization (init i) are
at the edge of chaos for tanh activation,which is also the case of He initialization (init iii),
using (vb, vw) = (0, 2) for ReLU activation.

8.6 Practical implementation considerations

This section is loosely based on the lecture series [34], advice that has come from many
years of theory and experimentation,whichhave lead to substantial differences in terms
of speed, ease of implementation, and accuracy when it comes to putting algorithms to
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Figure 8.5: Order/chaos phase diagram for three common activation functions for x ∈ [0, 2]. For a given
activation function, if the chosen variances (vw , vb) are located below the corresponding edge of chaos
curve (blue area), then the network is in the chaotic regime, and if they are above the edge of chaos curve
(green area), then they are in the order regime.

work in practice. A lot of the information on these lecture series is already implemented
(by default) on machine learning libraries (e. g., tensorflow, keras, torch).

In this section, we give a summary and justification/reasoning to why these “tricks
of the trade” are important in practice. Many of the advices are quite general and apply
to most neural networks.

What things can go wrong when using neural network models?5

– Poor performance (overfitting, stuck in local minima, etc.).
– Inability to train network (exploding gradients (NaN values) and flat gradients (see

Section 8.2.2), diverging solutions, slow convergence).
– Very large hyperparameter space.

5 This is of course not an exclusive problem of neural networks.
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8.6.1 Input regularization

We have seen in Chapter 5 that sometimes it is necessary to normalize the input (lin-
ear regression with regularization). An input X is typically centered by subtracting the
empirical mean X̂ and dividing by the empirical variance σ2

X :

X ′ = X − X̂
σ2
X
.

For neural networks, normalizing the input is also a common practice, namely:
– Average of each input over the training set should be close to zero.
– Scale input variables so that their covariances are about the same magnitude.
– Input variables should be uncorrelated if possible.

Shifting and scaling is quite simple. However, decorrelating the inputs may be tricky.
Sometimes, principal component analysis is applied to the feature matrix to remove lin-
ear correlations in the input.

It is also observed that convergence is usually faster if the average of each input
over the training set is close to zero; in particular, there are both positive and negative
values. Let us consider an example of the extreme case.

Example 8.6.1. Suppose all the components of an input vector are positive (the discus-
sion is equivalent when they are all negative). The gradient update for any weight i, j
that sits on layer n, wn

ij , is given as

wt+1
ij = w

t
ij − η
𝜕L
𝜕wij
, where 𝜕L

𝜕wn
ij
= xn−1j
𝜕L
𝜕zni
.

Let us focus on the first layer, n = 1. The update for the weights corresponding to a par-
ticular output node i (corresponding to row i of the weight matrixW 1) are proportional
to x0j
𝜕L
𝜕z1i

. If all components of an input vector are positive, then all updates of theweights

that feed into node i will have the same sign (sign( 𝜕L𝜕z1i
)). This means that those weights

can only all decrease or increase together for a given input. If the weight vector must
change the direction, it can only do so by zigzagging, which is inefficient and slow.

Normalizing the inputs is not only a concern for the speed of convergence but also
for the trainability of thenetwork. Due tofinite numerical precision, numerical overflow
can occur, turning gradient updates into NaN updates.

8.6.2 Stabilizing the gradients

We saw in Section 8.2.3 the problems of vanishing and exploding gradients when train-
ing a neural network. We discussed how avoiding these problems motivated different
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weight initialization schemes. We have, however, no guarantee that these initializations
prevent these two phenomena to occur beyond the first step of gradient descent. We
present here two techniques that have been introduced to keep the training stable.

Gradient clipping
What can we do if the gradient becomes too large? Simply normalize it! The following
technique is called gradient clipping and is quite intuitive: For ϵ > 0,
– If ‖∇wC(w)‖ > ϵ, then update the parameters with −ϵ ∇wC(w)‖∇wC(w)‖

.
– Otherwise, use the usual update −∇wC(w).

If some components of the gradient dominate, then the others, after clipping, might end
up too small. Another practice is to clip each component of the gradient independently
if it crosses a threshold ϵ.

Batch normalization
Batch normalization is a way to guarantee that all activations of layers are centered and
normalized with respect to the batch of data samples the network is training on. We can
formally define it as a new type of layer of the neural network. A batch normalization
layer, denoted by BN, does the following:
– {x(i); i = 1, . . . ,m} ⊂ ℝd is some batch of inputs.
– μ := 1

d ∑
d
i=1 x
(i) is the empirical mean (vector) of the input batch.

– v := 1
d ∑

d
i=1(x
(i) − μ)2 is the empirical variance (vector) of the input batch, where the

square function is applied componentwise.
– x(i) := x(i)−μ

√v+ϵ for all i = 1, . . . ,m, where ϵ > 0 is a hyperparameter that prevents the
denominator to be null.

– BN(x(i)) := (γkx
(i)
k +βk)k=1,...,d , where γk andβk are parameters that canbe learnable.

A neural network can then be composed ofmany layers, some of them being BN. Despite
the several heuristics and the empirical success of batch normalization, there is, for now,
neither very robust theory nor consensus on the different effects of batch normalization.

8.6.3 Preventing overfitting

Avoiding overfitting is a commondesire inmachine learning to have better hope that the
model will generalize to unseen data. For neural networks, there are different strategies
to prevent overfitting.

Regularization
Similarly to previously seen models, we can also add a regularization term on the loss
function, penalizing the model parameters through an L1 or L2 norm.
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Early stopping
The rational about early stopping is that when we decide on the number of epochs to
train anetwork, it is not usually a verywell-informeddecision. One strategy is tomonitor
the training and a validation loss, stopping when the validation loss no longer decreases
or starts to increase (see Figure 8.6). A typical early stopping strategy is the following:
1. Split the training data into a training set and a validation set, e. g., in a 2-to-1 propor-

tion.
2. Train only on the training set and evaluate the per-example error on the validation

set once in a while, e. g., after every fifth epoch.
3. Stop training as soon as the error on the validation set is higher than it was the last

time it was checked.
4. Use the weights the network had in that previous step as the result of the training

run.

Figure 8.6: Loss curves for the training and validation sets. The early stopping criterion is triggered here
because the validation loss is increasing after several epochs.

As we see, choosing a stopping criterion predominantly involves a tradeoff between
training time and generalization error. However, some stopping criteria may typically
find better tradeoffs than others.

Empirically, it accelerates network training, prevents overfitting, but can be “tricky”
to get right due to nonstraightforward behavior of the errors and the presence of tun-
able parameters. For example, when is the validation error too large with respect to the
training error? What is the number of successive epochs that we should wait for?

Dropout
Another efficient way of regularizing neural networks and enhancing their generaliza-
tion performances is to turn off neurons at randomwhile training. This method is called
dropout. It works as follows at each training epoch:
1. Independently turn off each neuron with probability 1− p ∈ (0, 1), where p is called

the keep probability, whereas 1 − p is called the dropout rate. The keep probability
is an additional hyperparameter to the model.



144 � 8 Deep learning

2. The subnetwork consisting of neurons that have been kept is trained for one step
of gradient descent (or any optimization algorithm at use). Only the weights of the
neurons that have been kept are updated during this step.

After training, to make predictions with the trained neural network – or to evaluate it
on a test dataset – the full neural network is used, with weights rescaled by the keep
probability p. The reason why we rescale the weights when predicting is because when
the weights are updated, the subnetworks used contain an average proportion p of neu-
rons, and hence their weights tend to be greater than they should when using all of
them together. For example, think about the sum of two perfect predictors: the obtained
predictor performs poorly unless we divide its output by 2.

Why is it a good idea to use dropout? As we said, this method trains smaller net-
works inside the network, thus encouraging learning more sparse functions (i. e., sim-
pler, needing less parameters to be expressed). Hence each subnetwork has less opportu-
nities to overfit. Another informal reason is that the full network resembles an average
of smaller networks. Averaging simple predictors to construct a good predictor can be
a very good idea to enhance training and performance; in the next chapter, we will see
a model based on that idea, where the simple predictors do not even need to perform
that well individually.

Dropout may also refer to other similar methods, where individual weights are
dropped out instead of individual neurons.

8.6.4 Dealing with hyperparameters

Architecture hyperparameters define the hypothesis class ℋ where our approximator
lives in. Some hyperparameters are the number of layers, width of each layer, activation
functions, other types of layers (dropout, normalizing layers, etc.).

Then we also have training hyperparameters, that specify how the training algo-
rithm 𝒜 behaves: the number of epochs, batchsize, learning rate (momentum, etc.),
training set/validation set split, loss function (type, L1–L2 penalties).

Many times, good hyperparameters come from experience, trial and error, theoret-
ical justifications, or empirical results. There are also computational frameworks that
can help explore this large hyperparameter space, such as hyperopt [7].

8.7 Implementation details

In this section, we present some code snippets that use pytorch to implement a fully
connected neural network for scalar regression. More examples for different types of
neural networks and experiments can be found on github.
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Listing 8.1: Creating dataset.

1 import torch

2 import torch.utils.data as data

3

4 # Generate dataset in tensor format

5 nData = 400

6 x_train = torch.rand(nData)

7 y_train = 1-torch.cos(2* torch.pi*x_train)

8 x_test = torch.rand (50)

9 y_test = 1-torch.cos(2* torch.pi*x_test)

10

11 # Custom pytorch dataset

12 class CustomDataset(data.Dataset):

13 def __init__(self , x,y):

14 self.x = x

15 self.y = y

16

17 def __len__(self):

18 return len(self.x)

19

20 def __getitem__(self , idx):

21 sample = {'x': self.x[idx], 'y': self.y[idx]}

22 return sample

23

24 batch_size = 4

25 training_data = CustomDataset(x_train ,y_train)

26 training_loader = data.DataLoader(training_data ,

batch_size=batch_size , shuffle=True)

Listing 8.2: Fully connected neural network.

1 import torch.nn as nn

2

3 class Net(nn.Module):

4 def __init__(self , nInput , nOutput):

5 super(Net , self).__init__ ()

6 self.linear_relu_stack = nn.Sequential (\

7 nn.Linear(nInput , 20) ,\

8 nn.ReLU() ,\

9 nn.Linear (20, 20) ,\

10 nn.ReLU() ,\

11 nn.Linear (20, nOutput))
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12

13 def forward(self , x):

14 return self.linear_relu_stack(x)

Listing 8.3: Training and evaluation of the network.

1 def train_one_epoch(training_loader , model , optimizer ,

loss_fn):

2 running_loss = 0.

3

4 for i, data in enumerate(training_loader):

5 inputs = data['x']. reshape ((4,1))

6 labels = data['y']. reshape ((4,1))

7 optimizer.zero_grad () # set gradient to zero

8 outputs = model(inputs) # make predictions

9 loss = loss_fn(outputs , labels) # compute loss

10 loss.backward () # compute gradient

11 optimizer.step() # update learning weights

12 running_loss += loss.item()

13

14 print('Loss: ', running_loss)

15 return running_loss

16

17 model = Net(1,1)

18 loss_fn = torch.nn.MSELoss ()

19 optimizer = torch.optim.SGD(model.parameters (), lr=0.01,

momentum =0.9)

20 scheduler = torch.optim.lr_scheduler.ExponentialLR(

optimizer , gamma =0.99)

21 n_epochs = 100

22

23 # training for n_epochs

24 for i in range(n_epochs):

25 _ = train_one_epoch(training_loader , model , optimizer ,

loss_fn)

26 scheduler.step()

27

28 with torch.no_grad ():

29 model.eval()

30 x_test = x_test.reshape ((50 ,1))

31 y_test_prediction = model(x_test)

32 print("Test loss:", loss_fn(y_test_prediction , y_test)

)



9 Ensemble methods

Ensemble methods are usually reserved for methods that generate a model using an
aggregate of base hypothesis. There are different ways to approach the construction of
ensemble methods. In this chapter, we focus on boosting.

Boosting is an algorithmic paradigm that grew out of a theoretical question and
became a very practical machine learning tool. The boosting approach uses a general-
ization of linear predictors to address two major issues:
– The first is the bias-complexity tradeoff. We have seen that the generalization er-

ror of an ERM learner can be decomposed into a sum of approximation error and
estimation error, as described in equation (4.2). The more expressive the hypoth-
esis class, the smaller the approximation error, but the larger the estimation error
can become. A learner is thus faced with the problem of picking a good tradeoff be-
tween these two considerations. The boosting paradigm allows the learner to have
smooth control over this tradeoff. Learning starts with a simple class (which may
have a large approximation error), and as it progresses, the class that the predictor
may belong to grows richer.

– The second issue that boosting addresses is the computational complexity of learn-
ing. A boosting algorithm amplifies the accuracy of weak learners. Intuitively, we
can think of a weak learner as an algorithm that uses a simple “rule of thumb” to
output a hypothesis that comes froman easy-to-learn hypothesis class and performs
just slightly better than a random guess. When a weak learner can be implemented
efficiently, boosting provides a tool for aggregating suchweak hypotheses to approx-
imate gradually a good predictor.

Figure 9.1 illustrates how properly aggregating weak hypothesis can solve a task on
which a weak hypothesis taken individually does not perform well.

Figure 9.1: An illustration of how a combination of simple base hypothesis behaves on a toy problem.

In this chapter, we start again by considering binary classification for the sake of
exposition, though ensemble methods apply to general classification tasks and regres-
sion.

https://doi.org/10.1515/9783111288994-009

https://doi.org/10.1515/9783111288994-009
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9.1 Weak learner

Let us first define the concept of γ-weak-learnability. In a binary classification setting, if
we were to randomly guess labels by tossing a fair coin each time, then in average, we
would be right half of the time and wrong just as much. For γ ∈ (0, 1/2), usually small, a
γ-weak-learner is a learner that merely does slightly better than that where it “slightly”
depends on γ.

