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The landscape of engineering education has undergone a significant transformation, driven
by the increasing complexity of modern engineering problems and the rapid advancement
of computational tools. This book provides a comprehensive guide to solving engineering
mathematics problems, utilizing the power of MATLAB® and Simulink®.

By combining rigorous mathematical exposition with hands-on computational exer-
cises, this book aims to equip readers with the essential skills to tackle a wide range of
engineering challenges. Whether you are a student embarking on your engineering jour-
ney or a seasoned professional seeking to enhance your problem-solving abilities, this
book offers a comprehensive and accessible guide.

The core objective of this book is to provide a solid foundation in engineering math-
ematics, covering topics such as linear algebra, differential equations, Fourier analysis,
complex analysis, and probability and statistics. Each mathematical concept is illustrated
with many examples, making the learning process engaging and relevant.

MATLAB® and Simulink® serve as powerful tools to reinforce these concepts.
Throughout the book, readers will learn how to utilize these software packages to solve
mathematical problems, analyze data, and simulate complex systems. By integrating the-
ory with practice, this book fosters a deeper understanding of the underlying mathematical
principles.

I hope that this book will serve as a valuable resource for students, researchers, and
engineers alike. By mastering the concepts presented here and leveraging the capabilities
of MATLAB® and Simulink®, readers will be well-prepared to address the challenges of
the modern engineering world.

Ankara, Tirkiye Farzin Asadi
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Functions

1.1 Introduction

The first part of this chapter reviews essential problem-solving techniques. The second
part demonstrates MATLAB’s application to the problems discussed.

1.2 Set of Numbers

Numbers, the fundamental units of mathematics, have evolved over centuries, shaping our
understanding of quantity, measurement, and abstract concepts. From the simple counting
of objects to the complex calculations of modern science, numbers underpin our world.
Important number sets are:

1.3 Basic Number Sets

Natural Numbers (N): Positive integers starting from 1: {1, 2,3, ...}
Whole Numbers (W): Natural numbers including 0: {0, 1, 2,3, ...}

Integers (Z): Positive and negative whole numbers, including zero:
{. —3,-2,-1,0,1,2,3,..}

Rational Numbers (Q): Numbers that can be expressed as a fraction of two integers:
w/alp.q € Z,q # 0}

Irrational Numbers (I): Numbers that cannot he expressed as a simple fraction, often

represented by non-repeating, non-terminating decimals: {ﬁ, e, .. }

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 1
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Real Numbers (R): All rational and irrational numbers: This set encompasses all numbers
on the number line.

Complex Numbers (C): Numbers of the form a + bi, where a and b are real numbers,
and i is the imaginary unit (v/—1): {a + bila, b € R}

1.4 Functions

A function in mathematics is a rule that assigns to each input exactly one output. Key
components of a function:

Domain: The set of all possible input values.

Codomain: The set of all possible output values. It’s like the entire menu at a restaurant,
even if not all dishes are currently available.

Range: The subset of the codomain that consists of all actual output values. It’s like the
dishes that are actually served, based on the ingredients and the chef’s choices.
Let’s study some numeric examples.

Example 1.1 Value of f(x) = x*> 4+ sin(x) at x = 0.5 at x = 0.5 equals to £(0.5) =
0.5% 4 sin(0.5) = 0.7294.

Example 1.2 Value of z = f(x,y) = x*> + y?> + 3x%y + sin(y) at point (1,2) equals to
F(1,2) =12 4224+ 3 x 12 x 2 +5in(2) = 11.9093.

Example 1.3 Domain of f (x) = % iSR—{x:x+3=0}=R—{-3.

Example 1.4 Domain of f(x) = 1n<;1—§> is R — [=3, —2] = (=00, —3) U (=2, 00)
(Fig. 1.1).

Fig.1.1 Sign of % for — -3 —.2 +
different values of x )

x+2 . . +

x+3 - ¢ + +

x+2

x+3 i o ~— 0 o
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1.5 Line Equation

X X
Consider the line that passes through points A = 'andB=|" (Fig. 1.2).
N y2
Fig.1.2 Line passes through
A and B
B.
A

Equation of the line that passes through points A = |:x1:| and B = |:x2:| is:
N »2

Y2—W1 yi—Y2
m = =
X2 — X1 X1 — X2

y=yvi=mx—x1)=>y=mx—x1)+n
or

y=—wn=mx—x) =>y=mx—x2)+n

P P
Example 1.5 Findthe equation of the line passing through points A = ‘ ) andB = ‘ 4 ‘
Inrhiscasem:%:%:%:().i - o

y=05x—(—-1))+2=05x+25

y=05x—-3)4+4=0.5x4+2.5

with a slope

Example 1.6 Find the equation of the line passing through point A = ‘ _21
of —5. -7

y—yn=mx—x1)=>y=-5(—-(-1))+2=-5x-3
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Example 1.7 Find the equation of the line shown in Fig. 1.3.

Fig.1.3 Example line for
equation determination

63.435°

/1
m=tan(63435) =2 =y—y=mx—x) =>y—-0=20—1) =>y=2x—-2

Example 1.8 Find the equation of the line shown in Fig. 1.4.

Fig.1.4 Example line for
equation determination

N

63.435°

m=—tan(63435) = -2 =>y—y=mx—x) =>y-0==20—-1D=>y=—2x+2

1.6 Angle Between Two Lines

The angle between two lines, y; = mix + by and yp = mox + by is « = tan™! l’f?n;;f}l )
Example 1.9 Angle between y; = 2x and y» = xis @ = tan_1| 14er§2 = tan"}(}) =

0.3218 Rad = 18.435° (Fig. 1.5).



1.7 Distance Between Two Points

Fig.1.5 Angle between lines Y1 Y
y1 and y2 i

1.7 Distance Between Two Points

The distance between two points A = 1 and B = ‘ 2 is d
n y2
i X i [ X2
\/ (x1 —x2)% + (y1 — y2)°. The distance between two points A = yi landB =1 y,
21 _ |_ 22
isd =/ 12+ 01— ) + @ - )
. . 1 = .
Example 1.10 The distance between points A = 5 and B = 3 (Fig. 1.6)is d

VA= (D)) + Q2= (=3))? = /29 = 5.38.

Fig.1.6 Distance between
points A and B

R |
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OJ is: d
0

. . X
The distance between point A = !

J and origin O =

¥

\/ (x1 — O)2 + (y1 — O)2 = \/ x% + y%. For instance, the distance between point A =

and the origin (Fig. 1.7) is: d = V12 + 22 = /5 = 2.24.

e S iml| S

4
-+

Fig.1.7 Distance between point A and origin

1.8 Distance Between a Point and a Plane

Given a plane defined by the equation Ax+ By+ Cz+ D = 0 and a point P(xg, Yo, z0), the
distance d between the point and the plane is given by the formula d = 1Axot Byot Coot D]

VAZ+B2+C2
o7
Example 1.11 Calculate the distance between point [ 0 | and x + 2y + z = 4.
~2 |
A B C D 142x0-2-4 5
g=BotBot oD, N+2x 2 02

VAT + B2+ (C? V12422412 V6
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1.9 Exponential Function

An exponential function is a mathematical function of the form f (x) = a¥, where: x is
a variable and a is a constant called the base, and it must be positive and not equal to
1. When the base of function is e ~ 2.7182, the function is called “natural exponential
function”. Important properties of the natural exponential function are studied in this
section.

Consider f (1) = e where p > 0 is a real numbers. f;,~ e 7'd equals to:

X pt

I &=
[era=—=
0

f () = e decays with the rate shown in Table 1.1.

x e P® 0 1 1

- (- — ==

0 -p -p b D

Table 1.1 Rate of decay for f (1) = e !

pt e Pt
0 1

1 0.37
2 0.13
3 0.05
4 0.02
5 0.006

2t

For instance, graph of f(f) = ¢~ is shown in Fig. 1.8. f(¢) is almost zero for ¢t >

5
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exp(-2 t)

os)\ |

o8|\ _
0.7 \ 1
0.6 \

e |
0.4 % g
0.3 X |
02+ ~'\_\ 4

0.1F v 1

0Fr - S

0 0.5 1 15 2 25
Fig.1.8 Plotof ¢ %

If ¢ < 0 then lim ¢“1%* = 0 (note that j shows the imaginary unit). For instance,

_ X—>00 _
lim e(3H4% Jim ¢(7374% or lim ¢~ equals to zero.
X—>00 X—> 00 ) X—00
If a > O then lim ¢@¥%¥ = () (note that j shows the imaginary unit). For instance,
X—> —00

12x

lim ¢7H2% Jim ¢772% or lim ¢!'?* equals to zero.
X—=>—C0

X—>—0 X—>—00
Let’s study another important function: f(r) = (I — F)e ™ + F. I and F are two real
constants. Note that:

Bmf() =lim{JI —F)e " +F =1
t—0 t—0
limf@)=lim{J -Fe?”+F=F
— 00 =00

The time needed to travel from 7 to F is approximately %.
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For instance, for ] =3, F =5andp =2,f(t) = (I — F)e '+ F = (3 —5)e 2 45 =
5 —2¢7%. Note that lim £ (t) = lim 5 —2¢™% =3 and lim f(t) = lim 5 —2¢~% = 5.
t—0 t—0 t— 00 t—co

Graph of f (f) = 5—2¢~% is shown in Fig. 1.9. Travel from 3 to 5 takes around % =2.5s.

45 o

o

0 0.5 1 1.5 2 2.5

Fig.1.9 Plotof 5 — 2¢=2

Let’s study another numeric example. For I = 5, F = 3 and p = 2, f(t) =
(I-F)e P +F =(5-3)¢? 43 =342¢"2". Note that lim f (1) = lim 3+ 2% =5
— —

and lim f (1) = lim 3 4 2¢~% = 3. Graph of f(t) = 3 4 2¢~% is shown in Fig. 1.10.
=00 =00

Travel from 5 to 3 takes around % = 2.5s.
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2 exp(-2t)+3

45t ]

35| S~ J

Fig.1.10 Plot of 3 + 2¢ %

1.10 Logarithmic Function
A logarithm is essentially the inverse operation of exponentiation. It’s a way to determine
the exponent to which a base must be raised to produce a given number. For instance,

3% =81 = log; 81 = 4.
The following are the most important properties of logarithmic functions:

log(a x b) =log(a) + log(b)
log<f—)> =log(a) — log(h)
log(a") = n x log(a)

alagax =

Let’s study some numeric example.



1.11 Even and Odd Functions

Example 1.12 Find solutions of logy x + logy (x — 3) = 2.

logox+logyx —3=2=logx(x —3) =2 = x(x—3)
— 72 :>x2—3x:4:j>x2—3x—4

—0=x =410 =1

Example 1.13 Find solutions of log(x? — 11x + 130) = 2.

Pl + 130 =10 =2 2 —1x+30=0=x; =5,xy =6

Example 1.14 Calculate the value of ¢>*) and 10210¢™)

A _ Jn(#) _ 43 _ gy

102lee@® — qploe(#) — 42 — 16

1.11 Even and Odd Functions

A function f(x) is even if f(—x) = f(x) for all x in the domain. For instance, f(x) =
¥%, f(x) = cos(x) or f(x) = |x| are even function. The graph of an even function is
symmetric about the y-axis. This means that if you reflect the graph across the y-axis, it
will look exactly the same (Fig. 1.11).
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3.5 ‘\

25T \\
15T

05

Fig.1.11 Plot of £ (x) = x2

A function f (x) is odd if f(—x) = —f (x) for all x in the domain. For instance, f (x) =
x3, f(x) = sin(x) or f(x) = x> — x are odd functions. The graph of an odd function is
symmetric about the origin. If you draw a line from any point on the graph of an odd
function to the origin, and then extend that line an equal distance on the other side of the
origin, you will reach another point on the graph (Fig. 1.12).
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08}

-1 08 06 -04 -02 0 0.2 0.4 0.6 0.8 1

Fig.1.12 Plotof f(x) = x°

Not all functions are either even or odd. Many functions fall into the category of
“neither even nor odd.” The sum of two even functions is even. The sum of two odd
functions is odd. The product of two even functions is even. The product of two odd
functions is even.

For an even function f(x) integrated over a symmetric interval [—a, a], the integral
can be simplified as [ f(x)dx =2 fi f (x)dx.

For an odd function f (x) integrated over a symmetric interval [—a, a], the integral can
be simplified as [, f (x)dx = 0.

Exercise: Show that tan(kx) and cotan(kx) are odd functions.

1.12 Linear Dependence of Functions

A set of functions {f; (x),f2(x), ...f»(x)} is said to be linearly dependent if there exist
constants ¢y, ¢z, ..., Cy, not all zero, such that c1f;i(x) + cofa(x) + - + ¢pfu(x) = 0
for all x in the domain of the functions. In simpler terms, a set of functions is linearly
dependent if one of the functions can be expressed as a linear combination of the others.
For instance, f (x) = x? and f>(x) = 2x? are linearly dependent since —2f; (x) +f>(x) = 0.
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A set of functions {f (x), o (x), ..., fx(x)} is said to be linearly independent if the only
solution to the equation c1f1 (x) + c2fa(X) + - - - + ¢pfn(x) = O for all x in the domain of
the functions, is the trivial solution ¢; = ¢» = --- = ¢, = 0. For instance, f1(x) = x and
f>(x) = 2x% are linearly independent since c1fi (x) + cofa(x) =0 = ¢ = ¢ = 0.

In simpler terms, a set of functions is linearly independent if no function in the set can
be expressed as a linear combination of the others.

The Wronskian is a determinant used to determine the linear independence of a set
of functions. Given n functions, f1, /2, ..., /s, that are n — 1 times differentiable on an
interval I, the Wronskian W(f1, f>, ..., f,) is defined as the determinant of the following
matrix:

Jix) S x) - §236s)

£l o o flw

W(EH@, L®), ..., fuld) = 0 (%) 5 (x)
F Pt ¢ SN A e SRR AL €5

If the Wronskian is nonzero for at least one point in the interval I, then the functions
f1./2, ---,J» are linearly independent on /.