Recall the realisability assumption in Definition 4.1.2 forℋ,𝒟, f : there exists h ∈ ℋ
such that R𝒟,f (h) = 0.

Definition 9.1.1. A hypothesis classℋ is γ-weak PAC-learnable if there exists a function
mℋ : (0, 1) → ℕ with the following property: for every δ ∈ (0, 1), every distribution 𝒟
over 𝒳 , and every labeling function f : 𝒳 → {0, 1}, when running 𝒜ERM on m ≥ mℋ(δ)
i. i. d. samples, the hypothesis h𝒜 is such that with probability at least 1 − δ,

RD(h𝒜) ≤ 1/2 − γ.

Note that this definition is almost identical to the definition of PAC learnability in
Definition 4.1.4 with the key difference that PAC learnability implies the ability to find
an arbitrarily good classifier with generalization error at most (arbitrarily small) ϵ > 0,
whereas in weak learnability, we need to only output a hypothesis with generalization
error at most 1/2 − γ for fixed γ > 0, that is, whose error rate is slightly better than that
given by random labeling. The hope is that it may be easier to come up with efficient
weak learners than with efficient (full) PAC learners.

One idea is to take a “simple” hypothesis class, the base class denoted by ℬ, and to
apply ERMwith respect toℬ as theweak learning algorithm, and then find away to com-
bine these weak learners into a strong learner. Ideally, we want ERMℬ to be efficiently
implementable and any ERMℬ hypothesis to have an error of at most 1/2 − γ.

Remark 9.1.2. What can be considered base classes?
– Decision stumps:

ℋDS = {x 󳨃→ (sign(θ − xj)b)j=1,...,d ; x ∈ ℝ
d , θ ∈ ℝ, b ∈ {±1}}.

They partition the feature space in a dimension j using a threshold θ.
– Decision trees: Let the feature space beℝd . A binary regression tree with k-depth is

given by

h(x) = ∑
B∈𝒜
(−1)1{B−1=0}1{x∈B},

where𝒜 is the set of sets defined recursively: start with𝒜(0) = {ℝd}, then for fixed
θ(0) ∈ ℝ, b(0) ∈ {±1}, and j(0) ∈ {1, . . . , d}, we can generate𝒜(1) = {A0,A1}where A0 =
{x ∈ ℝd : (θ(0) − xj(0) )b(0) < 0} and A1 = {x ∈ ℝ

d : (θ(0) − xj(0) )b(0) ≥ 0}. Then the
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next partition is defined in A0 or A1 according to some criteria (e. g., minimizing
the ERM), again given fixed θ(1) ∈ ℝ, b(1) ∈ {±1}, and j(1) ∈ {1, . . . , d}, we attain
𝒜(2) = {A00,A01,A11}, where A01 = {x ∈ A0 : (θ

(1) − xj(1) )b(1) ≥ 0}, and A00 ∪ A01 = A0
and A00 ∩ A01 = 0. By B−1 we denote the last index of the set, e. g., for A011, we have
B−1 = 1. A decision stump is a 1-depth binary regression tree.

– Whereas traditionally the function space of decision stumps/trees were the de facto
base classes, we can also use linear functions, splines, SVMs, shallow networks,
etc.

Let us see an example of how to find an optimal h ∈ ℋDS in the class of decision
stumps.

Example 9.1.3. Let 𝒳 = ℝd and consider the base hypothesis

ℋDS = {x 󳨃→ sign(θ − xj)b : θ ∈ ℝ, j ∈ {1, . . . , d}, b ∈ {±1}}.

Note that the parameter b flips the signs of the labels; for simplicity, let b = 1. Let S =
{(x1, y1), . . . , (xm, ym)} ⊂ ℝ

d×{−1, 1} be a training set.We show how to implement an ERM
rule, namely, how to find a decision stump that minimizes L(h).

Each decision stump is parameterized by an index j ∈ {1, . . . , d} (selects which di-
mension of the feature vector to split over) and a threshold θ ∈ ℝ. Thusminimizing L(h)
amounts to solving the minimization problem

min
j∈{1,...,d}

min
θ∈ℝ
( ∑
i:yi=1

1{xi,j≥θ} + ∑
i:yi=−1

1{xi,j<θ}), (9.1)

where xi,j denotes the jth component of the ith data point. Here the empirical loss is
expressed to show the mislabeling when the true label is positive and the prediction
is negative, and when the true label is negative and the prediction is positive. We can
simplify the above further.

Fix j ∈ {1, . . . , d} and relabel the training examples so that x1,j ≤ x2,j ≤ ⋅ ⋅ ⋅ ≤ xm,j . Let
us define the set Θj = {

xi,j+xi+1,j
2 : i ∈ {1, . . . ,m − 1}} ∪ {x1,j − 1, xm,j + 1}. This sets up a grid

for which, for any θ ∈ ℝ, there exists θ′ ∈ Θj that yields the same predictions for the
sample S. Then we can minimize θ over the set Θj .

This gives us an efficient procedure: choose j ∈ {1, . . . , d} and θ ∈ Θj that minimize
the objective value in (9.1).

9.2 AdaBoost

AdaBoost (short for Adaptive Boosting), informally, is an algorithm that combines clas-
sifiers from simple base classes to form a well-performing classifier.
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9.2.1 Definition and performance guarantees

Definition 9.2.1 (Weighted empirical loss). Let S = {(xi, yi)}
m
i=1 be a dataset, and let

D ∈ ℝm be a probability vector, that is, all coordinates of D are nonnegative, and
∑i≤m Di = 1. A weighted empirical loss for a binary classifier h is defined as

LD(h) :=
m
∑
i=1

Di1{h(xi) ̸=yi}.

Note that if D = (1/m, . . . , 1/m), then LD(h) = L(h).

By introducing a probability vector D we assign a weight to each individual pre-
diction that weighs its contribution to the empirical error. Then we are able to express
importance of getting one prediction right over another. This is a fundamental concept
for the AdaBoost algorithm, which we now define.

Definition 9.2.2 (AdaBoost algorithm for binary classification). The AdaBoost algorithm
takes as input a training set of examples S = {(x1, y1), . . . , (xm, ym)}, a base class ℬ, and
γ ∈ (0, 1/2]. A classifier is built sequentially. Let the initial datapoint probability vector
D(1) ∈ ℝm be given by (1/m, . . . , 1/m). At each timestep t = 1, . . . , T (also called round),
the algorithm proceeds as follows:
1. Using the probability vector D(t) and the sample S, find ht ∈ ℬ such that LD(t) (ht) ≤

1/2 − γ.
2. Compute the error of ht , ϵt = LD(t) (ht) and the classifier weight wt =

1
2 log(

1
ϵt
− 1).

3. Update the probability vector over the samples S, denoted by D(t+1) ∈ ℝm,

D(t+1)i =
D(t)i exp(−wtyiht(xi))

∑mj=1 D
(t)
j exp(−wtyjht(xj))

, i = 1, . . . ,m.

After T iterations, the classifier returned by AdaBoost is

fw(x) = sign(
T
∑
t=1

wtht(x)).

Note that if at any t, we have ϵt = 0, then theweak learnerht actually perfectly fits all
datapoints. Since the principle of AdaBoost is to aggregate weak learners, we implicitly
assume that this does not happen and ϵt > 0 for all t = 1, . . . , T .

Remark 9.2.3. Although D(t+1) is computed using the performance of ht and the proba-
bility vector D(t), it contains the information of the ensemble up until t − 1 through D(t).
Indeed, D(t+1)i is proportional to 1

m exp(−yi ∑
t
k=1 wkhk(xi)). Thus the updated probability

vector D(t+1) will give a higher probability mass to the training examples on which the
previous classifiers h0, . . . , ht were incorrect and a lower probability mass to training
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examples on which h1, . . . , ht were correct, thus, for example, giving the highest weight
to the points that were misclassified by all previous classifiers.1

Remark 9.2.4. Besides D(t), which distributes masses at data points at each timestep t,
another quantity plays a role of weight, namely, wt . It gives the weights of the contribu-
tion of the base classifier ht at timestep t in the final model fw.

Remark 9.2.5. The number of timesteps/rounds T is often a hyperparameter of the Ad-
aBoost algorithm.

What can be said of a classifier obtained using AdaBoost? In the following theo-
rem, we show that the training error of a classifier generated using AdaBoost is upper
bounded and exponentially decaying.

Theorem 9.2.6. Let S be a training set and assume that at each iteration of AdaBoost,
we obtain a hypothesis ht for which ϵt ≤ 1/2 − γ. Then the training error of the output
hypothesis of AdaBoost fw is at most

L(fw) =
1
m

m
∑
i=1
1{fw(xi) ̸=yi} ≤ exp(−2γ

2T).

Proof. For each round t, let f̃t = ∑k≤t wkhk , so that the output of AdaBoost is fw :=
sign(f̃T ). In addition, let

Zt :=
m
∑
i=1

D(t)i e−yiwtht(xi),

which is the normalization factor, so that D(t+1)i is indeed a probability distribution.
Unrolling the recurrence to get D(t+1) from D(t), for all i = 1, . . . ,m, we can write

D(t+1)i = D
(1)
i

t
∏
k=1

exp(−wkyihk(xi))
Zk

=
1
m
×
exp(−yi ∑

t
k=1 wkhk(xi))
∏Tt=1 Zt

=
1
m
×
exp(−yi f̃t(xi))
∏tk=1 Zk

.

Note that 1{fw(x) ̸=y} ≤ e
−yfw(x), since x is misclassified by fw if and only if f̃T (x) and y

have opposite signs. Therefore

L(fw) =
1
m

m
∑
i=1
1{fw(xi) ̸=yi}

1 A video that shows the Adaboost algorithm: https://www.youtube.com/watch?v=k4G2VCuOMMg

https://www.youtube.com/watch?v=k4G2VCuOMMg
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≤
1
m

m
∑
i=1

exp(−yi f̃T (xi))

=
m
∑
i=1

D(T+1)i

T
∏
t=1

Zt

=
T
∏
t=1

Zt .

We now rewrite Zt as

Zt =
m
∑
i=1

D(t)i exp(−wtyiht(xi))

= ∑
i:yi=ht(xi)

D(t)i exp(−wt) + ∑
i:yi ̸=ht(xi)

D(t)i exp(wt)

= (1 − ϵt) exp(−wt) + ϵt exp(wt)

by the definition of ϵt . Furthermore, by the definition of wt =
1
2 log(1/ϵt − 1), we get

Zt = (1 − ϵt)√
ϵt

1 − ϵt
+ ϵt√

1 − ϵt
ϵt

= √4ϵt(1 − ϵt).

By our assumption we have that ϵt ≤ 1/2 − γ, and we can bound the quantity above:

Zt ≤ √1 − 4γ2,

since g(x) = x(1 − x) is increasing in [0, 1/2]. We thus have proven that

L(fw) ≤ (1 − 4γ
2)
T/2
.

To conclude, recall that for all x ∈ ℝ, the exponential function satisfies 1 + x ≤ exp(x),
so that 1 − 4γ2 ≤ exp(−4γ2), which entails that

L(fw) ≤ exp(−2γ
2T),

as claimed.

Thanks to Theorem 9.2.6, we see that even though the base classifier ht performs
only slightly better than a purely (uniform) random guess, AdaBoost is able to choose a
linear combination of them that yields a predictor whose error on the dataset decreases
exponentially fast in the number of base learners. However, our primary concern is the
true risk of the output hypothesis, i. e., the generalization error. For example, if we drive
the training error to zero (i. e., the number of rounds T grows), then will we overfit?
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Although initially it was believed that yes [17], it has been observed that the test error
can still decrease even when the training error is 0.

Because of this, a new analysis of the AdaBoost algorithm was given based on the
concept ofmargin.

Definition 9.2.7 (Margin). For any datapoint (x, y), themargin for a classifier f = ∑t wtht
is defined as

mf (x, y) =
y∑t wtht(x)
∑t |wt|

.

Themargin is a number computed for anydatapoint (x, y) that lies between−1 and 1.
It is positive if and only if f classifies the example correctly, attaining 1 when all the base
classifiers are correct and −1 when all the base classifiers misclassify the datapoint. Fur-
thermore, the magnitude of the margin can be interpreted as a measure of confidence
on the prediction, namely, if it is close to 0, then the weighted average of the predictions
is split between classifying the point correctly and incorrectly. It was proved in [3] that
larger margins on the training set translate into a better upper bound on the general-
ization error. In particular, the generalization error for any θ > 0 is bounded with high
probability:

RD(f ) ≤ ℙ(x,y)∼S[mf (x, y) ≤ θ] + O(√
d
mθ2
),

where d denotes the Vapnik–Chervonenkis (VC) dimension of the base hypothesis class
(VC dimension is mentioned in Remark 4.2.5),m is the sample size of dataset S, and dat-
apoint (x, y) is uniformly sampled from the training dataset S. Following the notion of
margins, this bound has been explored and refined further [40].

9.2.2 Connections of AdaBoost to other models

We saw, through AdaBoost, that boosting essentially applies theweak classification algo-
rithm to repeatedly modified versions of the data, producing a sequence of weak classi-
fiers ht(x), t = 1, . . . , T . The predictions are then combined through a weighted majority
vote to produce the final prediction:

fw(x) = sign(
T
∑
t=1

wtht(x)),

where wt is computed by the boosting algorithm, weighting the contribution of each
respective ht . Their effect is to give higher influence to the more accurate classifiers in
the sequence.
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In this section, we will first show that AdaBoost belongs to the family of additive
models, optimizing a specific loss function, the exponential loss function, following [19].
This equivalence was only understood a few years after AdaBoost inception.

Definition 9.2.8 (Additive models). An additive model f is a function of the form

f (x) =
T
∑
t=1

wth(x;ψt),

wherewt are the expansion coefficients, and h(x;ψ) ∈ ℝ are usually simple functions of
the multivariate argument x, characterized by a set of parameters ψ.

An example of additive models is when each map h(x;ψ) is a decision stump, and
ψ parameterizes the split variables and split points. However, more general basis func-
tions can be used to in additive models to generate a probability estimate for the class
membership or regression models.

Additivemodels canbefit byminimizing a loss function ℓ averaged over the training
data:

min
{wt ,ψt}

T
t=1

m
∑
i=1
ℓ(yi,

T
∑
t=1

wth(xi;ψt)). (9.2)

However, theminimization problem (9.2) requires computationally intensive numerical
optimization techniques. A simple alternative is to solve the subproblem of fitting just
a single basis function at a time. This is called a forward stagewise procedure and aims
to approximate the solution of (9.2) by sequentially adding new basis functions to the
expansion without adjusting parameters and coefficients (w,ψ) of those that have been
already added. This is outlined in Algorithm 9.1.

Algorithm 9.1: Forward stagewise additive modeling.
1 initialize f0(x) = 0
2 for t = 1, . . . , T do
3 Compute (wt ,ψt) = argminw,ψ∑

m
i=1 ℓ(yi, fk−1(xi) + wh(xi;ψ))

4 Set ft(x) = ft−1(x) + wth(x;ψt)
5 end

At each iteration t, we solve for the optimal basis function h(x;ψt) and correspond-
ing wt to add to the current expansion ft−1(x). This produces ft(x), and the process is
repeated. Previously added terms are not modified. Boosting can be seen as a way of
fitting an additive expansion in a set of elementary “basis” functions, as shown in the
next lemma.
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Lemma 9.2.9. The AdaBoost algorithm (Definition 9.2.2) is equivalent to an additive
model f solved via a forward stagewise procedure using the loss function

ℓ(y, f (x)) = exp(−yf (x))

and basis functions that map to {−1, 1}.

Proof. Considering the exponential loss, the tth step minimization reads

(wt ,ψt) = argmin
w,ψ

m
∑
i=1

exp(yi(ft−1(xi) + wh(xi;ψ))).

Let η(t)i = exp(−yi(ft−1(xi))) for all i ∈ {1, . . . ,m}. Then the loss can be written as

m
∑
i
ℓ(y, ft(x)) = exp(−w) ∑

i:yi=h(xi ;ψt)
η(t)i + exp(w) ∑

i:yi ̸=h(xi ;ψt)
η(t)i

= exp(−w)
m
∑
i=1

η(t)i + (exp(w) − exp(−w))
m
∑
i=1

η(t)i 1{yi ̸=h(xi ;ψt)}.

Solving the optimization sequentially, for a fixed weight w, solve for the parame-
ter ψ

ψ̂ = argmin
ψ

m
∑
i=1

η(t)i 1{yi ̸=h(xi ;ψ)},

which recovers the predictor h(x; ψ̂) that minimizes a prediction error weighted by η(t)i .
Then, for given h, we can compute the derivative of the objective with respect tow, and
setting it to 0 yields

0 = − exp(−w)
m
∑
i=1

η(t)i + (exp(w) + exp(−w))
m
∑
i=1

η(t)i 1{yi ̸=h(xi)}.

Multiplying the equation by exp(w) and using the fact that∑mi=1 η
(t)
i = ∑

m
i=1 η
(t)
i 1{yi=h(xi)}+

∑mi=1 η
(t)
i 1{yi ̸=h(xi)} yield

0 = exp(2w)
m
∑
i=1

η(t)i 1{yi ̸=h(xi)} −
m
∑
i=1

η(t)i 1{yi=h(xi)}.

Then we have

w = 1
2
log(
∑mi=1 η

(t)
i 1{yi=h(xi)}

∑mi=1 η
(t)
i 1{yi ̸=h(xi)}

).

Then we can recover the AdaBoost error by noting that
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η(t)i
∑mj=1 η

(t)
j

= D(t)i .

Then ϵt :=
∑mi=1 η(t)i 1{yi ≠h(xi )}
∑mj=1 η(t)j = ∑mi=1 D

(t)
i 1{yi ̸=h(xi)}. Thus w becomes the familiar coeffi-

cient

w = 1
2
log( 1 − ϵt

ϵt
).

At each stage of the forward stagewise procedure, another term that corresponds to the
new weak classifier at each stage of the AdaBoost is added.

9.2.3 AdaBoost for regression

Although in this chapter, we have focused mainly on binary classification tasks, solving
multiclass and regression tasks with boosting is also possible. One of the first extensions
of AdaBoost to regression tasks, called AdaBoost.R, is done in [18], where a regression
problem is reduced to a binary classification problem, and then the familiar AdaBoost al-
gorithm is applied, thus enjoying similar theoretical properties as the original AdaBoost
algorithm. A subsequent modification of AdaBoost.R is presented in [16], which we dis-
cuss in this brief section as it is a popular method used in practice as the method imple-
mented in the scikit-learn library.

Definition 9.2.10 (Weighted general empirical loss). Let S = {(xi, yi)}
m
i=1 be a dataset,

and let D ∈ ℝm be a probability vector, that is, all elements of D are nonnegative, and
∑i≤m Di = 1. A weighted empirical loss for a general learner h is defined as

LD(h; ℓ) :=
m
∑
i=1

Diℓ(yi, h(xi))

for any ℓ : 𝒴 × 𝒴 → R+.

Definition 9.2.11 (AdaBoost.R2). The AdaBoost.R2 algorithm takes as input a training set
of examples S = {(x1, y1), . . . , (xm, ym)} and a base class ℬ. A regressor is built sequen-
tially. Let the initial datapoint probability vector D(0) ∈ ℝm be given by (1/m, . . . , 1/m).
At each timestep t, while the empirical loss LD(t) (ht ; ℓ) is smaller than 0.5 for a suitable
loss ℓ with range in [0, 1], the algorithm proceeds as follows:
1. Pick m samples from the dataset S to form the training set St by sampling with re-

placement, considering the sampling probability of each point to be given by D(t)i .
2. Train a predictor ht ∈ ℬ using the training set St .
3. Compute the loss for each training sample in S, denoting ℓi = ℓ(yi, ht(xi)). Then

compute the empirical loss LD(t) (ht ; ℓ).



9.2 AdaBoost � 157

4. Compute the predictor weight wt =
LD(t) (h;ℓ)

1−LD(t) (h;ℓ) .
5. Update the datapoint probability vector:

D(t+1)i =
D(t)i w1−ℓi

t

∑mj=1 D
(t)
j w1−ℓj

t

, i = 1, . . . ,m.

At the end of iterations, for any input x, each of the T predictors ht makes a predic-
tion ht(x), yielding a set of ranked predictions Y = {h(1)(x), . . . , h(T)(x)}, where h(1)(xi) ≤
h(2)(xi) ≤ ⋅ ⋅ ⋅ ≤ h(T)(xi) (as well as the associated wt). The approximator built by Ad-
aBoost.R2 returns the value

fw(x) = inf{y ∈ Y : ∑
t:h(t)≤y log(1/w(t)) ≥

1
2
∑
t
log(1/w(t))}. (9.3)

The response returned by the ensemble prediction by AdaBoost.R2 is aweightedmedian
value.

To clarify some steps of the algorithm, let us make a few comments. Steps 1 and 2
could be replaced with training ht on LD(t) (ht , ℓ) directly instead of creating a new
dataset St ; however, the version above is the widely used algorithm introduced in [16].
In step 4, note that by definition we have wt < 1. This weight wt can be interpreted as
a measure of confidence in the predictor; namely, in this case, a small wt means a high
confidence in the prediction by observing the effect ofwt in equation (9.3). Furthermore,
as wt < 1, we can see that in step 5, the smaller the loss ℓi, the smaller the probability
D(t+1)i , that is, the probability that point i will be picked as a member of the training set
S1 in the next iteration.

Remark 9.2.12. In the definition of AdaBoost.R2, we require the loss range to be in [0, 1].
A common way to guarantee this is computing the quantity N := sup(xi ,yi)∈S1 |ht(xi) − yi|.
Then common loss choices are given as
– ℓi = |ht(xi) − yi|/N , which yield a linear loss,
– ℓi = |ht(xi) − yi|

2/N2, a square loss, and
– ℓi = 1 − exp (−|ht(xi) − yi|/N), an exponential loss.

As mentioned, although this is a popular method in practice, by definition we have
no guarantee that the training error goes to zero as the number of rounds increases.
In particular, as the datapoint probability for some point i, D(t)i increases, which means
that difficult examples are more likely to be chosen for the next iteration training set.
Each subsequent approximator has a harder set of examples to train on. Thus the em-
pirical loss of the last weak learner tends to increase as the algorithm continues, and
ultimately, when the bound LD(t) (ht ; ℓ) < 0.5 is not satisfied, it leads to the termination
of the algorithm. Furthermore, there is no guarantee that the algorithm will always ter-
minate.



158 � 9 Ensemble methods

An example of using AdaBoost.R2 for regression to learn a quadratic function can
be found in Figure 9.2

Figure 9.2: Example of AdaBoost for regression tasks. Max-depth = 1 corresponds to decision stumps as
the base learner.

9.3 Gradient boosting

Wefinish this chapter by briefly introducingGradient Boosting, an algorithm introduced
in [20] as a greedy function approximation after AdaBoost. Similarly to AdaBoost, Gra-
dient Boosting can be thought of as an additive model of the form

fT (x) =
T
∑
i=0

wtht(x).

The main difference between AdaBoost and Gradient Boosting is that the predictor
added at time t is not introduced by finding a good predictor on the reweighted data,
but rather through approximating gradient steps.

Namely, let us consider the following quantity at some discrete time t:

gt(xi) = −[
𝜕ℓ(yi, f (xi))
𝜕f (xi)

]
f (x)=ft−1(x), i = 1, . . . ,m.

This gives an approximation of the best steepest-descent step direction by considering
m gradient estimates g⃗t = {gt(xi)}

m
i at ft−1(x). The idea of gradient boosting is to approx-

imate this quantity, thus mimicking the gradient descent step. One first clear advantage
of this formulation is that we can consider a general loss function ℓ as long as it is dif-
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ferentiable. Another advantage is that it is computationally efficient. Let us now define
the algorithm.

Definition 9.3.1 (Gradient Boosting). The Gradient Boosting algorithm takes as input a
training set of examples S = {(x1, y1), . . . , (xm, ym)} and a base class ℬ. A regression is
built sequentially. At initialization we have
– w0 = argminρ∑

m
i=1 ℓ(yi, ρ),

– h0(x) ≡ 1,

yielding the constant initial approximation f0(x) = w0. Then for t = 1, . . . , T , we
have:
1. Compute the steepest-descent step direction for each training sample:

ỹi = −[
𝜕ℓ(yi, f (xi)
𝜕f (xi)

]
f (x)=ft−1(x), i = 1, . . . ,m.

2. Find a function ht that best approximates the steepest-descent step direction:

ht , βt = argmin
h,β

m
∑
i=1
(ỹi − βh(xi)).

3. Compute the coefficient that minimizes the loss (this can be interpreted as the
stepsize in the gradient descent):

wt = argmin
w

m
∑
i=1
ℓ(yi, ft−1(xi) + wht(xi)).

4. Update the model: ft(x) = ft−1(x) + wtht(x).

At the end of the iterations, the method returns the predictor

fT (x) =
T
∑
i=0

wtht(x).

Remark 9.3.2. If the loss function is the square-loss function ℓ(x, y) = 1
2 ‖x − y‖

2, then
the quantities ỹi can be interpreted as the differences between the predictor ft−1 and the
true label yi. Then step 3 can be skipped as the coefficient βt is equivalent to wt .

With Gradient Boosting, the task of classification or regression boils down to the
appropriate choices of loss ℓ and base classifier ℬ with a possible final transformation
on fT to yield, for instance, a label or a probability estimate (see details in [20]).
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9.4 Implementation details

In this section, we present some code snippets that use AdaBoost and ensemblemethods
to solve problems in classification and regression.

Listing 9.1: Linear regression model using scikit-learn

1 from sklearn.model_selection import train_test_split

2 from sklearn.datasets import load_iris

3 from sklearn.ensemble import AdaBoostClassifier

4

5 X, y = load_iris(return_X_y=True)

6 X_train , X_test , y_train , y_test = train_test_split(X, y,

random_state =0)

7

8 classifier = AdaBoostClassifier(n_estimators =100)

9 classifier.fit(X_train , y_train)

10 y_pred = classifier.predict(X_test)

11

12 print(f"Mean accuracy: {classifier.score(X_test ,y_test)}")

Listing 9.2: Linear regression model using scikit-learn

1 import numpy as np

2 from sklearn.ensemble import AdaBoostRegressor

3 from sklearn.tree import DecisionTreeRegressor

4

5 # Generating data , learning the quadratic function in

[-1,1]

6 X_train = np.linspace(-1, 1, 100)[:,np.newaxis]

7 y_train = X.ravel()**2

8 X_test = np.array(sorted(np.random.uniform(low=-1,high=1,

size =200)))[:,np.newaxis]

9

10 regressor = AdaBoostRegressor(DecisionTreeRegressor(

max_depth =3),n_estimators =30)

11 # Taking DecisionTrees with maximum depth 3 to

be the base learners

12

13 regressor.fit(X_train , y_train)

14 print(f"r2-score: {regressor.score(X_test ,X_test.ravel()

**2)}")

For more details and examples, visit the code repository: https://github.com/hanveiga/
tmml

https://github.com/hanveiga/tmml
https://github.com/hanveiga/tmml
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10 Topics in unsupervised learning

So far, we have always assumed that we have access to a data-generating process D that
provides a pair of inputs and outputs (x, y), thus providing labeled data. In this section,
we assume that we no longer have access to labeled data. We have access to a set of
datapoints 𝒳 = {xi}

m
i=1 and want to make sense of them. More formally, unsupervised

learning tasks often correspond to minimizing a loss function of the form

L(f ) = 1
m

m
∑
i=1
ℓ(f (xi), xi),

where {xi; i = 1, . . . ,m} is the unlabeled dataset, and ℓ is a nonnegative map measuring
the error at one datapoint. This is similar to the empirical risk minimization framework
in supervised learning, that is, (1.3) with xi in place of the label yi. In this chapter, we
discuss two families of unsupervised learning tasks, clustering and dimensionality re-
duction. Both of them fall into the above formalism.