Example 1.15 Consider the functions f(x) = sin(x) and g(x) = cos(x). Their Wronskian
is:

sin(x) cos(x)
cos(x) — sin(x)

= —(sin* () + cos? (1)) = —1

W (sin(x), cos(x)) = —sin® (x) — cosz(x)

Therefore, sin(x) and cos(x) are independent since W (sin(x), cos(x)) = —1 £ 0.

Exercise: Investigate the linear dependence of the set of functions {e*, ¢2*, ¢**}.

1.13 Rotation

-cos(G) —sin(6) )

. rotates a point by 6 radians when
sin(fd) cos(d)

The rotation matrix R(#) =

multiplied to its coordinates.

Example 1.16 Rotate pointA = 5 by 90° in the counterclockwise direction.

Rotation is counterclockwise, tfler‘efore, 6 = 490°.
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cos(6) —sin(@)-
sin(fd) cos(d) i

<[

Figure 1.13 shows point A and the result of the rotation (point B).

| cos(@)x —sin(@)y )
| sin(@)x + cos(9)y .

[ cos(90°) —sin(90°) |
| sin(90°) cos(90°) |

1

R < o
X
]

2

N

Fig.1.13 Point rotation

This problem can be solved with the aid of complex numbers as well.

A:[;‘:1+2;:>B:(1+2j)xei%‘:—2+j:>B:

1
Example 1.17 Rotate pointA = 5 by 63.435° in the clockwise direction.

Rotation is clockwise, therefore, § = —63.435°,
_ [ cos(—63.435%) —sin(—63.435) | [1°
sin(—63.435%) cos(—63.435°) |~ | 2|
[ 04473 08944 ] [1]| [22361
| —0.8944 0.4473 |2 - 0

Figure 1.14 shows point A and the result of the rotation (point C).
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Fig.1.14 Point rotation

This problem can be solved with the aid of complex numbers as well (—63.435° =
—1.1071rad).
1] .
A= | = 1+2j=C

= (1+2j) x e 7117

22361
0

=22361 = C=

1.14 Scalar Product of Two Vectors

The dot product or scalar product of two vectors, A= x1i 4+ y1j and B =xi+ Yoj, is
equal to the product of their magnitudes and the cosine of the angle « between them. The
dot product of two vectors, A and B, is denoted by A.B.

K:x1i+y1j:> ‘;\| :\/x%+y%

B=xi+yy= ‘E‘ :\/x§+y§

A.B = |A| x |I§‘ X cos(a) = x1xX2 + V1 V2
X1x2 + X1X,
cos(a) = 12 Ty = a =cos ! 142 + 1y
JA2 07 x /23 93 A0 x 23+ 93

Note that here i and j represent unit vectors along the x and y axes, respectively, in a
two-dimensional Cartesian coordinate system.
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Example 1.18 Angle between A = i + 2j and B = i+jisa =cos™! '
(Fig. 1.15).

)| (=N
+
o
1|

—
I
—
>
~
9%
U
o

Fig.1.15 Vectors A and B

You can solve this problem with the aid of complex numbers as well:

A=1+2j= \/mgm’l(%) — /311071
B=1+j=y12+ 2o (4) Z V36T = 310785

o = 1.1071 — 0.7854 = 0.3217rad = 18.4321°

Very small deviations between obtained results come from rounding the numbers.

1.15 Equation of Circle in Cartesian Coordinates

X0

Yo
For instance, equation of circle shown in Fig. 1.16 is: (x —2)2 + (v — 1)2 = 12,

Equation of a circle with radius of R and center of [ is: (x —x0)2 + (v — y0)? = R2.

Fig.1.16 Plot of
=22+ -12=12
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(x —x0)? + (v — yo)2 < R? represents the points that fall inside a circle with a radius

of R and a center at the point 0 bt excluding the circle itself. Such a region is called
Yo

an opened disk.
(x —x0)2 + (v —_yo)2 < R? describes the interior of a circle with a radius of R and a

center at the point 0 and the circle itself. Such a region is called a closed disk.
Yo
For instance, equation of closed disk shown in Fig. 1.17 is: (x —2)2 4+ (y — 1)? < 1%.

Fig.1.17 Plot of
-2 +G6-12=<1?

(x —x0)> 4+ (y —y0)? > R? represents the points that fall outside a circle with a radius

of R and a center at the point 0| but excluding the circle itself.
Yo

(x —x0)2 + (v —_yo)2 > R? ‘describes the interior of a circle with a radius of R and a

. X . .
center at the point 9| and the circle itself.

Yo
For instance, Fig. 1.18 shows the points that satisfy the inequality (x —2)?+(y—1)? >
12.

Fig.1.18 Plot of
x=224+@G3-1)72%>12

1.16 Equation of Ellipse in Cartesian Coordinates

An ellipse is a plane curve surrounding two focal points, such that for all points on
the curve, the sum of the two distances to the focal points is a constant (Fig. 1.19). It
generalizes a circle, which is the special type of ellipse in which the two focal points are
the same.
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Fig.1.19 An ellipse
(di+dp =d3z+dy =ds +dg)

Equation of the ellipse shown in Fig. 1.20 is (x;%): + (y“b# = 1. Note that @ > b.

Fig.1.20 A horizontal ellipse
(a > Db) -+

é

XA = - ——

Equation of the ellipse shown in Fig. 1.21 is &% 4 0930 — 1 Note that a > b.
b a

Fig.1.21 A vertical ellipse
(a > Db) -+

PO -
o

0 2 2 2
Exzample 1.19 Equation of ellipse shown in Fig. 1.22 is (x 2 + (y I THO -
2y =1
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Fig.1.22 Plot of
x2 2 _
T +O—2)=1

1.17 Graphical Approach to Function Transformations

The function f(f) + ¢ represents a vertical shift of the function f(f). When you add a
constant ¢ to the function, you shift the entire graph of f (f) upward by ¢ units if ¢ is
positive, and downward by |c| units if ¢ is negative.

For to > 0, the graph of f (t — ) is a horizontal translation of the graph of f () by t
units to the right. The graph of f (¢ + o) is a horizontal translation of the graph of f(f)
by fp units to the left.

The function f(—t) represents a reflection of the function f (¢) about the y-axis. This
means that the graph of f(—¢) is the mirror image of the graph of f (¢) across the y-axis.

The function —f (r) represents a reflection of the function f (¢) about the x-axis. This
means that the graph of —f (¢) is the mirror image of the graph of f (¢) across the x-axis.

The function f (af) represents a horizontal scaling of the function f(¢). If ¢ > 1, the
graph of f (ar) is compressed horizontally. If 0 < ¢ < 1, the graph of f(at) is stretched
horizontally.

Example 1.20 Consider the function f (r) shown in Fig. 1.23.

Fig.1.23 Plot of f(1)

Graph of f () + 5 is shown in Fig. 1.24.
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Fig.1.24 Plotof f(¢) + 5

Graph of f(—1) is shown in Fig. 1.25.

Fig.1.25 Plot of f(—1)

05 025 | t
Graph of f(r — 1) is shown in Fig. 1.26.

Fig.1.26 Plotof f(r — 1)

Graph of f(t + 1) is shown in Fig. 1.27.

Fig.1.27 Plotof f(r + 1)

y\ """"""""""""""" i
1

-1 -0.75 -0.5 t

Graph of f(2r) is shown in Fig. 1.28.

Fig.1.28 Plot of f(21) f(t)
61~ -Af(2t)

0.1250.25 t
Graph of f(0.5¢) is shown in Fig. 1.29.
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Fig.1.29 Plot of £(0.51)

Exercise: Draw the graph of —f (—7 + 2).

1.18 Determining the Sign of Expressions

Figure 1.30 shows how to determine the sign of f(x) = ax + b.

Fig.1.30 Sign of b
f(x)=ax+b s . + o
[
Expression has h Expression has the
the opposite sign | same sign asa
ofa

Figure 1.31 shows how to determine the sign of £ (x) = ax? +bx+c when ax®> +bx+c¢
has two real roots x1 and x3.

Fig.1.31 Sign of s o i i
f) = ax? + bx + ¢ (roots are Expression has the (
real and different) same sign asa

h Expression has
the opposite sign
ofa

) Expression has the
same sign asa

Figure 1.32 shows how to determine the sign of f (x) = ax? +bx+c¢ when ax? +bx+c¢
has repeated real roots.

Fig.1.32 Sign of —00 X, T s + oo
f(x) = ax? + bx + ¢ (ro0ts are
real and repeated) Expression has the § Expression has the

same sign as a same sign asa
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Figure 1.33 shows how to determine the sign of f (x) = ax? +bx+¢ when ax? +bx+c
has no real roots.

Expression has the
same sign asa

Fig.1.33 Signof f(x) = ax? +bx+e (roots are complex)

Example 1.21 Determine the sign of f (x) = x + 12.
Sign of f (x) = x 4 12 is shown in Fig. 1.34.

Fig.1.34 Signoff(x) =x+ 12

Example 1.22 Determine the sign of f (x) = ==
Sign of f (x) = x+1 is shown in Fig. 1. 35

—o -7 -1 + o
x+1 — — +
x+7 - )+ +
x+1
x+7 + i - +
Fig.1.35 Sign of f(x) = fi}
Graph of f (x) = £ is shown in Fig. 1.36, as well. Use this graph to verify the result

shown in Fig. 1.35.
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(x+1)(x +7)

4t

'
N b= = e e e e e e o e e e e e - -

Fig.1.36 Plotof f (x) = £

Example 1.23 Determine the sign of f (x) = —x? + 4x — 10.

2445 —10 =0 = A =42 — 4(=1)(—10) = 16 — 40 = —24. Therefore, this
equation has no real roots. Sign of this expression is always negative since a = —1 < 0.
Note that f (x) = —x% + 4x — 10 can be written as f (x) = —(x — 2)®> — 6. This expression
clearly shows that f (x) is always negative.

Example 1.24 Determine the sign of f (x) = 2x? + 4x + 10.

2202 +4x4+10=0= A =42 — 4(2)(10) = 16 — 80 = —64. Therefore, this equation
has no real roots. Sign of this expression is always positive since ¢ = 2 > 0. Note that
f(x) = 2x% 4+ 4x + 10 can be written as f (x) = 2(x + 1)> +8. This expression clearly shows
that f (x) is always positive.

x+1
X245x46"

is shown in Fig. 1.37.

Example 1.25 Determine the sign of f (x) =

; __xHl __ xl
Signof f (%) = Z5% = T
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Fig.1.37 Sign of —o -3 -2 B + o0
Fry) — X+ x+1
PO = 25w = GROGE) ! o s i
x+2 - — + +
x+3 - + + +
x+1
x+2)(x+3) - t+t ¢ - +

Graph of f (x) = ﬁ is shown in Fig. 1.38, as well. Use this graph to verify the result

shown in Fig. 1.37.

(x +1)/(x%+5 x + 6)

- een En oem m em e e em abes e s e e e s e e

i
I
I
|
I
|
I
|
I
|
]
T o
I /
|
|
|
|
|
|
|
|
i

-5 - -3 -2 -1 0 1
X

Fig.1.38 Plotof f(x) =

1.19 Optimizing Single-Variable Functions

Single-variable optimization is a mathematical technique used to find the maximum or
minimum value of a function of one variable within a specified domain.

To find the optimum point of a function of one variable, we typically calculate the
derivative of the function, set it equal to zero, and solve for the critical points. Critical
points are points where the derivative of the function is zero or undefined.
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To classify these critical points as local maxima, minima, or points of inflection, we
typically employ the second derivative test. By evaluating the second derivative at each
critical point, we can determine the concavity of the function at that point. A positive
second derivative indicates a local minimum, while a negative second derivative signifies
a local maximum.

Example 1.26 Find the optimum point of f (x) = x*> + 3x + 5.

fO=x24+3x4+5=2 W) =20+3=>2+3=0=>x=-15

@) =2>0=f"(-1.5=2>0

Therefore, the critical point x = —1.5 is a minimum (Fig. 1.39). Value of function at
x=—15isf(=1.5) = (—1.5% +3 x —=1.54+ 5 = 2.7500.

, 3x+x2+5 '
20
15} '
10} 4
5 ]
6 -5 -:1 -;3 -2 -1 0 ; 2 3
X

Fig.1.39 Graphof f(x) =x2 +3x+5

Example 1.27 Given the constraint x 4y = 7, determine the maximum value of the x x y.
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f=x-yv=x-T=-0=-24+Tx=>f(0=-2+7=0=>x=35=>y=35
xy=35x%x35=1225

Example 1.28 The circuit in Fig. 1.40, has a fixed resistor Ry and a fixed voltage source V.
Determine the optimal value of resistor R> to maximize the power dissipated across it.

R4

Fig.1.40 A simple circuit
According to the principles of physics, power dissipation in the resistor Ry is given by:

Ry 1 V2R,
V x = — =5
Ri+ Ry Ri+ Ry (K1 4 Ka)=

Pr, = Vg, x I, =

We want to maximize the power dissipated in the resistor Rj.

aPry _ V2R +Ry)® —2(Ry + Ro)(V2Ry)
dR> (R + Ro)*
= V(R 4+ R2)? —2(R1 + R))(V?Ry) =0
= VIR +Ry) —2V?Ry =0 =Ry = R

0
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Ry =Ry = Ppax = ViRV
2 = 1\] max_(R1+R1)2_4R1

For V. = 10V and Ry = 2.5%, P, = —7(2};'32) (Fig. 1.41). When Ry = Ry = 2.5,

72 .
Py = 7 = 795 = 10W (Fig. 1.42).

(100 R,)/(R, + 5/2)?

10} i

100R>

Fig.1.41 Graph of Pg, = PR
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(100 R )/(R, + 5/2)?

10} .-
X 2.49423
Y 9.99999

-

Fig.1.42 The function Pg, = % reaches its peak value of 10 around the point 2.5 on the
X-axis )

Example 1.29 Find the minimum value of f(x,y) = (x+y — 3)2 + (2x + 3y — 7% +

(x+y—4)7°
Let’s find the critical point of cost function:

d
%:2(x—|—y—3)+4(2x+3y—7)+2(x+y—4):12x—|—16y—42
d
%:2(x—|—y—3)+6(2x+3y—7)+2(x+y—4):16x—|—22y—56
[ L —0=1x+16y-—42=0=6c+8y=21 [x| [35
I%:()316x+22y—56:()38x+11y:28 vl Lo

1 [35]
()

The critical point is

. Let’s determine the type of obtained critical point.