Clustering is used often for exploratory data analysis, because it can find similar-
ities and groupings between unlabeled datapoints. For example, suppose you get a set
of articles from newspapers and you want to organize them by topic: you want to find
natural groupings based, for instance, on the dominant topic.

Dimensionality reduction is used when the elements of the dataset lives in a very
high-dimensional space 𝒳 , but the data actually lie on a lower-dimensional manifold
embedded in the high-dimensional space. The dimensionality reduction task consists in
finding such a low-dimensional space. This is the case where the data are composed of
many possibly highly correlated variables, sometimes more numerous than the num-
ber of datapoints. For example, in DNA sequencing, several thousands of genes can be
sequenced for one observation.

10.1 Clustering

We can think of the task of clustering as grouping sets of objects such that similar ob-
jects are in the same group (cluster) and dissimilar objects are in different clusters.
There are, however, some difficulties on how to formally define similarity and dissim-
ilarity. For instance, in Figure 10.1, two different notions of similarity will lead to two
distinct groupings. In the first grouping, similarity means that points that are close to
each other are similar and belong to the same cluster, whereas in the second grouping,
we find clusters that minimize the interdistance between the points inside the same
cluster.

These are two important challenges with clustering:
– Ambiguity in the notion of similarity: The two aforementioned views seem to

contradict each other.

https://doi.org/10.1515/9783111288994-010

https://doi.org/10.1515/9783111288994-010
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Figure 10.1: Cluster assignment under different notions of similarity.

– Lack of ground truth: Often, there is no true label to the cluster membership, and
thus the evaluation of the clustering strategy can be “subjective” and cumbersome.

10.1.1 Definitions

Let us formalize a clustering model with the following definition. In this section, we
consider a metric space 𝒳 endowed with a metric d : 𝒳 ×𝒳 → ℝ+0 . The set of subsets of
𝒳 is denoted by S(𝒳 ) = {B ⊂ 𝒳 }.

Definition 10.1.1 (Clustering model). We say that a function f : 𝒳 → S(𝒳 ) is a clustering
model on 𝒳 if it satisfies
– x ∈ f (x) ∀x ∈ 𝒳 .
– For all x, x′ ∈ 𝒳 , either f (x) = f (x′), or f (x) ∩ f (x′) = 0.

The set of clusters of f is denoted by Cf := {f (x); x ∈ 𝒳 } (without repetition). It is a
partition of 𝒳 .

We alsomake clear that f (xi) returns all points in the cluster for which xi belongs to.
For example, let us consider the set 𝒳 = {x1, x2, x3, x4, x5} and some clustering function f
that returns two clusters Cf = {{x1, x2, x3}, {x4, x5}}. Then, for example, the output of the
clustering function at x1 is f (x1) = {x1, x2, x3}.

Remark 10.1.2. The number of clusters |Cf | is often a quantity that has to be specified.

In the supervised learning formalism, we considered a data distribution D generat-
ing i. i. d. inputs and labels (xi, yi). The empirical risk minimization framework used the
dataset {(xi, yi)}

m
i=1 as an approximation of the real data distribution, so that we could

use the empirical loss as a proxy of the true loss. It is possible to reason similarly in the
unsupervised learning framework, but we refrain to do so and instead work directly
with a finite set of inputs for the following reasons: a) We are generally given a finite set
of objects, which is not seen as a proxy to a larger set, and b) the inputs are often not
independent. Therefore we write the objective to optimize a clustering task directly on
a finite set.
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We consider a finite set 𝒳 = {xi}
m
i=1 ⊂ 𝒳 . The set of partitions of 𝒳 is denoted by

𝒫(𝒳 ).

Definition 10.1.3. Let 𝒞(𝒳 ) be the set of clustering models on 𝒳 , and let 𝒞(𝒳 ) ⊂ 𝒞(𝒳 ) be
a subset of clustering models. A clustering task corresponds to solving

argmin
f ∈𝒞(𝒳)

L(Cf ,𝒳 )

for a well-chosen loss function L : 𝒫(𝒳 ) × 𝒳 → ℝ+.

For now, the above definition is abstract since the dependence of L on the metric
d is implicit, as well as the choice of the valid clusterings 𝒞(𝒳 ). Note that we can then
perform a classification to generalize outside 𝒳 using a clusteringmodel f . Namely, for a
new point x ∈ 𝒳 that is not in𝒳 , we can attribute it to the right clustermembership. One
way is solving a supervised learning task on the now labeled dataset {(xi, g(f (xi))); i =
1, . . . ,m}, where g : 𝒫(𝒳 ) → ℕ returns an identifier to any cluster in Cf . Another way is
to iteratively attribute new points to the closest present clusters. In this book, we thus
prefer to consider the clustering and the classification tasks as two separate endeavors.

10.1.2 Procedural clustering

A clustering algorithm assumes that points that are close to each other according to
the metric d belong to the same cluster. The general procedural algorithm proceeds as
follows. Given a set of points 𝒳 = {xi}

m
i=1,

1. Each point starts in its own cluster.
2. Iteratively, based on the distances between clusters constructed from d, two nearby

clusters merge into one cluster.
3. Ends according to some stopping criterion.

Thus the number of clusters decreases at each iteration of the algorithm. In the limit, one
large cluster is generated if there are no additional stopping criteria. This procedure is
said to be agglomerative. Starting from one big cluster and splitting procedurally are
also possible, and in that case the algorithm is said to be divisive.

There are several ways for the metric d to induce a distance between two clusters
A and B. Common distances are
– Single linkage:

D(A,B) = min{d(x, y) : x ∈ A, y ∈ B}.

– Average linkage:

D(A,B) = 1
|A||B|
∑
x∈A
∑
y∈B

d(x, y).
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– Maximum linkage:

D(A,B) = max{d(x, y) : x ∈ A, y ∈ B}.

Asmentioned above,without stopping criterion, procedural clustering ends at the trivial
clustering f (xi) = {xi}

m
i=1. Hence we need to constrain the clustering models. Common

restrictions are, for instance, prescribing the number of clusters or setting a distance
δ > 0 such that the algorithm stops when all clusters are at distance at least δ from
each other. (Mixtures of the two conditions are also used.) In what follows, we will only
consider the set of clustering models on 𝒳 with exactly k clusters, denoted by 𝒞k(𝒳 ).

ForB ⊂ 𝒳 , let ℓ(B) := 1/D(𝒳 \B,B)with the convention thatD(0,B) = ∞ and 1/∞ = 0.
Let L(f ) := maxB∈Cf ℓ(B). Then the clustering can be written as

argmin
f ∈𝒞k (𝒳)

L(f ). (10.1)

By seeking the argmin of L(f )we find a clustering function that maximizes the distance
between the closest two clusters: consider 𝒳 = {1, 5, 10} and the Euclidean distance d
on ℝ; then if f , g are such that Cf = {{1, 5}, {10}} and Cg = {{1}, {5, 10}}, then we see that
L(f ) = 1/d(5, 10) = 1/5 and L(g) = 1/d(1, 5) = 1/4, so that L favors f over g.

Formally, the procedural agglomerative algorithm is as follows: if k ≤ m, then
– f0(xi) = {xi} for all i = 1, . . . ,m.
– For n = 0, . . . ,m− k − 1, take B1 ̸= B2 ∈ Cfn that minimize D(B1,B2) and merge B1 and

B2, that is, fn+1(xi) = B1 ∪ B2 if xi ∈ B1 ∪ B2 and fn+1(xi) = fn(xi) otherwise.

The possible ambiguities (ties in minimal D(B1,B2)) can be lifted in any arbitrary way.

Theorem 10.1.4. If D is the single linkage or themaximum linkage distance, then the hier-
archical clustering algorithm converges to a solution of (10.1). Moreover, if the distances
{d(xi, xj); 1 ≤ i < j ≤ m} are pairwise distinct, then the optimum is unique.

The average linkage distance is harder to study because the distance between two
clusters depends on all points within that cluster. We refer the curious reader to Chap-
ter 8 of [32] for more detail on clustering methods, motivated by ecology, with a general
mathematical formalism.

Proof. We assume that {d(xi, xj); 1 ≤ i < j ≤ m} are pairwise distinct, the case where
it is not satisfied being easily treated by setting an arbitrary rule to get rid of possible
ties. To ease the presentation, we only consider the single linkage distance D(A,B) =
min{d(x, y) : x ∈ A, y ∈ B}.

We claim that an optimal clustering f∗, solution of (10.1), must satisfy the follow-
ing: the set of possible splittings of a cluster of f∗ into two nonempty clusters is finite.
Therefore there exists a splitting A1 ∪ A2 = f∗(xi0 ) such that D(A1,A2) is minimal among
splittings. Such a splitting satisfies
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D(A1,A2) < D(B1,B2) ∀B1 ̸= B2 ∈ Cf∗ . (10.2)

Indeed, suppose that it is not the case, that is, there exist B1 ̸= B2 ∈ Cf∗ such that
L(f∗) = 1/D(B1,B2) and D(B1,B2) < D(A1,A2) (the distances are pairwise distinct by as-
sumption). Let f ′ be the clustering obtained from f by splitting A1 and A2. Note that
L(f ′) = 1/D(B1,B2) = L(f∗). Then construct f ′′ by merging B1 and B2. Since we assume
that {d(xi, xj); 1 ≤ i < j ≤ m} are pairwise distinct, necessarily, L(f ′′) < L(f ′), which con-
tradicts the fact that f∗ is the optimum clustering with k clusters, since f ′′ also contains
k clusters. Therefore f∗ has a unique minimal splitting that satisfies (10.2).

Let f ′∗ be the cluster obtained after performing this minimal splitting. It is easy to
see that the optimal merging of this clustering, that is, merging B1 ̸= B2 ∈ Cf ′∗ such that
D(B1,B2) is minimal, yields the clustering f∗. By induction we get that the sequence of
minimal splitting starting from f∗ until reaching {{x1}, . . . , {xm}} is reversible, and the
reverse procedure sequentially performs optimal merging as described above. The se-
quential merging is precisely what the agglomerative clustering algorithm does, which
shows the claim and concludes the proof.

Note that the same argument can be applied to divisive procedural algorithms, i. e.,
starting from a single cluster and splitting it optimally iteratively until obtaining k clus-
ters.

Remark 10.1.5. The procedural clustering algorithm presented in this chapter outputs
a clustering with given number of clusters of a finite set of points 𝒳 . More generally, we
can be interested in the whole sequence of clusterings obtained from the initial cluster-
ing f0 = {{x1}, . . . , {xm}} to fm = {{x1, . . . , xm}}. This is, for instance, the case in Phylogeny,
wherewe can be interested in relating different species based on genetic distances. A hi-
erarchical clustering algorithm outputs a treewhose set of leaves is𝒳 and internal nodes
are clusters. Using a procedural method, we can define a hierarchical clustering as the
tree obtained by keeping track of all steps such that the nodes of the tree at height n are
the clusters of the procedural algorithm at step n. Recent efforts weremade to frame dif-
ferent hierarchical clustering algorithms as an optimization problem with a loss func-
tion on trees, which we believe were initiated by [14].

10.1.3 Centroid-based clustering

Recall that the set of points𝒳 = {xi}
m
i=1 is embedded in ametric space (𝒳 , d). The centroid

of a cluster Ci is defined as

μ(Ci) = argmin
μ∈𝒳
∑
x∈Ci

d(x, μ).

A common distance to consider is the squared distance d(x, μ) = ‖x−μ‖2. Note that μ(Ci)
needs not be – and in general is not – an element of Ci.
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Remark 10.1.6. Other distances can be defined, for example,

μ(Ci) = argmin
μ∈𝒳
∑
x∈Ci

|x − μ|,

which instead of considering the squared distance, considers the L1 distance. These will,
in turn, yield a different objective and solution.

In the previous section, the loss functionwas calculated from the distances between
clusters. Given a notion of distance and the centroid definition, we define a loss function
as follows: for a clustering, f and its clusters Cf , define

L(Cf ,𝒳 ) :=
m
∑
i=1
ℓ(f (xi), xi),

where ℓ(f (xi), xi) := d(μ(f (xi)), xi).

Weseek tofind the pointmembership to the different clusters (C1, . . . , Ck) thatminimizes
the quantity above, namely, we seek to solve

argmin
f ∈𝒞

L(Cf ,𝒳 ), (10.3)

where 𝒞 ⊂ 𝒞 is a chosen set of valid clusterings, as before.
In this short section, we focus on the so-called k-means clustering. When points

𝒳 ⊂ ℝn, it uses the squared distance d(x, y) = ‖x − y‖2. Using this distance, we can write
the k-means objective function as follows:

Lk-means(Cf ,𝒳 ) =
k
∑
i=1
∑
x∈Ci

󵄩󵄩󵄩󵄩μ(Ci) − x
󵄩󵄩󵄩󵄩
2,

where the number of clusters k is fixed, and we aim to solve the minimization problem
as in (10.3).