Yy

Remember that critical point is:
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2
A. alocal minimum if D > 0 and % > 0,

2
B. alocal maximum if D > 0 and 9}% < 0, and,
C. asaddle point if D < 0.

- v o . i L . a*f a2 f 92f — : ,
Noie ihai D shows the discriminant and D = 2 x 2L — (2L 1 p = 0, the tesi is
ax? 92 \ 0xdy

inconclusive. For given cosi funciion:

82
—f =12
ax2

32f
ay?
f

—— =16
axdy

=22

axay/

92f 92 92 \°
D= fx Ji—( SN —12x22-16>=8
axz  9y?

2
Obtained critical point is global minimum since D > 0 and ‘?Tf > 0. Value of cost
funcidon at criiical point is £ (3.5, 0) = 0.5.

Exercise: Calculaic ihe minimum value of \/ x—12%+ y2 4 (6 —x — 2y)2.

1.20 Arithmetic Sequence

An arithmeiic sequence is a sequence of numbers where ihe difference beiween any
iwo consecuiive ierms is consiani. This consiani difference is known as ihe common
difference. For insiance, 2, 5,8, 11, 14, 17, ..., 24 (n — 1) x 3 is an arithmeiic sequence.

Consider ihe ariihmeiic sequence shown in below:

An ariihmeiic sequence can be represenied as: ap, ay +d, a1 + 2d, a1 + 3d, a1 +
4d, . ..,a1+ (n — Dd where aq is the firsi ierm, 7 is ihe posiion of ihe term and d is ihe
common difference beiween consecuiive ierms.

The formula io calculaie ihe sum of ihe first N erms of an ariihmeiic sequence is:

N

g \’—* NLl +a
bNzzdan:a1+a2+a3+~~+a1\/:¥
n=1
_ Na +a1+ NN — Dd) B NQa; + (N — 1)d)
B 2 B 2

For insiance, for 2, 5,8, 11, 14,17, ..., 24+ (n—1) x 3:
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50x2+(5-1)x3) 54412
2 o 2 -

Ss=2+54+8411414 = 40.

1.21 Geometric Sequence

A geometric sequence is a sequence of numbers where each term after the first is found
by multiplying the previous one by a fixed, non-zero number called the common ratio. A
geometric sequence can be represented as: ap, ar, alrz, a1r3, a1r4, ey alr”’l where a1
is the first term and r is the common ratio. For instance, 2, 6, 18, 54, 162,486, ...,2 x
(3)""! is a geometric sequence.

The formula to calculate the sum of the first N terms of an arithmetic sequence is:

ar(1- )

N N
Sy = Zan = Zalr”_l S—=
n=1 n=1 -r
For instance, for 2, 6, 18, 54, 162,486, ...,2 x (3)”’1:

2(1-3%)
S5 =246+ 18454+ 162 = ————= =242

The sum of an infinite geometric series with the first term @ and common ratio |r| < 1

is given hy 12_17. For instance, infinite sum of %, %, 11—8, %, ... 18 l—_z-—l— =% = % = 0.75.
2

AR —

Example 1.30 Calculate the valie of 1 4+ x + x> +x° 4+ ... when x| < 1.

x
1
1+x+x2+x3+...221xx”_1:m |X|<1
n=1

Example 1.31 Calculate the value of 1 + 2x 4+ 3x% + --- when |x| < 1.
In the previous example we showed that: 1 +x + x> + 2% 4+ ... = llTxlxl < 1. Let’s
differeiitiate both sides of the equatioii:

14+2x+3x%2+... = ;2|x| <1
(1—x)
1.22  Problem Solving with MATLAB®

This section provides examples of how MATLAB caii be employed to solve the types of
problems eucouititered in this chapter.
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Example 1.32 In MATLAB, ans is a special variable that stores the result of the most recent
calculation or expression that wasn’t explicitly assigned to another variable. For instance,
the code in Fig. 1.43 assigns 56 to ans.

Fig.1.43 Result is saved in Command Window (¥

ans >> 7%8
ans =
56

fx >> |

However, it’s generally recommended to assign results to specific variables for better
code readability and reusability. For instance, the code in Fig. 1.44 assigns the result of the
calculation to the variable A.

Fig.1.44 Resultis saved in A Command Window @

>> A=7*8
A =
56
fx >>|

When you place a semicolon at the end of a statement, MATLLAB will execute the com-
mand but suppress the output to the command window (Fig. 1.45). This is useful when you
want to perform calculations or assignments without cluttering the screen with intermediate
results.

Fig.1.45 Result is not shown Command Window &

>> A=7*8;
fx >>

v
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and

Example 1.33 The code in Fig. 1.46 draws the line passing through

Output of this code is shown in Fig. 1.47.

Fig.1.46 Sketching the line Command Window

. . A—l >> x=[-1 3];
connecting points 3 and

>> y=[2 4];

>> plot(x,y),grid on
Jx >>

38 _

36 J

341 :

287t 1

22} ]

Fig.1.47 Output of the code shown in Fig. 1.46

Example 1.34 The code in Figs. 1.48 or 1.49 determine the distance between the point

1
A= [2} and the origin in the Cartesian plane.
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Fig.1.48 Calculating the
distance between point

A= [ ;} and the origin

Fig.1.49 Calculation of

V12 422

Example 1.35 The code in Figs.

1 (1
A= and B = :

2 -3
Fig.1.50 Calculating the
distance between the point

A=|lanap=|""
2 -3

Command Window ®

>> A=[1;2];
>> norm(Aa, 2)

ans =

2.2361

Jx >>

Command Window ®

>> sgrt(1+2+2+2)
ans =
2.2361

Jx >> |

1.50 and 1.51 determine the distance between the point

Command Window ®
>> A=[1;2];
>> B=[-1;-3];
>> norm(A-B, 2)

ans =

5.3852

Jx >>
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Fig.1.51 Calculation of Command Window ®
=102 4@ (-3)? >> Sqre ((1-(-1))~2+(2-(-3)) ~2)
ans =
5.3852
fe >> |

Example 1.36 The code in Fig. 1.52 calculates [, e=>dr.

Fig.1.52 Calculation of Command Window ®
e.9)

[ear >> syms t

0

>> int(exp(-3*t),t,0,inf)

ans =

1/3

Jx >>

Example 1.37 The code in Fig. 1.53 generates a plot of the function e =% over the interval
[0, 1.5]. Output of this code is shown in Fig. 1.54.

Fig.1.53 Code of Example Command Window
137 s

syms t

>> ezplot(exp(-2*t), [0 1.5]), grid on
>> xlabel ("time (s)")

>> ylabel ("voltage (V)")




36 1 Functions

exp(-2 t)

0 0.5 1 1.5
time (s)

Fig.1.54 Output of code shown in Fig. 1.53
Example 1.38 The code in Fig. 1.55 calculates 1og(100).

Fig.1.55 Calculation of Command Window &)
log(100)

>> 1logl0(100)

ans =

Jx >> |

Example 1.39 The code in Fig. 1.56 calculates In(7).
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Fig.1.56 Calculation of In(7) Command Window ®

>> log(7)
ans =
1.9459
fx >> |
Example 1.40 The code in Fig. 1.57 calculates log, 7.
Fig.1.57 Calculation of Command Window ®
log, 7 >> log(7)/1log(2)
ans =
2.8074
Jx >> |

Usethe format 1ongcommand toincrease calculation precision (Fig. 1.58). Employ
the format short command to reduce the number of decimal digits displayed.

Fig.1.58 Calculation of Command Window ®

logy 7 >> format long
>> log(7)/1log(2)

ans =

2.807354922057604

x >>|

(12 7 "‘
Example 1.41 The codein Fig. 1.59 calculates the determinant of matrix A = ‘ 36-11.
77 0 |
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Fig.1.59 Calculation of Command Window ®
determinant of matri
e A >> A=[1 2 7;3 6 -1;7 7 0];
A=|36—1 >> det (A)

77 0

i - ans =

-154
fx >> |

Example 1.42 The code in Fig. 1.60 calculates the Wronskian determinant for the functions
¢, ¢ and ¢,

Command Window

>> syms t

>> yl=exp(t);
> y2=exp(2*t);
>> y3=exp(3*t);
>> W=simplify(det([yl y2 y3;diff(yl,t) diff(y2,t) diff(y3,t); diff(yl,t,2) diff(y2,t,2) diff(y3,t,2)]))

N

W=
2%exp (6*t)

Jx >>

Fig.1.60 Calculation of Wronskian determinant for the functions ¢/, ¢ and &'

Example 1.43 The code in Fig. 1.61 converts % radians to degrees.

Fig.1.61 Conversion of & Command Window ®
radians to degrees >> rad2deg (pi/é6)
ans =
30.0000
fx >> |

Example 1.44 The code in Fig. 1.62 converts 60° degrees to radians.
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Fig.1.62 Conversion of 60° Command Window ®

degrees to radians
>> deg2rad(60)

ans =

1.0472

fx >> |

1
Example 1.45 The code in Figs. 1.63 and 1.64 rotates the point A = ‘ 2i| by 63.435°

degrees clockwise.

Fig.1.63 Rotation of point Command Window ®
1 >> A=[1;2];
— (o >> theta=-63.435;
A= 2 by 63.435 degrees >> B=[cosd(theta) -sind(theta);sind(theta) cosd(theta)]*a
clockwise -
2.2361
-0.0000
fi>> |
Fig.1.64 Rotation of point Command Window ®
1 >> A=[1;2];
A= by 63.435° degrees >> theta=deg2rad(-63.435);
2 >> B=[cos (theta) -sin(theta);sin(theta) cos(theta)]l*a
clockwise .
2.2361
-0.0000
Jx >>

Example 1.46 The code in Fig. 1.65 calculates the dot product of A=i+ 2j and B =
—7i — 6.
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Fig.1.65 Calculation of the Command Window ®

dot product of the A =i + 25
andB=—7i — 6j >> A=[1;2];
>> B=[-7;-6];
>> dot (A, B)

ans =

-19

fi >> |

Let’s check the result shown in Fig. 1.65.4-B = (i + 2]} (=71 — 6]) = 1x =742 x—6 =
-7 —-12 = -19.

Example 1.47 The code in Fig. 1.66 calculates the cross product of A=1i+ 2j + 7k and
B = —7i +2j — 6k. According to Fig. 1.66, Ax B=-26i — 43] + 16k. Note that cross
command calculates the cross product of two 3-dimensional vectors. It cannot be used with
vectors of higher dimensions.

Fig.1.66 Calculation of the Command Window ®
Cross product of T
A =1i+72 +7k and >> B=[1;2;7]1;
B=-Ti+2 —6k >> B=[-7;2;-6];
>> cross (A, B)

ans =
-26
-43
16
Jx >>
: . I 27|17
Let’s check theresult showninFig. 1.66.AxB =] 1 2 7 | = 2 6 76 +
~72 -6 o

12
72

~

= —261 — 43] + 16k.
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Example 1.48 Figures. 1.67, 1.68 and 1.69 show different MATLAB codes for calculating
the value of the function f (x,y) = (x +y — 3)2 + Qx4+ 3y — 7% 4+ (x+vy —4)? at the

point (1, 7).

Fig.1.67 Calculation of
fEy) =0+y-37+
2x+3y =12+ (x+y—4)72
at (1,7)

Fig.1.68 Calculation of
floy)=@+y=32+
2x+3y =72 + (x+y—4)2
at (1,7)

Fig.1.69 Calculation of
fy)=@+y—3)2+
2x+3y =12+ (x+y—4)72
at (1,7)

Command Window ®

>> f= @(X,y) (X+y-3) 22+ (2*x+3*y-7) 2+ (x+y-4) *2;
> £(1,7)
ans =

297

fe >> |

Command Windew ®

>> syms X Yy
>> f=(x+y-3) "2+ (2% x+3%y-T7) "2+ (X+y-4) *2;
>> subs(subs(f,y,7),x,1)

fx>>

Command Window ®

>> Syms X y

>> f=(x+y-3) "2+ (2¥x+3%y-7) "2+ (x+y-4) ~2;
>> subs(subs(f,x,1),y,7)

ans =

2917

Jx >>

Example 1.49 The code in Fig. 1.70 calculates the critical points of the function f (x) =
x% + 3x + 5 by finding the zeros of its derivative.
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Command Window (2]

>> syms X

>> y=x"2+3*x+5;

>> dydx=diff (y,x):;

>> x extremum=solve (dydx==0, X)

X_extremum =

-3/2

fx >> |

Fig.1.70 Critical point of f(x) = x% +3x + 5

Example 1.50 The code in Fig. 1.71 calculates the critical points of the function f (x, y) =
(x+y—=324+ Q2x +3y — D2+ (x +y — 4)? by finding the zeros of its partial derivatives.

Command Window ®
>> syms X y
>> f=(x+ty-3) "2+ (2*x+3*y-7) "2+ (x+y-4) *2;
>> df dx=diff(f,x);
>> df_dy=diff(f,y):
>> sol=solve ([df_dx==0,df_dy==01, [x, y])~’
>> disp(sol)
% T2
Vi D

fx >> |

Fig.1.71 Critical point of f(x, y) = (x + vy —3)2 + (2x + 3y = N2 + (x + y — 4)2

Example 1.51 The code in Fig. 1.72 demonstrates the computation of the global minimum
of the function f (x,y) = (x+y — N2+ 2x+ 3y — 7)2 +x+y— 4)2 and its associated
coordinates.
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Command Window ®
>> fun=@(x) (x(1)+x(2)-3)"2+(2*x (1) +3*x(2) -7) "2+ (x (1) +x(2) -4) ~2;

>> x0=[0;0]:;
>> [x,fval]l=fminsearch (fun, x0)
X =
3.5000
-0.0000
fval =

0.5000

Sfr >>

Fig.1.72 Global minimum of the function f (x,y) = (x +y — 3)2 4+ (2x 4+ 3y — 7)2 +x+y— 4)2

Example 1.52 The code in Fig. 1.73 demonstrates the computation of the global minimum

of the function f (x,y) = \/(x -2+ y2+(6—x— 2y)2 and its associated coordinates.