Remark 10.1.7. Another notion of “center” of a cluster can be defined:

μ(Ci) = argmin
μ∈{xj}mj=1 ∑x∈Ci ‖x − μ‖

2,

which is called the medoid. In this case, this quantity is a point in Ci.

In general, the minimization problem (10.3) is not easy to solve because the space
of solutions is typically too large to search exhaustively, and since the centroid-based
clustering presented above is non-parametric, gradient-based methods do not apply to
optimize this particular loss. This also means that the k-means objective is not easy to
solve. An algorithm, called the k-means algorithm, has been derived to approximate the
solution to it. We describe it in Algorithm 10.1.



10.1 Clustering � 169

Algorithm 10.1: The k-means algorithm.
Input: A set of points {xi}

m
i=1 ⊂ 𝒳 ⊂ ℛ

n, number of clusters k
Output: C = {C1, C2, . . . , Ck} where each Ci is a set containing points x that

belong to that cluster
1 initialize positions μ1, . . . , μk randomly in ℝn

2 while no convergence do
3 ∀i ∈ [k] : C(t)i = {x ∈ {xi}

m
i=1 : i = argminj ‖x − μ

(t−1)
j ‖

2}

4 ∀i ∈ [k] : μ(t)i =
1
|Ci|
∑x∈C(t)i x.

5 end

This algorithms converges to a solution, but it neither solves the k-means objective
nor converges to a unique cluster assignment due to the randomness in the initializa-
tion. However, we have the following lemma.

Proposition 10.1.8. Each iteration of the k-means algorithm does not increase the
k-means objective function.

Proof. Let us consider the algorithm at time step t. Let μ(t−1)i = μ(C
(t−1)
i ). The k-means

objective, evaluated at the clusters from t − 1, reads

Lk-means(C
(t−1)
f ,𝒳) =

k
∑
i=1
∑

x∈C(t−1)i

󵄩󵄩󵄩󵄩μ
(t−1)
i − x
󵄩󵄩󵄩󵄩
2.

Following the algorithm, we have

∀i ∈ [k] : C(t)i = {x ∈ {xi}
m
i=1 : i = argmin

j

󵄩󵄩󵄩󵄩x − μ
(t−1)
j
󵄩󵄩󵄩󵄩
2},

yielding a new partition of 𝒳 , for which by definition

k
∑
i=1
∑

x∈C(t)i
󵄩󵄩󵄩󵄩μ
(t−1)
i − x
󵄩󵄩󵄩󵄩
2 ≤ Lk-means(C

(t−1)
f ,𝒳).

The new centroids are attained as

μ(t)i =
1
|C(t)i |
∑

x∈C(t)i x,

which is the solution to argminμ∑x∈C(t)i ‖μ − x‖2, and thus

k
∑
i=1
∑

x∈C(t)i
󵄩󵄩󵄩󵄩μ
(t−1)
i − x
󵄩󵄩󵄩󵄩
2 ≥

k
∑
i=1
∑

x∈C(t)i
󵄩󵄩󵄩󵄩μ
(t)
i − x
󵄩󵄩󵄩󵄩
2 = Lk-means(C

(t)
f ,𝒳).
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10.2 Dimensionality reduction

Dimensionality reduction can be motivated by the fact that data might lie in a low-
dimensional manifold embedded in a high-dimensional space, as well as some practi-
cal concerns, such as the desire to improve computational performance, reduce data
storage, and improve interpretability of the data.

Let us assume that we have a dataset 𝒳 = {xi}
m
i=1 ⊂ 𝒳 ⊂ ℝn. We want to find a

representation of 𝒳 in a lower-dimensional spaceℝr , where r ≪ n. Formally, wewish to
find a compression function f : ℝn → ℝr such that, for some reconstruction g : ℝr → ℝn,
we have

g(f (x)) ≈ x

for all x ∈ 𝒳 , meaning that the compression of x by f enables us a good recovery by g.
In this section, we describe the principal component analysis (PCA) method and a ker-
nelized version of it.

10.2.1 Principal component analysis

The principal component analysis (PCA) method considers functions f given by linear
maps, i. e., f is a matrixW ∈ ℝr×n, and g is a matrix U ∈ ℝn×r . Then the PCA technique
finds the matricesW and U that solve the minimization problem

argmin
W∈ℝr×n
U∈ℝn×r

m
∑
i=1
‖xi − UWxi‖

2, (10.4)

whichminimizes in a squared distance sense the reconstruction error ofU given a com-
pression byW . We may ask what can be said about matricesW and U , and how do we
solve this optimization problem? It turns out that there are easy and elegant ways to
compute these matricesW and U . The main result of this section is summarized in the
following theorem, giving us an explicit form for the matrices W and U based on 𝒳 ,
which we will prove toward the end of this section.

Theorem 10.2.1. Let 𝒳 = {xi}
m
i=1 be a set of vectors in ℝ

n. Let A = ∑mi=1 xix
T
i ∈ ℝ

n×n and
X = [x1, . . . , xm] ∈ ℝ

n×m. Then
1. A is a symmetric positive semidefinite matrix.
2. Let (v1, . . . , vr) be the r normalized eigenvectors of A corresponding to the r largest

eigenvalues ordered by decreasing size. Then the matrix U = (v1, . . . , vr) taking the
eigenvectors of A as columns and W = UT solve the minimization problem (10.4).

3. Let the singular decomposition of X be given byQΣPT . If U contains the first r columns
of Q, and if W = UT , then they solve the minimization problem (10.4).
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The theorem gives us twoways to compute the compression and reconstructionma-
tricesW and U . We also note the solutions obtained via items 2 and 3 are the same. We
first start by showing the relation between the compression matrixW and reconstruc-
tion matrix U in the following lemma.

Lemma 10.2.2. Let (U ,W ) be a solution to (10.4). Then the columns of U are orthonormal,
and W = UT .

Proof. Consider anyW and U and the function f (g(x)) = WUx. The range R of f (g(x)) is
an r-dimensional linear subspace of ℝn with a basis of r vectors in ℝn. Let V ∈ ℝn×r be
a matrix whose columns are an orthonormal basis of R. Any vector in R can be written
as Vα with α ∈ ℝr . Then, for all x ∈ ℝn and α ∈ ℝr , we have

‖x − Vα‖2 = ‖x‖2 + ‖α‖2 − 2αTVTx,

as VTV is the identity in ℝr , which we henceforth denote by ℐr . Taking the gradient of
the above with respect to α and setting it to zero yield

α = VTx.

Therefore, for each x ∈ ℝn, we have

Vα = VVTx = argmin
x̃∈R
‖x − x̃‖2.

Because this holds for every x1, . . . , xm, we can lower bound the objective

m
∑
i=1

󵄩󵄩󵄩󵄩xi − U
′W ′xi
󵄩󵄩󵄩󵄩
2 ≥

m
∑
i=1

󵄩󵄩󵄩󵄩xi − VV
Txi
󵄩󵄩󵄩󵄩
2

for all U ′ andW ′, and hence the result follows.

Using the fact thatW = UT , we can rewrite the objective.

Lemma 10.2.3. Objective (10.4) can be rewritten as

argmax
U∈ℝn×r :UTU=ℐr

tr(UT(
m
∑
i=1

xix
T
i )U),

where tr denotes the trace operator on matrices, i. e., tr(M) = ∑iMii.

Proof. Using the previous lemma, we can write (10.4) as

argmin
U∈ℝn×r :UTU=ℐr

m
∑
i=1

󵄩󵄩󵄩󵄩xi − UU
Txi
󵄩󵄩󵄩󵄩
2.

Then, for all x ∈ ℝn and orthonormal matrices U ∈ ℝn×r , expanding the above we have
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󵄩󵄩󵄩󵄩xi − UU
Txi
󵄩󵄩󵄩󵄩
2 = ‖xi‖

2 − 2xTi UU
Txi + x

T
i UU

TUUTxi
= ‖xi‖

2 − xTi UU
Txi

= ‖xi‖
2 − tr(UTxix

T
i U),

where we used a basic property of the trace for the last equality. Because the trace op-
erator tr is a linear operator and we want to minimize the quantity above with respect
to U , we can rewrite the objective as maximization

argmax
U∈ℝn×r :UTU=ℐr

tr(UT(
m
∑
i=1

xix
T
i )U),

yielding the result.

LetA = ∑mi=1 xix
T
i as in Theorem 10.2.1.We are now ready to prove themain theorem

of this section, Theorem 10.2.1.

Proof.
1. We verify that A is semipositive definite: for any vector α ∈ ℝn, we have

αT(
m
∑
i=1

xix
T
i )α =

m
∑
i=1

αT (xix
T
i )α =

m
∑
i=1
(αTxi)

TαTxi ≥ 0.

2. LetU ∈ ℝn×r be an arbitrarymatrixwith orthonormal columns such thatUTU = ℐr .
We write the spectral decomposition of A = ∑ni=1 λiviv

T
i , yielding the objective:

tr(UTAU) =
r
∑
i=1

uTi (
n
∑
j=1

λjvjv
T
j )ui

=
n
∑
j=1

λj
r
∑
i=1
(vTj ui)

2

=
n
∑
j=1

λjcj , (10.5)

where cj := ∑
r
i=1(v

T
j ui)

2. Nowwe show that i) cj ∈ [0, 1] for all j ≤ n and ii)∑
n
j=1 cj = r.

i) The vectors (u1, . . . , ur) form an orthonormal basis of a linear subspace of ℝn

of dimension r. We complete the basis by adding vectors ur+1, . . . , un such that
(u1, . . . , un) is an orthonormal basis of ℝn. Then any eigenvector vj admits a
representation with the basis above, that is, vj = ∑

n
i=1(v

T
j ui)ui for all j ≤ n. Then

vTj vj =
n
∑
i=1
(vTj ui)

2 = 1 ≥ cj =
r
∑
i=1
(vTj ui)

2 ≥ 0,

first by the orthogonality of the u basis, and second by vj being normalized.
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ii) We write

n
∑
j=1

cj =
n
∑
j=1

r
∑
i=1
(vTj ui)

2 =
r
∑
i=1

n
∑
j=1
(vTj ui)

2 = r

by using the same argument as above, since we can project any vector u ∈ ℝn

onto the basis {v1, . . . , vn}, and the vectors ui, i ≤ n, are normalized.
Then the maximum of (10.5) over all choices of c1, . . . , cn ∈ [0, 1]with∑nj=1 cj = r
is λ1+λ2+⋅ ⋅ ⋅+λr . This is achieved by c1 = c2 = ⋅ ⋅ ⋅ = cr = 1 and cr+1 = ⋅ ⋅ ⋅ = cn = 0,
i. e., when span{u1, . . . , ur} = span{v1, . . . , vr}, that is, we can choose u1, . . . , ur to
be v1, . . . , vr .

3. Let X = [x1, . . . , xm] with a singular decomposition given by QΣPT . Noting that A =
XXT , we have A = QΣPT (QΣPT )T . Simplifying the expression

A = QΣPT (QΣPT )T

= QΣPTPΣTQT

= QΣℐmΣ
TQT

= QΣΣTQT ,

we see that it constitutes a spectral decomposition of A by orthogonal matrices Q.
This concludes the proof.

It is often said that the PCA chooses the directions that contain themaximal variance
of the data. To have this interpretation, the data must be centered. For a dataset {xi}

m
i=1,

we compute the mean vector

μ = 1
m

m
∑
i=1

xi,

and subtracting it from the datapoints, it yields the centered data

x̃i = xi − μ ∀i.

Let us write the sample covariance matrix for the centered data 𝒳̃ , which is given by

C = 1
m

m
∑
i=1
(x̃i − μ̃)(x̃i − μ̃)

T =
1
m

m
∑
i=1

x̃ix̃
T
i ,

as μ̃ = 1
m ∑

m
i=1 x̃i = 0. This corresponds to the matrix A for the centered data up to a con-

stant 1
m . Thus, in this case, the PCA finds the eigenvectors with largest corresponding

eigenvalues, which are the directions where the covariance is largest. In Figure 10.2, we
see an example comparing the PCA performed on uncentered, centered, and standard-
ized data.
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Figure 10.2: Left: PCA on uncentered data. Middle: PCA on centered data. Right: PCA on standardized data
(zero mean and variance 1).

PCA has been applied to many problems since its conception. A popular example
of PCA was to generate a basis for human faces, called eigenfaces, where human faces
are represented in a compressed way. A picture of a human face in black and white can
be represented as a matrix of pixel intensities ℳ ∈ ℝq×q. Then such matrices can be
flattened into vectors x ∈ ℝn, where n = q × q. With these vectors, the eigenfaces can be
computed. An example of this can be found in the implementation details at the end of
this chapter.

10.2.2 Kernel PCA

The PCA method described previously finds linear mapsW and U to perform the com-
pression and reconstruction. We can extend it to nonlinear representations by using
kernels. First, we will see that there is a way to write the PCA method to reveal a struc-
ture similar to the kernel trick for SVMs, and then we will define the Kernel PCA.

By Theorem10.2.1 the solution to (10.4) is givenby amatrixU ∈ ℝr×n that has r eigen-
vectors with the largest corresponding eigenvalues of A as its columns andW = UT . An-
otherway to find the eigenvalues ofA is to solve the eigenvalue problem for thematrixA,

Avj = λjvj , (10.6)

which finds an eigenvalue λj with the corresponding eigenvector vj .
In this section,wefirst show that solving the eigenvalue problem (for nonzero eigen-

values) for A amounts to solving the eigenvalue problem to a relatedm ×mmatrix K :

K ⃗αj = λj ⃗αj , (10.7)

where Ki,j = x
T
i xj . Furthermore, α⃗j = (αj,1, . . . , αj,m) is related to vj through

vj =
m
∑
i=1

αj,ixi. (10.8)
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Lemma 10.2.4. Eigenvectors with corresponding nonzero eigenvalues of A live in the
span of the datapoints 𝒳 .