Command Window ®

>> fun=@ (x) sqgrt((x(1)-1)"2+x(2) "2+ (6-x(1)-2*x(2)})"2);
>> x0=[0;0];
>> [x,fval]=fminsearch (fun, x0)

1.8333
1.6666

fval =
2.0412

x >>|

Fig.1.73 Computation of the global minimum and its associated coordinates

Example 1.53 The following code finds the minimum value and its location for f(x) =

(21502;2 on [0, 25] interval.
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o

Define the function
f = @(x) 100*x/(2.54x)"2;

% Set the search interval
lowerBnd=0;

upperBnd=25;

% Find the maximum using fminbnd
[x max, f max] = fminbnd(@(x) -£f(x), lowerBnd, upperBnd);

Q

% The maximum value is the negative of the minimum
max value = -f max;

disp(['Maximum value of given function is:', num2str(max value)]):;
disp(['x value at maximum is:', num2str(x max)]);

Use the edit command (Fig. 1.74) to open the Editor (Fig. 1.75).

Fig.1.74 edit command Command Window ®

Jx >> edit

FZ Editor - untitled ® x
| untitled |+ |

S | ~

Fig.1.75 Editor window

Type the given code (Fig. 1.76) and press the Ctrl 4 S to save it.
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BZ Editor - untitled ® x
| untitled |+ |
1 % Define the function - @
2 f = @(x) 100*x/(2.5+x)A2;
3
4 % Set the search interval
5 lowerBnd=0;
6 upperBnd=25;
7
8 % Find the maximum using fminbnd
9 [x_max, f_max] = fminbnd(@(x) -f(x), lowerBnd, upperBnd);
10
11 % The maximum value is the negative of the minimum
12 max_value = -f_max;|
13
14 disp(['Maximum value of given function is:', num2str(max_value)]);
15 disp(['x value at maximum is:', num2str(x_max)]);

Fig.1.76 Code of Example 1.53

Press the F5 key of your keyboard to execute the code or click the Run button (Fig. 1.77).
Output of this code is shown in Fig. 1.78.

Fig.1.77 'The run button

E [Z] section Break [) @_;
Run Eﬁ Run and Advance Rin Step
Section Ea Run to End v

SECTION RUN

Fig.1.78 Output of the code

Maximum value of given function is:10
X value at maximum is:2.5

fi >> |

I 2x+3y =7

| —4x+3y< -1
Note that the maximization of f(x) is equivalent to the minimization of its negative
counterpart, —f (x).

Example 1.54 The following code maximize f (x, y) = x.y subject to
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% Objective function
fun = @(x) -x(1)*x(2); % Negative to find the maximum

% Linear inequality constraint
A = [-4 3];

b =-1;

% Linear equality constraint
Req = [2 3];

beq = 7;

% Initial guess
0= 1111;

bl

% Find the maximum
[x,fval] = fmincon (fun,x0,A,b,Aeq,beq);

Q

% The maximum value is the negative of the minimum
max value = -fval;

disp ([ 'Maximum value:', num2str (max value)]);
disp(['x and v values:', num2str(x(1l)), ', ', num2str(x(2))1):

Output of this code is shown in Fig. 1.79.

Command Window ®

Local minimum found that satisfies the constraints.

Optimization completed because the objective function is non-decreasing in
feasible directions, to within the value of the optimality tolerance,

and constraints are satisfied to within the value of the constraint tolerance.

<stopping criteria details
Maximum value:2.0417

x and y values:1.7S5, 1.1667
Jx >>

Fig.1.79 Output of the code

Example 1.55 The following code minimize f (x,v,2) = (x —3)2 + (y — 1> + (¢ + 1)?
subject to x? + > + 72 = 4.
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9

% Define the objective function
fun = @(x) (x(1)-3)"2 + (x(2)-1)"2 + (x(3)+1)"2;

% Initial guess
x0 = [1, 1, 11:

o)

% Define the nonlinear constraint

function [c,ceq] = nonlcon (x)

ceq = x(1)"2 + x(2)"2 + x(3)"2 - 4;

¢ = []; % No nonlinear inequality constraints
end

% Solve the optimization problem
[x,min value] = fmincon (fun,x0, [],[],[],[1,[],[],@nonlcon,options)

Output of this code is shown in Fig. 1.80.

@

Command Window

1imum found that sati

constrair

Optimization completed because the objective function is non-decreasing in
feasible directions, to within the value of the optimality tolerance

and constraints are satisfied to within the value of the constraint tolerance.

<stopping criteria details>

1.8091 0.6030 -0.6030

min_value =
1.7335

j%>>|

Fig.1.80 Output of the code

Example 1.56 The following code calculates 30 n?.

;
sum = 0;
for 1 = 1:n

sum = sum + 1°2;
end

disp (sum)
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Enter the code to the Editor (Fig. 1.81) and execute it. Output of this code is 385 (Fig. 1.82).

PZ Editor - C:\Users\Farzin Asadi\Documents\.. ® X

| untitled12.m | + |
1 n = 10;
2 sum = 0, o
3 [ fori=1:n
4 sum = sum + iAZ;
5 end
6 disp(sum)|

10
Fig.1.81 Calculation of Y n?

n=1

Command Window &

Fig.1.82 Output of the code in Fig. 1.81

Example 1.57 The code in Fig. 1.83 calculates 2,1111 ;}2

Command Window (G

>> syms n
>> S=symsum(1/n“2,n,1,10)

S =

1968329/1270080

>> eval(s)

ans =

1.5498

f:5>>|

10
Fig.1.83 Calculation of 3 ;12

n=1
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Example 1.58 The code in Fig. 1.84 calculates Y ;2| .

Command Window ()

>> syms n
>> S=symsum(1/n*2,n,1, Inf)

pir2/6

fe >> |

[0.9)
Fig.1.84 Calculationof ¥ &

12
n=1

Example 1.59 The code in Fig. 1.85 generates a plot of the function e ’sin(2¢) over the
interval [0, 7]. Output of this code is shown in Fig. 1.86.

Command Window

>> syms t
>> ezplot(exp(-t)*sin(2*t), [0,7])
>> grid on

fx >>

Fig.1.85 Code for generating the plot of ¢~ *sin(2r) over |0, 7] interval



50 1 Functions

| 4] Figure 1 = O X
| Eile Edit View |Insert Tools Desktop Window Help »

NEede a0k E

sin(2 t) exp(-t)

Fig.1.86 Output of the code shown in Fig. 1.85

Use “File > Save As...” (Fig. 1.87) to export the plot as an image. Utilize the “Save as
Type” dropdown menu (Fig. 1.88) to select the appropriate file format.
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Fig.1.87 File > Save As... —
| <4 Figure 1

File Edit View Insert Tools Desktop

Generate Code...

Import Data...
Save Workspace

Preferences...

Print...

Export Setup...
Print Preview...

Ctrl+P

Fig.1.88 Supported graphic @8 Desktop  #

formats

L Downloads #

File name:

untitled

| New >| I B
Open... Ctrl+O
Close Ctrl+W
Save Ctrl+S
Save As...

Save as type: | Portable Network Graphics file (*.png)

» Hide Folders

o

Bitmap file (*bmp)

EPS file (*.eps)

Enhanced metafile (*.emf)

JPEG image (*,jpg)

MATLAB Figure (*.fig)

Paintbrush 24-bit file (*.pcx)
Portable Bitmap file (*.pbm)
Portable Document Format (*.pdf)
Portable Graymap file (*.pgm)
Portable Pixmap file (*.ppm)
Scalable Vector Graphics file (*.svg)
TIFF image (~.tif)

TIFF no compression imaae (*.tif)

Use the magnifying glass icon (Fig. 1.89) to zoom in or out.



52 1 Functions

| T Figure 1

iEiIe Edit View Insert Tools Desktop Window Help

Nede @08 KE

sinl(2 t) expg-t) @1 A @ RQQ @}

0.5} 4

0.4 .

0.3 i

° /\\w
-0.1 1

i

| 1
. 0 1 2 3 4 5 6 7
| t

Fig.1.89 Zoom in or out icons

Employ the grid on or grid minor command (Fig. 1.90) to overlay a grid on the
plot (Fig. 1.91).

Fig.1.90 Addition of grid to Command Window
the plot

>> syms t
>> ezplot (exp(-t)*sin(2*t), [0,7])

>> grid minor
Jx >>
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| 4\ Figure 1 = (W] X
File Edit View |Insert Tools Desktop Window Help »

Nade @ 0EE| K E

sin(2 t) exp(-t)

05|

04 f .

0.3

02}

0.1 :
0 //" '''' —

v

0.1 | KA

0 1 2 3 4 5 6 7

Fig.1.91 Output of the code shown in Fig. 1.90

Utilize a mouse click on the graph to obtain the coordinates of a specific point. For
example, Fig. 1.92 shows a maximum value of 0.514079 at x ~ 0.546486.
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| 4\ Figure 1 — (m] >4

File Edit View Insert Tools Desktop Window Help w

Dade @ 08 R(E

sin(2 t) exp(-t)

O:5i——F

/ X 0.546486 1
Y 0.514079
041 \ .

03 \ 1

0.2t \ ]

0.1 J
ol e o PO (i i 68
/
rg
-0.1 g |
o 1 2 38 4 5 6 7
t

L :

Fig.1.92 Obtaining the coordinates of a point

Should you encounter difficulties in precisely positioning the cursor on the graph, right-
click and select “Selection Style > Mouse Position” from the context menu (Fig. 1.93).

Fig.1.93 Selection Style > Edit Content and Style...
Mouse Position Selection Style 3 « Mouse Position
Display Style )| Snap to Nearest Data Vertex

Delete Current Data Tip

Delete All Data Tips

Export Cursor Data to Workspace...
Update Function >

Example 1.60 The code in Fig. 1.94 plots sin(x) on [0, 4] with axis labels and a title.
Output of this code is shown in Fig. 1.95.
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Fig.1.94 Plotting sin(x) on Command Window ®
[0, 4n]
>> syms t

>> ezplot(sin(t), [0,4*pi])

>> grid on

>> xlabel ("time (s)")

>> ylabel ("voltage (V)")

>> title("Capacitor voltage™)

fi >> |

4\ Figure 1 — ] X
| File Edit View Insert Tools Desktop Window Help ~

EEEDICIEERY-

Capacitor voltage

1y i
0.5+ i
= /
g o / |
S /
05+ .
-1k 4
0 2 4 6 8 10 12
time (s)

Fig.1.95 Output of the code shown in Fig. 1.94
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| x(t) = 3cos(t)

Example 1.61 The code in Fig. 1.96 plots the graph of I () = 3sin()
y(f) = 3sin

forO <t < 2m.

Output of this code is shown in Fig. 1.97.

Fig.1.96 Plotting the graph Command Window
x(t) = 3 cos(t) >> syms t
y(1) = 3sin(z) >> ezplot (3*cos(t),3*sin(t), [0,pi])
0<t<2m Jx >> |
| 4\ Figure 1 — (m] >4
File Edit View |Insert Tools Desktop Window Help w

NEds 08|k E

x = 3 cos(t), y = 3 sin(t)

35¢ _

>.1.5-/ \_

. \

Fig.1.97 Output of the code shown in Fig. 1.96

Example 1.62 The code in Fig. 1.98 generates a plot of the functions ¢ sin(2f) and
¢~ 13'sin(3¢) on the same coordinate system. Qutput of this code is shown in Fig. 1.99.
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Fig.1.98 Plotting e *sin(2¢) Command Window
and ¢~ 1¥sin(3) on the same >> syms t
coordinate system >> ezplot (exp(-t) *sin(2*t), (0,7,-.5,.6])
>> hold on
>> ezplot(exp(-1.5*t)*sin(3*t), (0,7,-.5,.6])
>> grid on
Jx >> |
| [ Figure 1 = ] X
| Eile Edit View |Insert Tools Desktop Window Help ~
Nade S| 0& KE
sin(3 t) exp(-(3 t)/2)
\ e 2
=01 N, i ]
-02 1
-03 1
-04
_0.5 L 1 L 1 L L
0 1 2 3 4 5 6 7

Fig.1.99 Output of the code shown in Fig. 1.98

Example 1.63 In thisexample, we will visualize the data provided in Table 1.2 by generating

a corresponding plot.
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Table 1.2 Data points for Example 1.63

>
~«

16
25
36
49
64
81
100

C | XN || W N =

—_
<

The code in Fig. 1.100 generates the graph of Table 1.2. Output of this code is shown in
Fig. 1.101.

Command Window ()]

>> x=[1 2345678 9 10];

>> y=[1 4 9 16 25 36 49 64 81 100];
>> plot(x,y), grid on

>> xlabel ("time (s)")

>> ylabel ("voltage (V)")

>> title("Voltage vs. time")

Jx >> |

Fig.1.100 Plotting the Table 1.2 data
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4\ Figure 1

| Eile Edit View Insert Tools Desktop Window Help N

Nads 808k (E

100

90

80

70

60

50

voltage (V)

40
30
20

| 10

Voltage vs. time

T T T T T T

1 L I i 1 1 L I

2 3 4 5 6 7 8 9 10
time (s)

Fig.1.101 Output of the code shown in Fig. 1.100

Example 1.64 The code in Fig. 1.102 generates a plot of the functions sin(x), sin(x — &),
and sin (x + ZT”) on the same set of axes. Output of this code is shown in Fig. 1.103.

Command Window ®

fx

x=[0:2%pi/100:2*pi];

yl=sin(x);

y2=sin(x-2*pi/3);

y3=sin (x+2*pi/3);

plot(x,yl,x,y2,%,¥3) 7

grid on
legend("y_l=sin(x)","y_2=sin(x-2\pi/3)","y_3=sin(x+2\pi/3)")

Fig.1.102 Code for Example 1.64
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[ z Figure 1 = O X |

| Eile Edit View Insert Tools Desktop Window Help N

mauw@m@ =

‘ 1

y1=sin(x)

0.8 ¥, =sin(x-2x/3)

y3=sin(x+21r/3) )

0.6

0.4

0.2

Fig.1.103 Output of the code shown in Fig. 1.102

Utilize the mouse pointer to manually adjust the position of the legend box (Fig. 1.104).
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4 Figure 1 — (] X
Eile Edit View Insert Tools Deskiop Window Help ‘"
Dade 80 EE
1 T T T = % T T
/'/ \\
08| \ / N
\ //" \
0.6} / \ / Y 1
/ A\ y,=sin(x)

0.4} '/\
02} // \

y2=si n(x-27/3)

\ y3=si n(x+27/3)

-04 + A \ / .
-06 | / \ / \ 4
/ \\ \‘
.08} / \ / \
\\ (,//
_1 = 1 I I 1 I 1
0 1 2 3 4 5 6 7

Fig.1.104 Adjusting the position of the legend box

Example 1.65 The code in Fig. 1.105 generates a 3D plot of the function z = x> — y%.
Output of this code is shown in Fig. 1.106. Employ the mouse to manipulate the 3D plot’s
orientation.

Command Window

Fig.1.105 Plotting the

z=x%— y2 surface

>>
>>

[x,y] = meshgrid(-2:0.2:2);
Z2=X."2-y."2;

>> surf(x,y,2z)

>> xlabel('x'); ylabel('y'):; zlabel('z'):;

Jx>> |
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| 4\ Figure 1 = @) X
| Eile Edit View Insert Tools Desktop Window Help N

FEFDIREELRY::

Fig.1.106 Output of the code shown in Fig. 1.105

o 242
Example 1.66 The code in Fig. 1.107 generates a 3D plot of the function z = %

Output of this code is shown in Fig. 1.108. Employ the mouse to manipulate the 3D plot’s
orientation.

Fig.1.107 Plotting the
_sin(a2+y?)

>> [X,y] = meshgrid(-3:0.1:3);
¥24y? - A A A ADY o
>> z=sin(x. 2+y."2) ./ (X.*2%y.*2);
>> surf(x,y,z)
>> xlabel('x'); ylabel('y'):; zlabel('z')

fx >> |

surface
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| 4\ Figure 1 — (] X

File Edit View |Insert Tools Desktop Window Help w

NDade @ 08 R (E

e
‘//I 0‘ \\\\\\\‘
/f':"o%“\“\\“\\f*

Fig.1.108 Output of the code shown in Fig. 1.107

References for Further Study
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2. Calculus (8™ edition), James Stewart, Cengage Learning, 2015.
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Asadi, Springer, 2023.
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Fundamentals of Trigonometry 2

2.1 Introduction

Trigonometry is a branch of mathematics that deals with the study of triangles, particularly
right-angled triangles. It explores the relationships between the sides and angles of these
triangles.

The first part of this chapter covers important trigonometric formulas. The second part
demonstrates MATLAB’s application to the problems discussed.

2.2 Degree, Radian and Grad

Degree, radian and grad are units of measurement for angles:
Degree: A full circle is divided into 360 degrees.

Radian: A radian is the angle subtended at the center of a circle by an arc equal in length
to the radius of the circle. There are 27 radians in a full circle.

Grad: A full circle is divided into 400 grads.
Most of the scientific calculations are done with radian.

Example 2.1 Convert 75° to radians.

1 radian equals to % = 57.30°. Therefore, 75° = T?;‘o' rad = 1.309 rad.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 65
F. Asadi, Engineering Mathematics with MATLAB® and Simulink®,
https://doi.org/10.1007/978-3-031-85244-2_2
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Example 2.2 Convert 2.5 radians to degree.

2.5 x 57.30° = 143.25°.

Example 2.3 A shaft is rotating at a speed of 1490 revolutions per minute. Convert this
rotational speed to radians per second.

d d
1490 rpm = 1490 X 27 = — 1490 x 27 =
min 60s
1490 x 27 rad d
_ U X Tad | se 304 B2Y
60 s S

2.3 Trigonometric Functions

Trigonometric functions for the right triangle ABC (Fig. 2.1) are defined as shown in
Table 2.1.

Fig.2.1 A right triangle A

L8 O

It is recommended to memorize the sine and cosine values for the angles shown in
Table 2.2.

Table 2.1 Definition of
. . . For angle 6 For angle ¢
different trigonometric
functions for the right triangle sin{f) = % sin{p) = ﬁ—g
ABC (Fig. 2.1)
cos(0) = % cos(p) = 1‘2‘—8
_ sin(6) _ AB _ sin{p) _ BC
tan(f) = cos(0} = BC tan(gp) = @ﬁ@% =35
.\ __ cosi#) _ BC _ cos(p) _ AB
COU) = Sin(@) = 4B OUP) = Falg) = BC
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Table 2.2 Sine and cosine . .
Angle Sine Cosine
values for common angles
0° 0 1
15° 0.26 0.97
45¢ ¥ s
V3 1
60° » 2
90° 1 0
180° 0 -1
Note that sin(x) is an odd function since: sin(—x) = —sin(x).

cos(x) is an even function since cos(—x) = cos(x)

24 The Law of Sines and Cosines

For a triangle with sides a, b, and ¢, and their corresponding opposite angles «, 8, and y
(Fig. 2.2), the law of sines states:

sin(@)  sin(B)  sin(y)
a b ¢

Fig.2.2 A general triangle

Consider the triangle shown in Fig. 2.2. The Law of Cosines states that:

a2:b2+cz—2xbxcxcos(a)

b2:a2+cz—2xaxcxcos(,3)

czzaz—l—bz—Zxaxbxcos(y)
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25 Isosceles Triangle
In the isosceles triangle ABC depicted in Fig. 2.3, we have: BC = 2 x [ x sin(5).

Fig.2.3 TIsosceles triangle A
(AB=AC = 1)

B C

Area of the isosceles triangle depicted in Fig. 2.3 is: § = %lzsin(G).

2.6 Area of Triangle

Heron’s Formula is used to calculate the area of a triangle when all three side lengths
are known. Given a triangle with side lengths a, b, and ¢ (Fig. 2.4), the area (§) can
be calculated using the formula S = \/p(p — a)(p — b)(p — ¢). Note that p is the semi-
perimeter of the triangle, i.e., p = %b“.

Fig.2.4 A general triangle
with a, b and ¢ sides b

d

Figure 2.5 provides formulas for calculating the areas of various geometric shapes.
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Square Triangle Circle

<~ I

= y2 —Il
L—x>| l b _l

Rectangle Ellipse Trapezoid
a

. E R / \ | | T
A= tab h
L;’I \_/ l

Fig.2.5 Formulas for calculation of area for different shapes

2.7 Important Trigonometric Relationships

The following are some of the important trigonometric relationships (note that sign(x) =
+1, x> 1
£0, x=0)
—1,x<0

[ sin(x) = I — (cos(x))?
I_ cos(x) = \/1 — (sin()c))2
a x sin(ot) + b x cos(ot) = sign(a) - va? + bzsin(a)t + tan~! (?))
. 1—cos(26
sin?(0) = %
cos(6) = 1+0025(20)
sin(20) = 2 sin(f) cos(0)
c0s(20) = cos*(9) — sin®(9)
sin(6 &+ ¢) = sin(f) cos(y) £ cos(@) sin(¢p)
cos(f £ ¢) = cos(8) cos(p) F sin(9) sin(¢)
__ _tan(¢)=*tan(p)
tan(® & (,Z) = I?Fm(e);“né‘;)
X+y =735 = sin(x) = cos(y)
. x+y =7 = tan(x) = cotan(y)
. sin(x + %) = cos(x)

1. (sin())? + (cos())2 =1 =

A e AN

—_ = =
N = O
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13. cos(x + ) = —sin(x)
14. tan(x + 3) = —cotan(x)
15. sin(x + 7) = —sin(x)
16. cos(x £ ) = —cos(x)
17. tan(x &= ) = tan(x)

18. sin™'(x) +cosl(x) = %

19. tan™'(x) + cotan ' (x) = &

Note that sin~!(x), cos™1(x), tan~! (x) and cotan~1(x) denote the inverse trigonometric
functions arcsine, arccosine, arctangent, and arc cotangent, respectively.

Example 2.4 Express the function 5sin(8) + 7cos(#) as a single sine function.

SCENT) [ AW
a x sin(wt) + b x cos(wt) = sign(a) - \/112 + bzsin(wt + tan 1( it ))
\a /)

= = 7
Ssin(f) + Tcos(#) = sign(5) -/ 5= 4 7 s'm(@ + tan ! (:)) = +8.60 sin(0 + 54.460)

Example 2.5 Express the function —5sin(f) + 7 cos(0) as a single sine function.

. N S RTL I BYEAN
a x sin(wt) + b x cos(wf) = sign(a).v/ a* + b=sin| ot + tan (—})
a

Ve
v ;7
—5sin(0) + Tcos(#) = sign(—5)y/ 52 + 72 sin <9 +tan! ‘\—\)\)
—2) 7

= —8.60sin(0 — 54.46°) = 8.60sin(0 — 54.46° + 180°)
= 8.60 sin(f) + 125.54°)

Example 2.6 Express the function 5sin(6) — 7 cos(6) as a single sine function.
, , /7 psin( b
a x sin(wt) + b x cos(wr) = sign(a).va= +b sm(a)t + tan ‘\E
& o X ST g _1(—7
Ssin(f) — T cos(0) = sign(5)v' 54 + 7 sin| 6 4 tan \T
= +8.60sin(6 — 54.46°)
Example 2.7 Express the function —5sin(f) — 7 cos(0) as a single sine function.

. b
a x sin(wt) + b x cos(wt) = sign(a) - \/a2 + bzsin( ot + tan”™! (5))
L
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— TN
—5sin(8) — Tcos(#) = xign('—ﬁ)v"ﬁz + 72 sin(@ +tan"H — ) )

= —8.60sin(0 + 54.46°) = 8.60sin(6 + 54.46° + 180°)
= 8.60 sin(@ + 234.46°)

Example 2.8: Calculate the cos(150°) and sin(120°).

cos(150°) = sin(—60°) = —sin(60°) =

= w\a

sin(120°) = cos(—30°) = cos(30°) =

v \

2.8 Period of Trigonometric Functions

sin(kx 4+ ¢o) or cos(kx + ¢p) has period of T = I

= tan(kx + @o) or cot(kx + ¢o) has
period of 7' = .

Example 2.9 Calculate the period of sin(3x + %} and tan{6x + %)

T 7).
s1n(3x+n\ :>T—2n
\ 6.)_ _3
tan{6 +n):>T z
aIll)C - = —
3 6

Example 2.10 Calculate ihe period of sin(2x 4 %} + cos{6x +

(.

. AN i
sm(2x+§):>T1:7:n:1n

= =7

'/6 +n\:>T 27
COS1 OX - = — —
\ 1) 7 =g =773

We need to find the least common (LCM) multiple of 77 and 7. LCM of T7 and T3

is 7r. Graph of sin(2x + %) + cos(6x + F) is shown in Fig. 2.6. You can use Fig. 2.6 to
verify that period is 7.
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cos(6 x + n/4) + sin(2 x + 7w/3)
i ¢
1.5}

fEEET m\ \
il \ 2 \
/ : \ // \

0.5 / :
0r \/ / 6y | U 7 /
L] B

Fig.2.6 Plot of sin(Zx + %) + cos(6x + %) over [0, 27] interval

29 Hyperbolic Functions

Hyperbolic functions are defined as:

1. sinh(x) = £~
2. cosh(x) = %
3. tanh() = s = S5
4. coth(x) = £

— 1 — 2
5. SeCh(X) = Cosh(x) = 4>
6. csch(x) = L —

sinh(x) =~ e*—e™*

2.10 Phase Difference

Phase difference is the difference in the phase angle of two sinusoidal waves. It’s
essentially the difference in the starting point of two waves with the same frequency.
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Example2.11 Determine the phase difference between yy (1) = 5sin(314¢ + §) and y2 (1) =
3sin(314f + ).

w
2 6

T T b4

Ap = @, — @y, =314t ——<314z Ly S

Y =%n — Py + 3 + b ) 3
y1(t) lags y2(f) by % radians. In other words, y» () leads y1 (f) by % radians. The graphs of

y1(t) and yo(¢) are shown in Fig. 2.7.

y,(® andy,(t)
’ N\ | | / "\ Ss'in (314t'+ )
4 \ // \\ : /
\ / \y1(t) /
\ / \ 7
3 /
\\\ ‘f \ '//
2 F—%—H // \ /
\ /] [ /1
1 WA / \ 1\ /
Or / / \ \' /
-1 \ /1 Y0\ | /|
Rk /| 3sin (314t +5)\ | /
2F \ / / 27\ /
\ // \\ /
/ \
3 "\ / \\ /
/
\ // \ /,
4 \\ // \\ /
5 1 L A\ / L L L A\\’ / "
-20 -15 -10 -5 0 5 10 15 20
time (ms)

Fig.2.7 Plotof y; (1) = 5sin(314¢ + %) and y, (1) = 3sin(3141 + F)

Example 2.12 Determine the phase difference between yi(f) = 500s(314t+ %) and
yo(t) = 3cos(314t + 7).

b1 Sm

bid
Ap = — =314t + — — (314« = _g=-=
Y =Py —Pn + 6 ( + ) 6 T 6

v1(t) lags v2(¢) by %’7 radians. In other words, y,(f) leads y1(f) by 577: radians. The graphs
of y1(¢) and y»(¢) are shown in Fig. 2.8.
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y,(t) andy,(t)
5 .
/Y, i
4 \ // \Scos (314t + E) /
3\ 3cos (314t +m) / ol /
\ ® N\ | ™\ |/
\ y2 ,‘/ \\, | /’/ N /
\ ‘, / \g\.‘ / \ “‘,‘"/ \..\ //
/ [\ \ / )\
| \ / [\ [\
0 / \ \ / [\
/ \‘. a“;‘
-1F \,( / “\‘\ // / \.“\ 1
2t /| / \ : / / N
/ \ / / \
A / \\ // / o
3F | / e / 5
4 \ / / -
/ \
-5 L L L L L 1 L
-20 -15 -10 -5 0 5 10 15 20

time (ms)