Proof. Let v be an eigenvector of A. Then

Av = (
m
∑
i=1

xix
T
i )v =

m
∑
i=1
(xTi v)xi.

Since v can be written as a linear combination of the datapoints xi, it is in the span
of 𝒳 .

Now we demonstrate the relation between (10.6) and (10.7). By Lemma 10.2.4 and
(10.8), we can rewrite (10.6) as

Avj =
m
∑
i=1
(∑
k=1

αj,kx
T
i xk)xi = λj(

m
∑
k=1

αj,kxk).

Let xℓ be a datapoint in 𝒳 . Multiplying the above by xTℓ , we have

m
∑
i=1
(∑
k=1

αj,kx
T
i xk)x

T
ℓ xi = λj(

m
∑
k=1

αj,kx
T
ℓ xk), ℓ = 1, . . . ,m.

Notice that the equation above now depends on dot products of the data points and that
the eigenvector vj is determined by the coefficients α⃗j = (αj,1, . . . , αj,m).

Consider the matrix Kij = x
T
i xj . We can write the system of equations above simply

as

K2α⃗j = λjKα⃗j .

Multiplying by K−1 yields

Kα⃗j = λjα⃗j .

Solving the system above for (λj , α⃗j) is an eigenvalue problem for the matrix K , and α⃗j
specifies the eigenvector vj for matrix A.

Now that we wrote the problem with respect to K , we can consider other distance
measures between elements, namely, any kernel we have studied before. This corre-
sponds to considering the PCA of the data transformed under the corresponding map ϕ
that sends point x to some RKHS. Abusing the notation, we now have the matrix A given
by

A =
m
∑
i=1

ϕ(xi)ϕ(xi)
T ,

for which we find the principal components of. However, note that just like in kernel
methods, we do not need to explicitly build this map.
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Remark 10.2.5. To have a similar interpretation of the PCA picking the directions of
maximal variation, we must have the centered transformed data, i. e.,

1
m

m
∑
i=1

ϕ(xi) = 0.

10.3 Implementation details

In this section, we provide some implementation details for the PCA. On github, we pro-
vide a more extensive task using the well-known eigenface dataset [42].

Listing 10.1: PCA for a 2D dataset

1 import numpy as np

2 from sklearn.decomposition import PCA

3 from sklearn.preprocessing import StandardScaler

4

5 # Generating 2D data

6 X1 = np.linspace (0,2,10) -0.5

7 X2 = -3.5*X1 + np.random.normal (0,1.0,size =(10))+4

8

9 # PCA on uncentered data

10 data_matrix = np.transpose(np.stack((X1,X2),axis =1))

11 U,S,V = np.linalg.svd(data_matrix)

12

13 pca_centered = PCA(n_components =2) #PCA centers the data

by default

14 pca_centered.fit(data_matrix)

15 print(pca_scaled.components_)

16

17 scaler = StandardScaler ()

18 data_matrix_standardised = scaler.fit_transform(

data_matrix)

19 pca_scaled = PCA(n_components =2)

20 pca_scaled.fit(data_matrix_standardised)

21 print(pca_scaled.components_)



11 Reinforcement learning

So far, we have seen techniques to learn a functionmapping from existing training data,
that is, supervised learning, aswell as tomake sense of data throughunsupervisedmeth-
ods such as clustering and dimensionality reduction.

Let us consider a new task. Consider a dynamical system that evolves over time.
At a discrete time step n, the state of the system is described by an element sn of some
state space. A control un is applied, and the system then moves to a new state sn+1 =
f (n, sn, un) for some transition map f . For a given sequence of states and controls (tra-
jectory) of length N , the performance on this task is measured using a performance
criterion J((sn, un)n≤N ).

Reinforcement learning (RL) is an approach to solve such problems through trials
and errors: a learner (agent) samples a trajectory, collects rewards (i. e., an evaluation of
its performance), and reinforces positively the chosen actions (controls) if the rewards
are high and negatively if the rewards are low. It then repeats the procedure until it
finds a satisfactory policy for choosing actions.

For example, the task of playing a chess game can be framed as a reinforcement
learning task, where the agent plays a sequence of moves against an opponent to maxi-
mize the reward at the end of the game (which for example can be +1 for a win, −1 for
a loss, and 0 for a draw). The type of tasks that reinforcement learning tackles are of
sequential decision making and control problems. In this chapter, we introduce basic
notions of reinforcement learning and general techniques used to solve these types of
problems.

11.1 Markov decision processes
The setup for reinforcement learning can be informally summarized as follows: there
exist an environment and a learner (or agent) in some state with respect to the envi-
ronment. The agent performs an action and receives a reward, and the action makes
the agent move to a different state. Over some sequential time, the agent seeks to maxi-
mize the cumulative reward through interactions with the environment by performing
actions.

11.1.1 Setup

We assume that the agent interacts with the environment with a sequence of discrete
time steps t = 0, 1, 2, . . . , which can have a (possibly random) terminal time T , or con-
tinue indefinitely (finite horizon or infinite horizon). At each time step t the agent re-
ceives some representation of the environment state and its own internal state St ∈ 𝒮 ,
and given that state, it selects an action At ∈ 𝒜 and arrives at some other state St+1. In
consequence of the tuple (St ,At , St+1) of state, action, and next state, the agent receives

https://doi.org/10.1515/9783111288994-011

https://doi.org/10.1515/9783111288994-011
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a rewardRt ∈ ℝ andfinds itself in a new state St+1 (see Figure 11.1). This yields a sequence
or trajectory1

S0,A0,R0, S1,A1,R2, S2,A2, . . . .

Figure 11.1: A schematic of the trajectory over time. The agent starts at state S0 and performs action A0,
which leads it to state S1. The reward for the tuple (S0, A0, S1) is R0.

At each time step t, we can define the return at time t as the sum of the current
reward and all future rewards:

Gt := Rt + Rt+1 + ⋅ ⋅ ⋅ .

For infinite horizon tasks, it is convenient to define the discounted return

Gt := Rt + γRt+1 + γ
2Rt+2 + ⋅ ⋅ ⋅

with γ ∈ [0, 1], a parameter called the discount rate. This guarantees that the sum has a
finite value if γ < 1 and {Rk}

∞
k=0 are bounded. One way to interpret the discount rate is

that it determines the present value of future rewards, namely, that a reward received
in k steps ahead is only worth γk−1rt+k .

The above dynamics describe the reaction of the environment (i. e., state transitions
and rewards) to the agent’s actions. But how do we proceed with decision making? We
define a mapping, called a policy, that tells us what action to perform at any state.

Definition 11.1.1 (Policy). A policy is a mapping π : 𝒜 × 𝒮 → [0, 1] such that

π(a|s) = P(At = a|St = s)

with the condition that∑a∈𝒜 π(a|s) = 1 for all s ∈ 𝒮 . The policymap gives the probability
of taking action a when the agent is in state s.

1 In this book,we adopt the following indexing for the sequence of states, actions, and rewards.However,
it is also common to denote the first reward as R1, and so on. Namely, for the tuple (St ,At , St+1), the agent
receives a reward Rt+1.
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Remark 11.1.2. When π(a|s) ∈ {0, 1} for all (a, s) ∈ 𝒜 × 𝒮 , we say that the policy is
deterministic. A policy that is not deterministic is called stochastic, in which case the
agent’s actions are random variables.

From a stochastic policy we can define a deterministic policy that can be attained
by computing the argmax:

a = argmax
a∈𝒜

π(a|s).

This is called a greedy policy.
From a deterministic policy we can define the ϵ-greedy stochastic policy as follows:

at each step,with probability 1−ϵ, follow the greedy policy andwith probability ϵ, choose
an action uniformly at random.

We now formalize the dynamics of the environment.

Definition 11.1.3 (Markov decision process). Let the tuple (𝒮 ,𝒜, p, r) be given as follows:
– 𝒮 is a finite set of states;
– 𝒜 is a finite set of actions;
– p is the state transition kernel p(s, a, s′), the conditional probability that the agent

transits to s′ given that it takes action a at state s; and
– r : 𝒮 ×𝒜 × 𝒮 → ℝ is a reward function.

Given a policy π and an initial state distribution ν on 𝒮 , the MDP is constructed recur-
sively as follows:
– At time t = 0 the agent is located at S0 ∼ ν.
– At state St , the agent takes action At ∼ π(⋅|St), transits to state St+1 ∼ p(St ,At , ⋅), and

collects a reward Rt = r(St ,At , St+1), independently from all past random variables.

We make two simplifying assumptions on the reward to ease the presentation:
1. In full generality, the reward can be a random variable with conditional law

μR(⋅, St ,At , St+1). We assume that it is generated from a deterministic function in
this chapter.

2. We will moreover assume that the reward function does not depend on the next
state, so that Rt = r(At , St), and that it is bounded, i. e., ‖r‖∞ < ∞.

Thanks to the recursive definition, we see that the process of states and actions satisfy
the so-calledMarkov property (hence the name Markov decision process):

ℙ[(At+k , St+k+1)k≥0 = (at+k , st+k+1)k≥0|(Sj+1,Aj)j≤t−1)]
= ℙ[(At+k , St+k+1)k≥0 = (at+k , st+k+1)k≥0|St]. (11.1)

Note that we have the analogous statement when additionally conditioning on At . In
otherwords, theMarkovproperty tells us that at any time t, the only piece of information
that is relevant in the history of theMDP to characterize the law of its future is contained
in the current state St .
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11.1.2 Value function and Q-function

Depending on the policy of the agent, a state can be evaluated according to the expecta-
tion of the future rewards. Similarly, we can evaluate an action at a given state. We can
naturally define two important functions, the state value function and the state-action
value function.

Definition 11.1.4 (State value function for policy π). The state value function vπ(s) (often
called just value function) at some time t gives the value of a state s under a policy π,
defined by the expected return starting at state s and following policy π afterwards:

vπ(s) := 𝔼π[Gt|St = s] = 𝔼π[
∞

∑
k=0

γkRt+k |St = s], (11.2)

where 𝔼π[⋅] denotes the expected value along a random trajectory generated under π.

The value of a terminal state is always zero. Note that by the Markov property the
value function does not depend on t, so we might also take t = 0.

Similarly to the state value function for policy π, the state-action value function
(often called just action value function orQ-function) yields the expected return starting
from state s, taking action a, and then following policy π.

Definition 11.1.5 (State-action value function). The state-action value function qπ is de-
fined for all t ≥ 0 by

qπ(a, s) := 𝔼π[G0|S0 = s,A0 = a] = 𝔼π[
∞

∑
k=0

γkRk |S0 = s,A0 = a].

As for the state value function, qπ does not depend on t.

Remark 11.1.6. In general, if the state-action space is large or if the dynamics is un-
known, the functions vπ and qπ cannot be computed and are therefore estimated from
experience. For example, if an agent follows policy π and maintains an average of the
returns obtained from any given state that has been encountered, then this average
converges (provided that the MDP is irreducible and ergodic, which is the case for fi-
nite state and action spaces where all states are reachable from any other) to the state
value vπ(s) as the number of times each state is encountered approaches infinity. Sim-
ilarly, if the average is kept for each action a and s, then this average converges to
qπ(s, a).

There is clearly a relation between a policy and its value functions. We will see in
this chapter that one popular way to solve RL problems is to learn the optimal policy
by using these value functions. However, before we focus on the following theorem,
which is a fundamental result for reinforcement learning, as it expresses a relationship
between the value of a state and the values of its successor states.
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Theorem 11.1.7 (Consistency condition for vπ ). For any policy π and any state s, the fol-
lowing consistency condition holds between the value function at s and the value of its
possible successor states s′:

vπ(s) = ∑
a∈𝒜

π(a|s)(r(a, s) + γ ∑
s′∈𝒮 p(s, a, s′)vπ(s′)) ∀s ∈ 𝒮 . (11.3)

Note that we can alternatively write this as

vπ(s) = 𝔼π[Rt + γVπ(St+1)|St = s].

Proof. Firstly, by definition, for any arbitrary t ≥ 0, we have that Gt = Rt + γGt+1. By the
definition of vπ and the Markov property we have that 𝔼π[Gt+1|St+1, St] = vπ(St+1). The
tower property of conditional expectation yields that

vπ(s) = 𝔼π[Gt|St = s]

= 𝔼π[Rt + γGt+1|St = s]

= 𝔼π[Rt + γ𝔼[Gt+1|St+1, St = s]|St = s]

= 𝔼π[Rt + γvπ(St+1)|St = s].

Then it suffices to use the definition of the expectation: the conditional joint law of
(At , St+1) given St = s is given in the construction of the MDP, and we can write

vπ(s) = ∑
a∈𝒜
∑
s′∈𝒮 π(a|s)p(s, a, s′)(r(a, s) + γvπ(s′))

= ∑
a∈𝒜

π(a|s)(r(a, s) + ∑
s′∈𝒮 p(s, a, s′)γvπ(s′)),

where we used that ∑s′∈𝒮 p(s, a, s′) = 1 for all a, s. This concludes the proof.
The consistency relation (11.3), also called the Bellman equation for vπ , states that

the value function at s is given by a contribution of the immediate reward plus the dis-
counted value function at the next state s′. For any given policy π, the value function vπ
is the unique solution to (11.3), and thus we can use this fact to find the value function
for any policy π.