Fig.2.8 Plot of y| (1) = 5cos(3141 + %) and yp(r) = 3cos(3141 + )

Example 2.13 Determine the phase difference between yi(f) = 5sin(314¢) and y»(f) =

3cos(3147 + ).

y1 () = 5sin(314¢)

/ 7T ) T T . 3
yo(t) = 3cos(314t—|— Z) = 3s1n(314t+ 7 + E) = 3sin( 314¢ + T

or

Ap = @y, — @y, = 3141 — (314t+

3
4

-
y1(t) = Ssin(3141) = Scos (314 — E)
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Ap =gy — ¢y

() = 3cos(314t + %)

3

4

_ %)z

(3141 = Z) = (3141 +

y1(t) lags yo(t) by 37” radians. In other words, v»(¢) leads y1(f) by 37” radians. The graphs
of y1 (t) and v (¢) are shown in Fig. 2.9.

y,(andy, ()
5 - : ; :
/ \
ar // \\ / \\
/ //'

L/ ' — \ ]

3 \ 7N / \ 7
/ \ A N \

2K / \ 4 / \\ ,"/

/ \\ /, / \ y

IX\ \ / \ \ !,/
1 -/1 -‘\ \ y / “‘.‘ \\ /,

N ¢ / ‘;\ \ /
or Y—r (/ \ \

\ / | \ /
X / X /
\ A / 7 \ /
2+ /\ / 7\ /
\ / \ i
3+ yz(t) \».;.// \ / 174 \\ /
"2 3cos (314t +§) \ / \ /
41 \ /Ssin (314¢) \ ///
/¥4 \ | /
-5 L L \ H L L 1 \ ‘/
-20 -15 -10 -5 0 5 10 15 20
time (ms)

Fig.2.9 Plot of y1 (1) = 5sin(314¢) and yp (1) = 300s(314t + %)

2.11

Graphical Phase Difference Measurement

This section demonstrates graphical phase difference measurement. Consider the wave-

forms shown in Fig. 2.10.
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ey
\\ / \\
- } \
e | /
k \
| \ {
\\. / \\" ‘\, ;"I \\\ /
N yf
Fig.2.10 Two sinusoidal signals
We need to measure the period first (Fig. 2.11).
i \ :'/ \ / \ £
\f! \ \/ \
BEE B EEY
7

I
| !
\\&. Il \I".\ /‘/

Fig.2.11 Measurement of period
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Next, we determine the time difference between corresponding zero-crossings (or peak
points) on the two waveforms (Fig. 2.12). The phase difference can be calculated using

Ap = % x 360° formula.

S
| n“\ At :‘;"

Fig.2.12 Measurement of time shift

The proposed method does not explicitly identify the leading or lagging waveform. To
determine this, we designate one waveform as a reference and identify a zero-crossing

point on this waveform where it transitions from negative to positive values.
Next, we examine the value of the second waveform at the selected zero-crossing point.

If the value is positive, the second waveform leads the reference. Conversely, if the value
is negative, the second waveform lags the reference.

For instance, according to Fig. 2.13, the red waveform lags the blue waveform.
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Fig.2.13 The blue waveform starts to rise at point A
For instance, according to Fig. 2.14, the blue waveform leads the red waveform.

Fig.2.14 The red waveform starts to rise at point B
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2.12 Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

Example 2.14 The code in Fig. 2.15 converts % radians to degrees.

Fig.2.15 Conversion of % Command Window ®
radians to degrees >> rad2deg (pi/6)
ans =
30.0000
fx >> |
Example 2.15 The code in Fig. 2.16 converts 45° to radians.
Fig.2.16 Conversion of 45° Command Window ®

to radians

>> deg2rad(45)

Jx >>

Example 2.16 The code in Fig. 2.17 computes the sine, cosine, tangent, cotangent, secant
and cosecant of % radians.
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Fig.2.17 Calculation of Command Window ®
trigonometric ratios for %

) >> x=pi/6;
radians

>> sin(x)
ans =
0.5000
>> cos(x)
ans =
0.8660
>> tan(x)
ans =
0.5774
>> cot(x)
ans =
1.7321
>> sec(x)
ans =
1.1547
>> csc(Xx)
ans =
2.0000

Jx >>
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Example 2.17 The code in Fig. 2.18 computes the sine, cosine, tangent, cotangent, secant
and cosecant of 30°.

Fig.2.18 Calculation of Command Window (®
trigonometric ratios for 30° >> x=30;
>> sind(X)
ans =
0.5000

>> cosd(x)

ans =

0.8660

>> tand (x)

ans =

0.5774

>> cotd(x)

ans =

1.7321

>> secd (x)

ans =

1.1547

>> cscd(x)

ans =

x>

Example 2.18 The code in Fig. 2.19 computes the arcsine, arccosine, arctangent, arc
cotangent, arc secant and arc cosecant of 0.5. Results are in radians.



82 2 Fundamentals of Trigonometry

Fig.2.19 Calculation of the Command Window &

inverse trigonometric functions
for x = 0.5 (Results are in > X=0.5=
radians)

>> asin(x)
ans =

0.5236
>> acos (x)
ans =

1.0472
>> atan(x)
ans =

0.4636
>> acot (x)
ans =

1.1071

fi >> |

Example 2.19 The code in Fig. 2.20 computes the arcsine, arccosine, arctangent, arc
cotangent, arc secant and arc cosecant of 0.5. Results are in degrees.
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Fig.2.20 Calculation of the Command Window
inverse trigonometric functions

for x = 0.5 (Results are in >> x=0.5;
Degrees)

>> asind(x)
ans =

30.0000
>> acosd (x)
ans =

60.0000
>> atand (x)
ans =

26:5651
>> acotd(x)
ans =

63.4349

fi >> |

Example 2.20 The code in Fig. 2.21 computes the hyperbolic sine, hyperbolic cosine,
hyperbolic tangent, hyperbolic cotangent, hyperbolic secant and hyperbolic cosecant of 1.2.
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Fig.2.21 Calculation of Command Window @

hyperbolic ratios for x = 1.2 >> x=1.2;

>> sinh (x)
ans =
1.5095
>> cosh(x)
ans =
1.8107
>> tanh (x)
ans =
0.8337
>> coth(x)
ans =
1.1995
>> sech(x)
ans =
0.5523
>> csch(x)
ans =
0.6625

fe >> |
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Example 2.21 The code in Fig. 2.22 computes the hyperbolic arcsine, hyperbolic arccosine,
hyperbolic arctangent, hyperbolic arc cotangent, hyperbolic arc secant and hyperbolic arc
cosecant of 0.5.

Fig.2.22 Calculation of Command Window ®
inverse hyperbolic functions >> x=0.5;
forx =0.5

>> asinh(x)
ans =
0.4812
>> acosh (x)
ans =
0.0000 + 1.0472i
>> atanh (x)
ans =
0.5493
>> acoth (x)
ans =
0.5493 + 1.5708i

Jx >>

Example 2.22 The code in Fig. 2.23 expresses the function 5 sin(8) + 7 cos(6) as a single
cosine function.
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Command Window ®

>> syms x

>> y=5*sin(x)+7*cos (x);
>> simplify(vpa(y))
ans =

8.6023252670426267717294735350497*cos (x - 0.62024948598282147133653255617593)

x >>|

Fig.2.23 Conversion of 5sin(6) + 7 cos(9) into a single cosine function

Example 2.23 The code in Fig. 2.24 expresses the function —5sin(0) + 7 cos(d) as a single
cosine function.

Command Window ®

>> syms X
>> y=-5*sin(x)+7*cos(x):
>> simplify (vpa(y))

ans =

8.6023252670426267717294735350497*cos (x + 0.62024948598282147133653255617593)

fe >> |

Fig.2.24 Conversion of —55in(0) + 7 cos(f) into a single cosine function

Example 2.24 The code in Fig. 2.25 expresses the function 5 sin(6) — 7 cos(6) as a single
cosine function.
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Command Window ®

>> syms x

>> y=5*sin(x)-7*cos(x);
>> simplify(vpa(y))

ans =

-8.6023252670426267717294735350497*cos (x + 0.62024948598282147133653255617593)

Jx >>

Fig.2.25 Conversion of 5sin(6#) — 7 cos(9) into a single cosine function

Example 2.25 The code in Fig. 2.26 expresses the function —5sin(0) — 7 cos(d) as a single
cosine function.

Command Wisslow ®

>> syms X

>> y=-5*%*sin(x)-7*cos(x):
>> simplify(vpa(y))

ans =

-8.6023252670426267717294735350497*cos(x - 0.62024948598282147133653255617593)

Jx >

Fig.2.26 Conversion of —5sin(0) — 7 cos(f) into a single cosine function

Example 2.26 The code in Fig. 2.27 plots the function f (x) = sin(2x + ) +cos(6x + )
on [0, 2] interval. Output of this code is shown in Fig. 2.28.
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Command Window

>> syms X
>> ezplot(sin(3*x+pi/é)+cos (6*x+pi/4), [0,2*pi])

>> grid minor

fx >>

Fig.2.27 Plotting the f (x) = sin(2x 4+ %) + cos(6x + ) on [0, 2] interval

| 4 Figure 1
File Edit View |Insert Tools Desktop Window Help

FEC DG

cos(6 x + 7n/4) + sin(3 x + 7/6)

51 g
£\ /
[

05-\ [\ o /

-05

A
(4,1
<t
R S
+
T

Fig.2.28 Output of the code shown in Fig. 2.27
According to Fig. 2.29 the period of this function is around 4.13558 — 2.04603 =

2.0896.
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‘4 Figure 1

File Edit View Insert Tools Desktop Window Help
Dede @ 068 RE

cos(6 x + 7/4) + sin(3 x + n/6)

15F
. —
1 \ [ | X 2.04603 [ | X 4.13558
\ N Y 1.2494 [ |Y1.2a93
\ / i:. \ ’/ \ l‘ TR 71 /
0.5+ \,\ o | fid ‘ \‘\ f \ |
/ { \ / 1 | / /
/ | / \ | /
0 \/ “; \/ ‘ \/ f!
| \ |
' “! \ ”

Fig.2.29 Measuring coordinates of two consecutive maximums
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Asadi, Springer, 2023.
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Equations and Linear Algebra

3.1 Introduction

This chapter begins with a review of equation-solving methods and important linear
algebra topics. The second part demonstrates MATLAB’s application to the problems
discussed.

3.2 First Order Algebraic Equations

Linear equations can be solved as: ax +b =0 = x = —%. For instance, 3x +5=0 =

x:_T50r3x+5:6:x:63;5:%.

3.3 Second Order Algebraic Equations

bt
ax> + bx +c¢ = 0 can be solved as: ax?2 + bx+¢c = 0 = X1 = bi"\ where,

A =Db* —4 x a x c. Let’s study some numeric examples.

Example 3.1 Solve x> —3x4+2 =0, x> +6x+9 =0and x> + 2x + 10 = 0.

3+ /1

=1lx=2
> = X1 X2

P34 2=0=A=(=3? 4D =1=x,=

—64 /0
2

4 4+9=0=A=(6)2 419 =0= x5 = =10 =34 =x) = -3

R4+ +10=0= A= 2% —4(1)(10) = —36

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 9N
F. Asadi, Engineering Mathematics with MATLAB® and Simulink®,
https://doi.org/10.1007/978-3-031-85244-2_3


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-85244-2_3&domain=pdf
https://doi.org/10.1007/978-3-031-85244-2_3

92 3 Equations and Linear Algebra

-2+ /=36 -2x6
2 N 2
=>x=—14+3xn=-1-3

=212 = =-1+£3

Special case 1
When b is an even number, i.e., b = 2/, you can use the following technique:

VI

axz—l—bx—l—c:O:>ax2+2b’x+c:O:>x172:
a

where A’ =b? —a x c.

Working with smaller numbers is the advantage of this technique. Use of this technique
decreases the chance of making mistake and is recommended for exams. Let’s study a
numeric example:

54592 -R) 52 B AT 542

¥ —10x+21=0= - - =——sx=3n=7

Compare the above solution with the normal solution shown below:

IO:I:\/(—IO)2 —4(H(21) B 10 £ /100 — 84 B 10+4
2 o 2 2
=>xn=3xn=7

X —10x+21=0=

Special case 11

If b = a + ¢ then roots of equation ax? + bx +c¢ =0 are x; = —1 and x, = —<. For
instance, 632 + 1lx +5=0=x = —1,x; = —%.

Special case 111

If a + b+ c = 0 then roots of equation ax> +bx +c = 0 are x; = 1 and xp = <. For

instance, 332 — Tx+4=0=x =1, x) = ‘3—‘.

In general, if the sum of the coefficients of a polynomial is zero, then one of its roots
is unity. For instance, consider x> — 9x? + 23x — 15 = 0. Sum of coefficients is zero:
1 —9423 —15 =0, therefore, one of the roots is 1. If we divide the given polynomial
equation by x — 1, we obtain:

X —ox2 423x— 15

— = (x* —8x+15)

The other two roots are 3 and 5 since (x> —8x +15) =0 = x12 = W+1X15 =

x1=3,=>x=5.



3.5 Newton-Raphson Method 93

34 Constructing a Polynomial with Specified Zeros

A polynomial with ry,7r,73,...,7, roots can be formed using the px) =
[T, x—r) =& —r)x—r)x—r)...(x —r,) formula. For instance, a polynomial
with roots of 1, 3 and 5 is: p(x) = x— Dx =3 =5 = @ — D(x* —8x+15) =
x3 —ox% +23x — 15.

When number of given roots is two, you can use the p(x) = x* — Sx + P formula. S
and P shows the sum and product of given roots. For instance, for 1 = 3 and rp, = 5,
S =34+5=8and P =3 x5 =15. Therefore, p(x) =x> — 8x + 15. For r; = -2 +3;j
and m = —2—-3j, 8§ =243 —-2—-3=—-4and P = (—243j) x (-2-3j) =
(—2)2 + 32 = 13. Therefore, px) = X2+ 4x + 13.

3.5 Newton-Raphson Method

The Newton—Raphson method is a powerful iterative technique used to find the roots of
nonlinear equations, including polynomials. It’s based on the idea of linear approximation.
In each step the guess is updated with the aid of following formula:

- f(xn)
S ()

Xn+l = Xn

Le’s study a numeric example. We want to find the roots of f(x) = x> — 4 with the
aid of Newton—Raphson method (initial guess is 3, i.e., xo = 3). We know that roots of
(x) =x*> —4 are F2 since, f(x) =0 = x> —4 =0 =Sx=+4=x==+2.

Following iterations are converged to +2.0000.

R [ @) X, —4
X)=—=2 = Xn =Xy — — =
7 dx e ) n 2xp
2 _4
X0 =3, Xpg1 = Xn — Al
2x,
S (xo) 32— 4
X1 =Xxo — =3- =2.1667 = x; = 2.1667
ERNATEYS 23 .
f(x) 2.1667% — 4
X =x1 — —— =2.1667 - ——— =2.0064 = 2.0064
2= 2 % 2.1667 =0
f(x2) 2.0064% — 4
X3 =xy — = 2.0064 — ——— =2.0000 = 2.0000
3TN T ) 2 % 2.0064 =
Let’s change the initial guess value to xo = —4. Newton—Raphson iterations with initial
guess of —4, i.e., xop = —4 are shown below. This time the result converged to —2.000.

xo=—4
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foo) (A4

X1 =0 = o = 4= o = 22,5000 = a1 = —2.5000
X =21 — ]{% = —2.5000 — % = —2.0500 = xp = ~2.0500
=2 — ]]: ,((122)) = —2.0500 — % = 2.0006 = x3 = —2.0006
X =23 — ]]: ,((133)) = —2.0006 — % = 2.0000 = x4 = —2.0000

Exercise; Use Newton—Raphson method to find the two roots of x+e¢™* —2 = 0. Use —
1 and + 1 as initial guess.

3.6 Absolute Value Equations
This section shows how equations containing absolute values can be solved.

Example 3.2 Solve |x + 4| = 10.

Nt+4]=10=>x+4=+10= | x+a=10=0=06
|x+4=-10=x=—-14

Example 3.3 Solve |x+4| = |x—1].

| xdd=x—1=4=—1()

4= |x—1 4=2@x—1
x+4|=x—1]=>x+ (x ):>|x+4:_(x_1):>2x:_3:>x:_1'5

Example 3.4 Solve [ + 7x — 3| = 3?4 35+ 1],

o+ 7x =3 :|"”'Z"'3f”""i = a4+ Tx =3 = £(x? + 35 + 1)
= X2+7x—3:+(x2+3x+1):>x:1
|x2+7x—3:—(x2+3x+1):>x2+5x—1:():>x:—5+~/29

3.7 Trigonometric Equations

A trigonometric equation is an equation involving one or more trigonometric ratios of

unknown angles. This section shows how this type of equations can be solved.
Trigonometric functions are periodic. A function f (x) is said to be periodic with period

T if, for every x in the domain of f, f(x + T) = f(x). sin(wpf + ¢p) and cos(wot + ¢o)
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are periodic functions with period of T = i—g tan(wot 4+ @o) and cot(wpf + ¢@o) are peri-
odic functions with period of T = wlo For instance, period of sin(3x) is T = ZT” and
period of tan(2x + Z) is T = Z.

Inverse trigonometric functions, are the inverse functions of the basic trigonometric
functions. They are used to find the angle whose trigonometric function is a given value.

The ranges of the important inverse trigonometric functions are as follows:

2.0 < cos_l(x) <m
3. — % < tan"'(x) < %
4.0 < cot_l(x) <7

Example 3.5 Solve sin(x) = 0.7.
Using a calculator sin~! (0.7) = 0.7754 rad (Fig. 3.1).

Fig.3.1 Sine of 0.7754 rad is
0.7

RU. 7754 rad

However, there exists another angle whose sine is 0.7. That angle is @ — 0.7754 =
2.3662rad or —( 4+ 0.7754) = —3.917rad (Figs. 3.2 and 3.3).
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Fig.3.2 Sine of 2.3662rad or
—3.917rad 15 0.7

0.7754 rad [ /67754 rad

Fig.3.3 Different ways to
measure an angle

| 2.3662 rad

0.7754rad I\ | /N 0-7754 rad

Sin(x)_o7:>|'x:0.7754j:21m k=0.1.2.3....
T T | x=m —0.7754 £ 2k = 23662 £ 2kn k =0,1,2,3, ...
or
= 0.7754 42 ~0,1,2,3, ...
sin(x):0,7:>|x 0.775 kx k=0,1,2,3,

| x = —( +0.7754) £ 2k = —3.917 £ 2kn k = 0,1,2,3, ...
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Example 3.6 Solve sin(x) = —0.7.
Using a calculator sin~!(—0.7) = —0.7754 rad (Fig. 3.4).

Fig.3.4 Sine of —0.7754 rad
is —0.7

0.7754 rad

However, there exists another angle whose sine is —0.7. That angle is — (7 — 0.7754) =
—2.3662rad or (w 4+ 0.7754) = +3.917rad (Figs. 3.5 and 3.6).

Fig.3.5 Sine of —2.3662rad
or 3.917rad is —0.7

0.7754 rad | 0.7754 rad
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Fig.3.6 Different ways to
measure an angle

N

2.3662 rad\\

—0.7754 £ 2kn k=0,1,2,3,...

sin(x) = —0.7 = | x=
T T | = = (—0.7754) £ 2k =3.9170 £ 2k k =0,1,2,3, ...

or

= —0. 4+2 =0,1,2
sin(x)2—0.7:>=x 0.7754 & 2k k=0,1,2,3,

x=—( —0.7754) £ 2kn = -2.3662 £ 2k k=0,1,2,3, ...

Example 3.7 Solve sin(3x) = 0.7.
Using a calculator sin~!(0.7) = 0.7754 rad.

| 3x = 0.7754 + 2kx k=0,1,2,3,...

sin(3x) = 0.7 =
| 3x =7 —0.7754 & 2k = 23662 + 2k k =0,1,2,3,...
| x = QI5%k%kn k=0,1,2,3,...

= B :
I r=Z O.77§4:|:2kﬂ — 2.36623:I:2kﬂ k=0,1,2.3,...

or

[ 3x = 0.7754 + 2k k=0,1,2,3,...

sin(3x) = 0.7 =
| 3x = —(r 4+ 0.7754) + 2k = —3.917 4 2w k =0,1,2,3, ...
' x = QTI54k%kn k=0,1,2.3,...

= _ —(m+0.975)+2%kn _ —3.91742%km 1 __ (1 )
= 3 = 3 k=0,1,2,3,...
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Example 3.8 Solve y = sin(x) + V2cos(x) = 1.
a x sin(wt) + b x cos(wt) = sign(a) - v/a2 + b2sin{ wt + tan~! ( % ) ) where sign(x) =
\ S

|+1,x>1
10, x=0.

|_ —1,x<0
sin(x) + \/Ecos(x) =1= x/gsin(x +tan~! (T)) =1=sin(x+ 0.9553) = —

Using a calculator sin ! (%) = 0.6155rad. Therefore,
k=0,1,2,3,...

1
sin(x 4+ 0.9553) = —
V3
- x4+ 0.9553 = 0.6155 £ 2km = x = —0.3398 + 2kn
| x 409553 =7 — 0.6155 £ 2kmw =2.5261 £ 2knw = x = +1.5708 £ 2knw k=0,1,2,3,

Graph of y = 1 and y = sin(x) + /2 cos(x) for [—2, 27] interval are shown in Fig. 3.7.
Intersection points are shown in Fig. 3.8. You can use Fig. 3.8 to verify that obtained solution

is correct.
T
2 =
‘\'\\ /7 //’ \\
\ y =si / — \
151/ \y = sin(x) + V2 cos(x) / \
\ /
\ i i /
9 y=1 / \ /
\ / \ /
\ \ /
0.5 \ / 4
\
\ /
ok / \ / i
\ / /
-05 |- / /
/ \ /
\ /
1F \\ / \\\ /
\ / /
\ // \‘\ //
X / \ /
15F X / \ of
N \_/
2 -
-4 2 0 2 4
X

Fig.3.7 Intersections of y(x) = sin{x) + +/2 cos(x) and y(x) = 1
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X -4.71602 X -0.333128 X 1.56471 X 5.94349
Y 1.00512 Y 1.00946 Y 1.00848 Y 1.00012
1 - L} /. L3 .

05 B

Fig.3.8 Intersection coordinates

Exercise: Solve y = cos(x) — ﬁsin(x) =2.

Example 3.9 Solve cos(x) =0.7.
Using a calculator cos~1(0.7) = 0.7954 rad (Fig. 3.9).
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Fig.3.9 Cosine of 0.7954 rad
15 0.7

However, there exists another angle whose cosine is 0.7. That angle is —0.7954 rad or
2w —0.7954 = +5.4878rad (Fig. 3.10).

Fig.3.10 Cosine of
0.7954 rad and —0.7954 rad is
0.7

0.7954 rad

0.7954 rad
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cos(x) = 0.7 = | x=07954 % 2% k=0,1,2,3, ...
| x = —0.7954 + 2kx

or
= 0.7954 &2
cos(x):O.7:>|x OT8EIKT 6 12,3,
| x = 5.4878 + 2kx

Example 3.10 Solve cos(3x) =0.7.
Using a calculator cos~1(0.7) = 0.7954 rad (Fig. 3.10).

3x =0.7954 £ 2kn

3x) = 0.7
cos(3x) =1 3x = —0.7954 + 2

|

I

I — 0.7954+2kn
= I _ 0. 7954:I:2kﬂ

|

|

ZK‘T
¥=02615" 5103,

=
x =—0.2651 4 &%

or
=0.7954 £2
cos(3x) =0.7= I 33 =0.795 ko
| 3x = 5.4878 &+ 2k

I' _ 0.7954+2kxm
X = I ca—
= =
I y = 34878%2kn
= 3

I 2k
S Pontioul SR XON

Example 3.11 Solve tan(x) = 0.7.
Using a calculator tan~1(0.7) = 0.6107 rad (Fig. 3.11).
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Fig.3.11 Tangent of
0.6107rad 15 0.7

0.6107 rad

However, there exists another angle whose tangent is 0.7. That angle is = 4+ 0.6107 =
3.7523rad or —(r — 0.6107) = —2.5309 rad (Figs. 3.12 and 3.13).

Fig.3.12 Tangent of
3.7523 rad or —2.5309rad is
0.7

0.6107 rad
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Fig.3.13 Different ways to
measure an angle

Therefore,

=0. I_X:7T+O~6107ik7723.7523:|:knk:0,1,2,3,_“

or

tan(x) = 0.7 = I x=0.6107x kr =0.6107 + kn k=0,1,2,3,...
T T k= —(r —0.6107) tr = —2.5309 £ kn k=0,1,2,3, ...

Example 3.12 Solve tan(3x) = 0.7.
Using a calculator tan~1(0.7) = 0.6107 rad. Therefore,

[ 3x = 0.6107 + kx k=0,1,23,...
tan(3x) = 0.7 =
| 3x =7 +0.6107 £k =3.7523 £k k =0, 1,2,3, ...
[ x = Q6107EkT & — (0 1,2,3, ..
= 75034k

| x = 2BZET § —0,1,2,3,...

|x=02036+4 k=0,1,2,3,...

| x=12508 £ 4 k =0,1,2,3, ...

or
(3 — 0.7 = [ 3x = 0.6107 £ kx k=0,1,23,...

| 3x = — (7 = 0.6107) £ kmr = —2.5309 £ kmr k =0,1,2.3, ...
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06107:|:kﬂ k O 1 2 3
=

—2. 5309:|:kﬂ k 0’1 2 3

x= 02036j:k” k=0,1,2.3,.

=
x:—08436j:k”k_0 1,2.3,.

Example 3.13 Solve tan(3x + ) = 0.7.
Using a calculator tan~1(0.7) = 0.6107. Therefore,

[ 3x+Z =0.6107 + kr

T
tan<3x+ —> =07=
4 | 3x+ 2 =7 +0.6107 £ kr
_ |3 =06107 - % s
| 3x =7 +0.6107 — § £kn
06107—1:I:kﬂ

l _ w+0. 6107—1:I:kﬂ

| = —0.0582 + &z

T ri=ooorte KO

or

7 Z =0.6107+
tan<3x+%> =0.7= |3x+i 0-6107 £k
T

&= —(7 —0.6107) £ krr
| 3x =0.6107 — Z £k
|3x:—(n—06107)—%:|:kn
06107—l:|:kﬂ

3
I —(m— 06107)—1:I:kﬂ

| = —0.0582 + &z

| =-1 1054j:k” k=0,1,2.3,...

Exercise: Graph the examples discussed to visually verify the obtained results.
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3.8 Matrix Multiplication

The following examples review matrix multiplication.

4 [789]
Example 3.14 Calculate the [452 x10121.
o |_355_|
-1 789
123 ‘
x 1012
456
. - 355

I xT74+2x04+3x31x84+2x143x51x94+2%x2+3x5
A xT7T+5x04+6x34x8+5x14+6x54x9+5%x2+6x%x5

162528
1466776
(700 [300
Example 3.15 Calculatethe [ 060 [ x | 04 0
005| |00-2
[ 700] [300] [7x3 0 o | [210 o0 |
060|040 |=| 0 6x4 0 =102 0
005] |00-2] [ 0 0 5x-2| [0 0-10]

For any positive integer n, the n-th power of a diagonal matrix A, denoted as A”, is also a
diagonal matrix. The diagonal elements of A” are simply the n-th powers of the corresponding

’75100—‘” a0 0_‘
diagonal elements of A. For instance, | 0 b0 | =1 0 " 0
00c¢ _| |_ 00"

3.9 Transpose of a Matrix

If A is an m x n matrix, then its transpose, denoted as AT, is an n X m matrix where:
T _ 4.
Aij =A;.