11.2 Optimality

In this section, we discuss two main approaches to solve the MDP presented above,
which means finding a policy that maximizes the cumulative return.
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We say that a policy π is better than or equal to another policy π′ if

vπ(s) ≥ vπ′ (s) ∀s ∈ 𝒮 .
Note that this is only a partial order, and a policy π could be neither better nor worse
than another policy π′. However, there is always at least one policy that is better than
or equal to all other policies. This is called an optimal policy π∗, which does not need
to be unique. However, all optimal policies share the same value function. Namely, the
optimal state value function is defined as

v∗(s) := max
π

vπ(s) ∀s ∈ 𝒮 , (11.4)

whereas the optimal action-state value function is defined as

q∗(a, s) := max
π

qπ(a, s) ∀s ∈ 𝒮 , ∀a ∈ 𝒜. (11.5)

For a deterministic policy π, we write π(s) for the action a such that π(a|s) = 1. A conse-
quence from (11.4) and (11.5) is that we can obtain a deterministic optimal policy as

π∗(s) = 1 if and only if π∗(s) = argmax
a∈𝒜

q∗(a, s).

Theorem 11.2.1 (Bellman’s optimality equations). The optimal state value and action-
state value functions are unique and related by

v∗(s) = max
a∈𝒜

q∗(s, a), (11.6)

q∗(s, a) = 𝔼π∗[Rt + γv∗(St+1)|St = s,At = a]. (11.7)

11.3 Iterative methods

The key idea in this section is that we can use the value functions to find good policies.
Firstly, for a given policy, we need to compute the corresponding value function, which
can be done thanks to Theorem 11.1.7. Note that if the transition probability kernel and
reward r are known, then we have a linear system of |𝒮| equations with |𝒮| unknowns,
which we can solve explicitly. Let 𝒮 = {s1, . . . , s|𝒮|}. Then we have in matrix form

v⃗π = R⃗ + γP ⃗vπ (11.8)

with

v⃗π,i = vπ(si), R⃗i = ∑
a∈𝒜

π(a|si)r(a, si), Pi,j = ∑
a∈𝒜

π(a|si)p(si, a, sj).

Solving this linear system directly can be cumbersome (complexity of𝒪(|𝒮|3)). Thus we
can solve for v⃗π in an iterative fashion:
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v⃗(k+1)π = R⃗ + γP ⃗vπ
(k), (11.9)

given some initial guess, e. g., setting v⃗(0)π = 0⃗.
We show that the iterative procedure (11.9) converges to the unique solution of (11.8).

For this, we use the Banach fixed point theorem.2 Then we can prove the convergence
of the iterative process (11.9).

Theorem 11.3.2 (Convergence of the iterative Bellman equation). For any policy π, the it-
erative process (11.9) converges to the corresponding value function vπ . Moreover, the rate
of convergence is given by

󵄩󵄩󵄩󵄩v
(k) − vπ
󵄩󵄩󵄩󵄩∞ ≤ γ

k󵄩󵄩󵄩󵄩v
(0) − vπ
󵄩󵄩󵄩󵄩∞.

Proof. Let π be a fixed policy and define the map T(v) = R⃗ + γPv on ℝ|𝒮|. We show this
map is a contraction with respect to the infinity norm. Letting v, v′ ∈ ℝ|𝒮|, we have

󵄩󵄩󵄩󵄩T(v) − T(v
′)󵄩󵄩󵄩󵄩∞ =
󵄩󵄩󵄩󵄩γ(Pv − Pv

′)󵄩󵄩󵄩󵄩∞ = γ
󵄩󵄩󵄩󵄩P(v − v

′)󵄩󵄩󵄩󵄩∞ ≤ γ‖P‖∞
󵄩󵄩󵄩󵄩v − v

′󵄩󵄩󵄩󵄩∞,

where ‖P‖∞ := sup‖v‖∞=1 ‖Pv‖∞. Note that ‖P‖∞ ≤ 1 because P is a stochastic matrix.
Therefore we have

󵄩󵄩󵄩󵄩T(v) − T(v
′)󵄩󵄩󵄩󵄩∞ ≤ γ

󵄩󵄩󵄩󵄩v − v
′󵄩󵄩󵄩󵄩∞,

which shows that T is a contraction. By the Banach fixed point theorem, we have that
T has a unique fixed point v ∈ ℝ|𝒮|, and iteration (11.9) converges with the correspond-
ing convergence rate. To conclude, it suffices to recall that vπ is a fixed point of T
by (11.8).

By the above theorem, for a given policy π, we can approximate vπ . How can we
then find an optimal policy? Once we have vπ , we select some action a at state s and
then follow the existing policy π. We thus compute the action value function qπ(s, a). If
qπ(s, a) > vπ(s) for some a ∈ 𝒜, then this means that at state s, it is better to take action
a and only then follow π, instead of following π at all states. We can formalize this in the
next theorem.

Theorem 11.3.3 (Policy improvement theorem). Consider two deterministic policies π
and π′. If qπ(s, π

′(s)) ≥ vπ(s) for all s ∈ 𝒮 , then vπ′ (s) ≥ vπ(s) for all s ∈ 𝒮 .
2 Theorem 11.3.1 (Banach’s fixed point theorem [9]). If the function T is a contraction on the complete
metric space (X , d)with contraction constant γ, then T has a unique fixed point x∗ ∈ X. Moreover, if x ∈ X,
then the sequence {Tn(x)}∞n=0 converges to x

∗ as n→∞, and

d(Tn(x), x0) ≤
γn

1 − γ
d(x, x0).
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Proof. We write

vπ(s) ≤ qπ(s, π
′(s))

= 𝔼[Rt + γvπ(St+1)|St = s,At = π
′(s)]

= 𝔼π′[Rt + γvπ(St+1)|St = s] (π′ is deterministic)
≤ 𝔼π′[Rt + γq(St+1, π′(St+1))|St = s]
= 𝔼π′[Rt + γ(Rt+1 + γvπ(St+2))|St = s]
≤ 𝔼π′[Rt + γ(Rt+1 + γq(St+2, π′(St+2)))|St = s]
≤ ⋅ ⋅ ⋅ (recursively using the definition of q and inequality)

≤ 𝔼π′[Rt + γRt+1 + γ2Rt+2 + γ3Rt+3 + ⋅ ⋅ ⋅ |St = s]
= vπ′ (s).

Using Theorem 11.3.3, we can write a greedy algorithm, called policy improvement,
to update the policy π:

π(k+1)(s) = argmax
a

qπ(k) (a, s) ∀s ∈ 𝒮 . (11.10)

Suppose that the new policy π(k+1) is as good as (but not better than) the previous pol-
icy π(k). This means that vπ(k+1) = vπ(k) . By (11.10) we have that

vπ(k) (s) = max
a

qπ(k) (a, s) ∀s ∈ 𝒮 ,
which corresponds to the Bellman optimality equation (11.6). Therefore vπ′ must be v∗,
and both π and π′ must be optimal policies.

We can also directly find the optimal value function and then derive the policy from
that. Using (11.6), we can write the recursion

v(k+1)(s) = max
a∈𝒜
∑
s′∈𝒮[r(a, s) + γp(s, a, s′)v(k)(s′)] ∀s ∈ 𝒮 .

For arbitrary initial conditions, the sequence {vk} converges to v∗ (under the same con-
ditions that guarantee the existence of v∗).

Remark 11.3.4. Note that for both iterative methods introduced, we must either know
or have some estimate of the transition probabilities p(s, a, s′) to be able to derive the
value functions and therefore policies. This is calledmodel-based reinforcement learning,
which requires to know or learn the transition probabilities between states (see [33] for
a comprehensive survey).

When p(s, a, s′) is unknown, we can useMonte Carlo approximations based on sam-
pled trajectories. Such algorithms are then calledmodel free as they approximate qπ and
vπ without learning the transition probabilities p(s, a, s′).
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11.4 Policy gradient method

Although the value-function approach has worked well in different applications, it has
some limitations, such as computational complexity when the state and action spaces
are large. Furthermore, it is tailored toward finding deterministic policies, and small
variations in the value-function can lead to very different policies. In contrast to the
methods presented in the previous section, in what follows, we consider a parametric
policy that is updateddirectly, based on its performances. The general algorithm is called
policy gradient; the name will become clear later on.

11.4.1 Parametric objective

Henceforth, we consider a parametric policy πθ where θ ∈ ℝP is a vector of parameters.
For now, we stay agnostic to the specific parametric model that is being used, and we
write θ for the vector of parameters. Learning a policy thus means learning optimal pa-
rameters θ of the model πθ. The first problemwe encounter is that the notion of optimal
policy is less clear in the parametric case. To see why, consider 𝒮 = {0, 1} and𝒜 = {0, 1}.
The transition probability kernel is simply p(0, a, 1) = p(1, a, 0) = 1 for both a = 0 and
a = 1, that is, no matter what the agent does, it always goes from state 0 to state 1
and from state 1 to state 0. The reward function is the following: r(0, 0) = r(0, 1) = 1,
and r(1, 0) = r(1, 1) = 0. Consider the parameter θ ∈ ℝ and the parametric policy
πθ(a|s) = 1{a=s}1{θ≥0} + 1{a ̸=s}1{θ<0}. We see that for any fixed θ, πθ(0|0) = πθ(1|1) and
πθ(0|1) = πθ(1|0). We can check that for θ+ ≥ 0 and θ− < 0, we get vπθ+ (0) > vπθ− (0), but
vπθ+ (1) < vπθ− (1). Therefore no parametric policy dominates all others.

There is nonetheless a natural way to define an objective function: let ν be the initial
state distribution, that is, a probability on 𝒮 such that the initial state S0 ∼ ν. The goal of
the agent is therefore to maximize the following objective function:

J(θ) = ∑
s∈𝒮

vπθ (s)ν(s). (11.11)

Note that this can be rewritten J(θ) = 𝔼π[∑k≥0 γ
kr(Ak , Sk)], where S0

d
∼ ν, which is the

expected cumulative reward of the agent starting from an initial state with law ν.
As in the simple example above, there is no guarantee that there exists θ∗ such that

value function vπθ∗ dominates vπθ for all θ, nor argmaxθ J(θ) is unique, that is, several
policies can perform equally well in average. Moreover, a different initial state distribu-
tion ν′ can lead to different optimal policies.

11.4.2 Policy gradient theorem

As opposed to iterative methods optimizing the value function or the Q-function, policy
gradient (PG) methods improve the policy directly by positively reinforcing actions that
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lead to positive rewards and negatively reinforcing those that lead to negative rewards.
Recall that the goal of the agent is to maximize J(θ) defined in (11.11). We assume that
the parameterization θ 󳨃→ πθ is differentiable, and hence we would like to update the
policy parameters through a gradient ascent on J :

θt+1 = θt + η∇J(θ), (11.12)

where η is a learning rate.
Note that computing the gradient of J(θ) seems rather complicated since πθ appears

infinitely many times in vπθ (s) = ∑k≥1 γ
k𝔼π[r(Ak , Sk)|S0 = s], where, moreover, Sk is

sampled after choosing k actions under π. However, to take advantage of the Markov
property of MDPs, we first need some definitions.

Let θ ∈ ℝP , and let P(θ) ∈ ℝ|𝒮|×|𝒮| be the matrix defined by P(θ)s,s′ :=
∑a∈𝒜 πθ(a|s)p(s, a, s

′). The value of P(θ)s,s′ is the probability that the agent goes from
state s to state s′ in one step following policy πθ. More generally, raised to the power
n ≥ 1, the matrix P(θ)ns,s′ is the probability that the agent goes from s to s′ in n steps,
that is, P(θ)ns,s′ = ℙπθ [Sn = s|S0 = s′], which can easily be proved using the Markov
property.

Lemma 11.4.1 (Average visits to states). Let ρπθ (s, s
′) be the expected discounted number

of visits of state s′ by the agent during one episode, starting at s and following policy πθ,
that is,

ρπθ(s, s
′) = 𝔼πθ[∑

k≥0
γk1{Sk=s′}|S0 = s].

Then we have

ρπθ(s, s
′) = ∑

k≥0
γkP(θ)ks,s′ .

Proof. The proof is straightforward from the definition of the matrix P(θ). We simply
write

ρπθ(s, s
′) = 𝔼πθ[∑

k≥0
γk1{Sk=s′}|S0 = s]

= ∑
k≥0

γk𝔼πθ [1{Sk=s′}|S0 = s],
where we could take the sum out of the expectation by the monotone convergence the-
orem since all terms are nonnegative, and then by the definition of the expectation,
𝔼πθ [1{Sk=s′}|S0 = s] = ℙπθ [Sk = s′|S0 = s], which proves the claim.

The next theorem enables us to compute the gradient of J .
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Theorem 11.4.2 (Policy gradient theorem). The gradient of the objective J(θ) with respect
to θ is given by

∇J(θ) = ∑
s0∈𝒮

ν(s0) ∑
s∈𝒮

ρπθ (s0, s) ∑
a∈𝒜

qπθ (a, s)∇πθ(a|s).

This theorem provides an analytic expression for the gradient of the objective with
respect to the policy parameters that only depends on the gradient of the policy and not
on that of the discounted average state distribution ρπθ , which makes the computations
tractable. To compute the gradient, we only need qπ(s, a). In practice, the gradient is
approximated using a Monte Carlo estimate of qπ(s, a). We can proceed to prove Theo-
rem 11.4.2.

Proof. We write

∇vπθ (s) = ∇[ ∑
a∈𝒜

πθ(a|s)qπθ (a, s)]

= ∑
a∈𝒜
∇πθ(a|s)qπθ (a, s)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
ϕ(s):=

+ ∑
a∈𝒜

πθ(a|s)∇qπθ (a, s)

= ϕ(s) + ∑
a∈𝒜

πθ(a|s)∇[r(a, s) + ∑
s′∈𝒮 γp(s, a, s′)vπθ(s′)]

= ϕ(s) + 0 + ∑
s′∈𝒮 γP(θ)s,s′∇vπθ(s′).

This gives a recursion for ∇vπθ . Applying it to the right-hand side yields

∇vπθ (s) = ϕ(s) + ∑
s′∈𝒮 γP(θ)s,s′[ϕ(s′) + ∑s′′∈𝒮 γP(θ)s′ ,s′′∇vπθ(s′′)]

= ϕ(s) + ∑
s′∈𝒮 γP(θ)s,s′ϕ(s′) + ∑s′′∈𝒮 γ2P(θ)2s,s′′∇vπθ(s′′).

Writing out the recursion, we have

∇vπθ (s) = ∑
s′∈𝒮 ∑k≥0 γkP(θ)ks,s′ϕ(s′)
= ∑

s′∈𝒮 ρπθ(s, s′)ϕ(s′).
We now sum over the initial states to get

∑
s0∈𝒮

ν(s0)∇vπθ (s0) = ∑
s0∈𝒮

ν(s0) ∑
s∈𝒮

ρπθ (s0, s)ϕ(s).

Substitutingϕ(s) as defined previously, we obtain the result as claimed,which concludes
the proof.
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11.4.3 Softmax policies

The policy can be represented by any of themodels we have discussed in this book, such
as linearmodels, kernel-basedmodels, ensemblemodels, neural networks, etc., followed
by transformation yielding a probability distribution. A convenient choice is to apply a
softmax transformation defined as follows: let h ∈ ℝd for some d ≥ 2; then the softmax
transformation σ of the vector h is given by

στ(h) =
1
Z
(

eh1
...
ehd
),

where Z =
d
∑
i=1

ehi .

By definition, σ(h) is always a probability vector, that is, σ(hi) ∈ (0, 1) for all i = 1, . . . , d,
and ∑di=1 S(h)i = 1.

The name softmax comes from the fact that the components on which σ(h) con-
centrates the most are the larger ones, but the probability thus obtained always gives
positive mass to all components: it is softer than the argmax, and its maximal compo-
nent is the argmax. We call the components of h the action preferences of the softmax
probability σ(h).

The softmax is a very natural way to obtain a probability from an arbitrary vec-
tor. We refer the interested reader to [21] for a more general definition of the softmax
transformation and its properties, as well as further motivations for its use in RL.

To parameterize the softmax policy, consider a linear model for the action prefer-
ence

hθ(a, s) := θ ⋅ ψ(a, s)

for some feature map ψ : 𝒜 × 𝒮 → ℝd , d ≥ 1. Such policies are sometimes called log-
linear policies.

It is an easy exercise to show that the gradient of the logarithm of the policy with
respect to the parameters θ is given at any (a, s) ∈ 𝒜 × 𝒮 by

∇ log πθ(a|s) = ∇hθ(a, s) − ∑
a′∈𝒜 πθ(a

′|s)∇hθ(a
′, s)

= ψ(a, s) − 𝔼πθ [ψ(A, s)]. (11.13)

The next proposition gathers some useful properties of log-linear policies.

Proposition 11.4.3. Suppose that ‖r‖∞ < ∞ and that there exists Cψ > 0 such that
‖ψ(a, s)‖2 < Cψ for all s ∈ 𝒮 and a ∈ 𝒜. Then there exists C > 0 such that for all θ1, θ2 ∈ ℝ

P ,
s ∈ 𝒮 , and a ∈ 𝒜, we have
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󵄨󵄨󵄨󵄨πθ1 (a|s) − πθ2 (a, s)
󵄨󵄨󵄨󵄨 ≤ C‖θ1 − θ2‖2, (i)

󵄨󵄨󵄨󵄨∇πθ1 (a|s) − ∇πθ2 (a, s)
󵄨󵄨󵄨󵄨 ≤ C‖θ1 − θ2‖2, (ii)

󵄨󵄨󵄨󵄨qπθ1 (a, s) − qπθ2 (a, s)
󵄨󵄨󵄨󵄨 ≤ C‖θ1 − θ2‖2, (iii)

󵄨󵄨󵄨󵄨ρπθ1 (a, s) − ρπθ2 (a, s)
󵄨󵄨󵄨󵄨 ≤ C‖θ1 − θ2‖2, (iv)

and furthermore, ‖∇ log πθ1 (a|s)‖2 ≤ C for all s ∈ 𝒮 and a ∈ 𝒜.

Proof. (i) A Taylor expansion of the parameterization yields that there exists ϑ on the
d-dimensional segment [θ1, θ2] such that

󵄨󵄨󵄨󵄨πθ1 (a|s) − πθ2 (a|s)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨(θ1 − θ2) ⋅ ∇πϑ(a|s)

󵄨󵄨󵄨󵄨
≤ ‖θ1 − θ2‖2

󵄩󵄩󵄩󵄩∇πϑ(a|s)
󵄩󵄩󵄩󵄩2

byCauchy–Schwarz inequality. By (11.13) and the boundedness assumption onψwehave
that

󵄩󵄩󵄩󵄩∇πϑ(a|s)
󵄩󵄩󵄩󵄩2 ≤ sup

a′∈𝒜 2󵄩󵄩󵄩󵄩ψ(a
′, s)󵄩󵄩󵄩󵄩2 ≤ 2Cψ, (11.14)

which proves the first claim.
(ii)We use (11.13) to write

󵄩󵄩󵄩󵄩∇πθ1 (a|s) − ∇πθ2 (a|s)
󵄩󵄩󵄩󵄩
2
2

= πθ1 (a|s)(ψ(a, s) − 𝔼πθ1 [ψ(A, s)]) ⋅ πθ2 (a|s)(ψ(a, s) − 𝔼πθ2 [ψ(A, s)])

= πθ1 (a|s)𝔼πθ1⊗πθ2 [(ψ(a, s) − ψ(A, s)) ⋅ πθ2 (a|s)(ψ(a, s) − ψ(A
′, s))]

≤ 𝔼πθ1 [
󵄩󵄩󵄩󵄩ψ(a, s) − ψ(A, s)

󵄩󵄩󵄩󵄩
2
]𝔼πθ2 [
󵄩󵄩󵄩󵄩ψ(a, s) − ψ(A, s)

󵄩󵄩󵄩󵄩
2
]

by the Cauchy–Schwarz inequality, whereA ∼ πθ1 (⋅|s) andA
′ ∼ πθ2 (⋅|s) are independent.

Thanks to the boundedness of feature maps, we obtain

󵄩󵄩󵄩󵄩∇πθ1 (a|s) − ∇πθ2 (a|s)
󵄩󵄩󵄩󵄩
2
2 ≤ 4C

2
ψ,

which proves the second claim.
(iii) Note that since the rewards are uniformly bounded, by the definition of qπθ we

have that ‖qπ‖∞ ≤ ∑k≥0 γ
k‖r‖∞ ≤

‖r‖∞
1−γ . We first write

󵄨󵄨󵄨󵄨vπθ1 (s) − vπθ2 (s)
󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∑
a∈𝒜
(πθ1 (a|s)qπθ1 (a, s) − πθ2 (a, s)qπθ2 (a, s))

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∑
a∈𝒜
(πθ1 (a|s) − πθ2 (a, s))qπθ1 (a, s)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∑
a∈𝒜

πθ2 (a, s)(qπθ1 (a, s) − qπθ2 (a, s))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
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≤ ‖qπθ1 ‖∞ ∑
a∈𝒜

󵄨󵄨󵄨󵄨πθ1 (a|s) − πθ2 (a|s)
󵄨󵄨󵄨󵄨 + ∑

a∈𝒜

󵄨󵄨󵄨󵄨qπθ1 (a|s) − qπθ2 (a|s)
󵄨󵄨󵄨󵄨

≤
‖r‖∞
1 − γ

C‖θ1 − θ2‖2 + ∑
a∈𝒜

󵄨󵄨󵄨󵄨qπθ1 (a|s) − qπθ2 (a|s)
󵄨󵄨󵄨󵄨,

where we used the first claim of the proposition. To prove the bound for the action-state
function, it now suffices to use the above computation to note that

󵄨󵄨󵄨󵄨qπθ (a, s) − qπθ′ (a, s)󵄨󵄨󵄨󵄨 = γ ∑
s′∈𝒮 p(s, a, s′)

󵄨󵄨󵄨󵄨Vπθ(s
′) − Vπθ′ (s′)󵄨󵄨󵄨󵄨

≤ γ
‖r‖∞
1 − γ

C‖θ1 − θ2‖2 + γ ∑
s′∈𝒮 p(s, a, s′) ∑a′∈𝒜

󵄨󵄨󵄨󵄨qπθ1 (a
′|s′) − qπθ2 (a

′|s′)󵄨󵄨󵄨󵄨.

By induction we obtain

󵄨󵄨󵄨󵄨qπθ (a, s) − qπθ′ (a, s)󵄨󵄨󵄨󵄨 ≤ ‖r‖∞(1 − γ)2 C‖θ1 − θ2‖2,
which proves the third claim.

(iv) By Lemma 11.4.1 we have

󵄨󵄨󵄨󵄨ρπθ1 (s, s
′) − ρπθ2 (s, s

′)󵄨󵄨󵄨󵄨 ≤ ∑
k≥0

γk 󵄨󵄨󵄨󵄨P(θ1)
k
s,s′ − P(θ2)ks,s′ 󵄨󵄨󵄨󵄨

≤ ∑
k≥0

γk ∑
si ,ai

k−1
∏
i=0

p(si, ai, si+1)
󵄨󵄨󵄨󵄨πθ1 (ai|si)

k − πθ2 (ai|si)
k 󵄨󵄨󵄨󵄨,

where for every term k in the sum, the state sequence must satisfy s0 = s and sk = s.
The term k = 0 is easily bounded by C‖θ1 − θ2‖2 as in (i). For the terms k ≥ 1, we factor
out πθ1 (a0|s) − πθ2 (a0|s) and upper bound the remaining by 1, since it is a transition
probability. This yields the upper bound

󵄨󵄨󵄨󵄨ρπθ1 (s, s
′) − ρπθ2 (s, s

′)󵄨󵄨󵄨󵄨 ≤ C‖θ1 − θ2‖2 +∑
a0

󵄨󵄨󵄨󵄨πθ1 (a0|s) − πθ2 (a0|s)
󵄨󵄨󵄨󵄨 ∑
k≥1

γk

≤ C‖θ1 − θ2‖,

where we used (i), and where the constant C changed from one line to the other and is
independent from s, s′, which yields the claim.

The final claim is easy to see from (11.13) and the boundedness ofψ, which concludes
the proof.

Theorem 11.4.4. For the log-linear parameterization, there exists η0 > 0 such that for
all η ∈ (0, η0), the objective J(θk) trained with the policy gradient algorithm of (11.12)
converges, that is, limk→∞ J(θk) exists.
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It is important to note that since the optimal policy is deterministic and the softmax
policy can only express stochastic policies for finite θ, it can be the case that θk does not
converge even though J(θk) does.

Proof. To prove the claim, it suffices to show that the objective J is L-smooth for some
L > 0 and then apply Theorem 3.2.4. Let θ1, θ2 ∈ ℝ

P be two vectors of parameters. The
policy gradient theorem (Theorem 11.4.2) entails that

∇J(θ1) − ∇J(θ2) = ∑
s0∈𝒮

ν(s0) ∑
s∈𝒮
(ρπθ1 (s0, s) ∑

a∈𝒜
qπθ1 (a, s)∇πθ1 (a|s)

− ρπθ2 (s0, s) ∑
a∈𝒜

qπθ2 (a, s)∇πθ2 (a|s))

= ∑
s0∈𝒮

ν(s0) ∑
s∈𝒮
((ρπθ1 (s0, s) − ρπθ2 (s0, s)) ∑

a∈𝒜
qπθ1 (a, s)∇πθ1 (a|s)

− ρπθ2 (s0, s) ∑
a∈𝒜
(qπθ2 (a, s)∇πθ2 (a|s) − qπθ1 (a, s)∇πθ1 (a|s))).

We can further split the last sum into two parts:

∑
a∈𝒜
(qπθ2 (a, s)∇πθ2 (a|s) − qπθ1 (a, s)∇πθ1 (a|s))

= ∑
a∈𝒜
((qπθ2 (a, s) − qπθ1 (a, s))∇πθ2 (a|s) − qπθ1 (a, s)(∇πθ1 (a|s) − ∇πθ2 (a|s))).

We can bound the norms of the terms as follows: for the first one, we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∑
s0∈𝒮

ν(s0) ∑
s∈𝒮
(ρπθ1 (s0, s) − ρπθ2 (s0, s)) ∑

a∈𝒜
qπθ1 (a, s)∇πθ1 (a|s)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ ∑
s0∈𝒮

ν(s0) ∑
s∈𝒮

󵄨󵄨󵄨󵄨ρπθ2 (s0, s) − ρπθ1 (s0, s)
󵄨󵄨󵄨󵄨 ∑
a∈𝒜
‖qπθ1 ‖∞
󵄩󵄩󵄩󵄩∇πθ1 (a|s)

󵄩󵄩󵄩󵄩2.

Using Proposition 11.4.3 and the inequalities ‖qπθ1 ‖∞ ≤
‖r‖∞
1−γ and ‖∇πθ‖2 ≤ 2Cψ, by (11.14)

we see that the right-hand side is upper bounded by C‖θ1 − θ2‖ for some constant C > 0.
The other terms can be bounded in a similar fashion using Proposition 11.4.3; we

leave the details to the reader. This shows that θ 󳨃→ ∇J(θ) is Lipschitz, which concludes
the proof.
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