123
456

Example 3.16 Calculate the transpose of A =
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3.10 Minors of a Matrix

The minor of the element g;; (in the i-th row, j-th column) which is shown by M,; is
the determinant of the submatrix obtained by deleting the i-th row and j-th column. For

an a2 a13
instance, for A= ary ary a3
| as1 azp asz
ax a3 ax a3 a1 ax
My = My = Mz =
asy as3 as1 as;3 asy as
ap a3 ai aiz ai an
My = s My = , M3 =
asy as3 as1 asz as1 as
ap a3 ai a13 an an
M3 = s M3y = , M33 =
ax a3 a1 a3 a1 ax
‘ 112 ‘ s
Example 3.17 ForA= | 50 -1 |,My = 23 =1x3-2x2=-1.
723 |

3.11 Cofactors of a Matrix

The cofactor of the element a;; (in the i-th row, j-th column) which is shown by C;; equals

dir di2 d13

to (—1)""M,;. For instance, for A = | a1 ax a3

- as1 az azz
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ax a3 a1 a3 a1 ax
Cip=+ , Clo = — ,Ciz =+ :
as as3 asi a; asi az
ai a3 an a3 ai an
O = — ,Co =+ ,Co3 = — 3
as as3 asi as asi az
an a3 an a3 ai an
G =+ ,C3 = — ,C33 =+
ax a3 a1 a3 a1 ax
11 2
aps |11 11
Example 3.18 For A = |50-1|,C3 = (=D - 74
72 3

—(1x2—-1x7 =5.

3.12 Determinant of a Matrix

The determinant of a matrix is a scalar value that characterizes certain properties of
the matrix and the linear transformation it represents. Determinants are defined only for
square matrices (matrices with the same number of rows and columns).

- - abc

Determinant of equals to a x d —b x c. Determinant of 3 x 3 matrix | d e f

= = L ghi ]
can be calculated using one of the following three methods:
Mabe D
ave ef df de
det| | def =a|l " |—=bl " |+c
L J hi gi gh
ghi

=ax(exi—fxh—-bx{dxi—fxg)
+ecx (dxh—exg)

_abc—‘\
def ):—d

—dxbxi—cxh+ex@xi—cxg)
—fx(axh—>bxg)

ab
gh

ac
gi

bc
| te
hi

det
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ab c“\
def 1 ]1=8

o]

r
bc
ef

ab
de

ac

df

det +i

=gxXxUbxf—cxe)—hx(@xf—cxd)
+ixa@axe—bxd)
The Sarrus method is a quick and efficient way to calculate the determinant of a 3 x

ai ap 6113A‘
a1 ax apsz | using the Sarrus

3 matrix. The calculation of the determinant for matrix

| d31 A3z a3z
method is shown in Fig. 3.14.

+ + +
a. . ([‘_

\ e ;j><(,/(,
/ >< ><(, \(,

det = a1,0,,033 + Q12023831 + A13021a3; — Q31022013 — Ra20r301; — Q3321 Gz

Fig.3.14 Calculation of determinant using Sarrus method

(2 35
Example 3.19 Use the Sarrus method to calculate the determinantof | —1 4 6
3 =27

The solution is shown in Fig. 3.15.

Fig.3.15 Calculation of the

2 35
determinantof | —1 4 6
3 =27 i .
using Sarrus method 60 +-24+-21 2 6+ 54 +1O
105 = 1_5 - 150

The following are some important properties of determinants.
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A. The determinant of a diagonal matrix is simply the product of its diagonal elements. For

=

70 0
instance, determinant of A = diag(7,6, -2) = | 06 0 |equalsto7x6x —2 = —84.
00-2_
The determinant of the product of two square matrices A and B of the same order equals
to the product of their individual determinants, i.e., |A x B| = |A] x | B].
The determinant of a matrix and its transpose are equal. That is, |A| = |AT| .
The determinant of a triangular matrix (upper triangular or lower triangular) is the product
abc a00
of its diagonal elements. For instance, |0 e f | =a.e.gor | b c 0| = a.c.f.
00g def
A square matrix A is invertible if and only if |A| Z£ 0.
If arow or column of a matrix is multiplied by a scalar k, the determinant is multiplied
by k. For instance,

‘8—21" 821
A=|2-13|=|Al=|2-13|=-43
114 11 4
8 2 1 ‘ ‘_8—21_‘
B=|2x2—-1x23x2|=14-26
1 1 4 | |_1 1 4_|
8§21 8§21
11 4 11 4
‘ s 2 1" ‘_8—21—‘
C=|2x2-1x23x2|=14-256
_1x51><5 4x5_ _SSZOJ
8§21 8§21 8§21
= |Cl=|4-26|=2x|2-13|=2x5x|2-13
55 20 55 20 11 4
=2 x5x —43 = —430
‘_8x4—2x41x4_‘ ‘_32—84_‘
D=|2x4—-1x43x4|=1|8 412
|_1><4 1 x4 4><4_| |_4 4 16_|
3 -8 4 8§21

= |D|=| 8 —412| =4 x|2—-13| =64 x —43 = 2752
4 4 16 11 4
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G. Iftworows or columns of a matrix are interchanged, the sign of the determinant changes.
For instance,

821 | 8§21
A=|2-13|=Al=|2 13| =43
11 4] 11 4
8§21 8§21
B=|114|=B=|114|=43
213 2-13
1-28 1-28
C=1|3-12|=Cl=[3-12|=43
411 411

3.13 Matrix Inversion

Inverse of a 2 x 2 matrix

O G
- ___1 - -
ab B 1 d —b
cd T axd—-bxc| —c a
abc
Inverse of a 3 x 3 matrix | d e f | is:
ghi
1
lrabc—‘ | lrabc—‘
def :——ad] def
L J abec L J
ghi ghi
det| |def
ghi
. T
| Cn Ci2 Ci3
Zf Co1 G2 C3
’7[1 )C—‘ (31 C32 C33
detl 1 def
LghiJ
2 f i d
Cn = r‘“_ |:——{'f ,Ciz3 =+ e‘
hi gi gh




112 3 Equations and Linear Algebra

ac

bc
CZIZ_‘ | Cn=+ ,Co3 = —
hi gi

bc
ef

ac

af

=+ ,C3p = — ,C33 =+

Let’s study some numeric examples.
.
12

-1 -
75 B 1 2 -5
12 T Ix2-5x1| -1 7

'001"
213 |.
11 4]

Example 3.20 Calculate the inverse of

s
-1 7

—_
|
\DI\]\D{

1
9

Example 3.21 Calculate the inverse of

/ N

0 0 1
2=l 3

11 4J

-13
1 4

23
14

2 -1
11

det =0 -0 +1 =0-04+12+1) =3

~13] (23] [2-1
0o 11 14| |14] |11
1 1
2-13 0 0
14 14

114
< 01| [o1] |00
—13] (23] |2 -1

- T 71 17

IS
=z 1 -10} =15 53
1 00

|1 20J

_4-6 2 "
5 -13
2 4 —3_|

w

Example 3.22 Calculate the inverse of

~13
4 -3

5 3
-2 -3

5 -1
—2 4

— 4 —(—6) +2
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— 43— 12) + 6(—15+6) +2(20 — 2)
—36—54+36=18

- -7
-13 53 5 -1
+ = +
L , ! 4 3| 23| |=2 4
_5_?3 N I I B e B B
18 4 3| 23| |=2 4
2 4 -3
. = —62 ) —4 -6
+ —
-13 53 5 -1
- - T
o 18‘
:E —10—84
_—162234_|
- T 1 —5 -8 7]
| —9—10—16} 737
18 4 34 |_1 5§ ¥

3.14 Solving Systems of Equations Using Matrices

This section shows how matrix method can be used to solve system of linear equations.
The following examples show how to solve a system of linear equations using the matrix
method.

2y =
Example 3.23 Solvel ¥+2y =3 .
|4x+5y:6
[x+2v=3 _[12][x]_[3
|4x+5y:6 |45 _y___6_

SHEHHEHEEN

:>_10_ x| 2] |3
01y ] |45] |6
R — — _1 -
INEI Y 3| 1 s —2[3
y| |45 6| 1x5—2x4|—-41 6
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—1
2

 5x3-2x6
—4x34+1x6

1

-3

=x=-1, y=2
You can use the following method as well:

I. x+2y=3 - I.—4x—8y:—12
|4x—|—5y:6 I 4x+5y =6
= (—4x—8y)+ @x+5y) =—-12+6

X1+2y=3=2x4+2x2=3=x=3-4=-1=x=-1

The following method is another option.

| x+2y=3

=x=3-2y
|4x—|—5y:6

4x4+5y=6=>43 -2y)+5y=6=>12—-8y+5y=6=> 3y=—-6=>y=2
x=3-2y=3-2%x2=3-4=—-1=x=-1

x+2y4+3z=10
4x+6y+52=12.
Tx+9y+8z2=13

Example 3.24 Solve |

|x+ay+3z:1o 123 | [« 10
14x+06y+52=12 = | 4 65 y| =112
Tx+9y+82=13 | 7 98 || 2] | 13

1237 [1 23W'xw

=14 65 465 ||y

| 798 | |7 98 J_ZJ

(
L
L]
R
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— s — 1
1 00 X 1 23 10
=1010 v =4 65 12
10 01 z 798 | |13
— -1
x—‘ P 23" Po_‘
=>|y|l=14 65 12
_ZJ L7 98 13
- =1 _
P 23 ‘ X ‘1 23"
4 65 - xadj| | 4 65
1 23
7 98 \_.7 98 [
= det 4 65 B
7 98
[r2s] 65 45 46
det 4 =1 -2 +3 x
© 65 “log| |78 79
.7 98
=1x(6x8=5%x9) —2x@x8—-5xT7N+3x@Ex9-6xT7)
- 4T
+65 |45 +46
i 98 78 79
1 23
il laas IV 2| 223] 413 |12
/ | Tlosg| T|78]| |79
- 23 13 12
+ - +
i 65 45 46 i
- .
3 3 -6 3 11 =8
=111 -13 5 = 3 —-13 7
8 7 =2 | -6 5 —2 |
= - —1 y
123 | 123
4 65 = = X adj 4 65
1 23
7 98 | 7 98
- - det 4 65 '
\|7 98J/
= 1 11§ 7
(o) [k
= -1 =| =1 13 _7
_9|—36 53 72| | 23 95 29|
- - _ 3 5 9
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123 -+ 3 10
y|=14 65 -+ B I x|
=] L7 9% P58 13

=8 x =58 —6.4444

= 2 |=|y|= %:||:38889
K z 3 2.8889

The following method is another option.

x+2y4+3z=10
VA +6y+52=12 =2x+2y+32=10=2x=10-2y -3z

Tx+9+82=13

[4x+6y+5:=12 | 4(10 =2y —32)+6y+5z=12
| 7x 4+ 9y + 8z =13 7(10 — 2y —32) + 9y 4+ 8z = 13
| 40 -8y —12z4+6y+5z=12
| 70 — 14y — 21z 4+ 9y + 8z = 13

| —2y—7z=-28
= 2y -7z =28
| -sy—13z=-s57 ~
2847
y:—;r fo14-35

—5y — 13z = =57 = —5(14 — 3.57) — 13z = —57
= —T70+ 17.5z — 13z = —57
13 26
457 =13 = 7 = = 2.8889
=t TisT
y=14—-357=14 —-3.5%x2.8889 =14 — 10.1111 = 3.8889

x=10—-2y -3z =10 —2 x 3.8889 — 3 x 2.8889 = —6.4444

3.15 Underdetermined System of Linear Equations

An underdetermined system of equations is a system where there are fewer equations than
unknowns. This means that there are more variables than constraints, leading to infinitely
many solutions or no solutions at all. An underdetermined system cannot have a unique

solution.
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Row Reduction (Gauss-Jordan elimination) can be used to determine whether an unde-
termined system has no solution or infinitely many solutions: Write the augmented matrix
of the system. Perform row operations to reduce the matrix to row-echelon form or
reduced row-echelon form. Analyze the resulting matrix: If you encounter a row of the
form [00...0|c] where ¢ is nonzero, the system is inconsistent and has no solution. If you
have a row of zeros on the left side and a zero on the right side (a row of the form
[00...0]0]), the system has infinitely many solutions.

Example 3.25 2x 4 3y = 5 has two unknowns (x and y) but only one equation. In this case,
there are infinitely many solutions. Any pair of numbers that adds up to 5 is a valid solution.
For example, (1, 4), (2, 3), (3,2), and so on, are all solutions to this system.

I x+y+z=1

| 2x +2y +2: =2
There are infinitely many solutions to this system. Any combination of x, y, and z that satisfies
the first equation will also satisfy the second equation. For example, (1, 0, 0), (0, 1, 0), and
(0,0, 1) are all valid solutions.

Example 3.26 has three unknowns (x, y and z) but only two equations.

| x+y+z=1
I 2x4+2y+2z=3
As you can see, the second equation is a multiple of the first, but the right-hand side values
are inconsistent. This means there’s no combination of x, y, and z that can satisfy both
equations simultaneously.

Example 3.27 has three unknowns (x, y and z) but only two equations.

I x+2y+3z=1
| 1lx+ 12y +3c=2"
Let’s assume the given underdetermined system has infinitely many solutions.

Example 3.28 Determine the number of solutions for

| x+2v+3:2=1 _ [x+2v=1-3 2 [x] [1-3
| 1ix+ 12y +3z=2 7 | llx+ 12y =2 -3¢ 2 |ly| [2-3
- -1
X 12 1-3z
= =
v 12| |[2-3¢
12 02 [1-32]
S| L1 =01 || 2 -3z
1202 ][1-32] [3c-0s
Ll =01 [ 2-3z] |09-3
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x=3-08
= 1y=09—3
|
| x+2y+3=1 | 3 —08+209-3n+3=1 [1=1

= =
| tix+ 12y +3z=2 7 | 1131 - 0.8) + 12009 -3 +3r=2  |2=2

Therefore, the assumption of having infinitely many solutions is correct.

3.16 Overdetermined System of Linear Equations

An overdetermined system of linear equations is a system where there are more equations

than unknowns. This means that there are more constraints than degrees of freedom,

making it unlikely that an exact solution exists that satisfies all equations simultaneously.
Let’s study some numeric examples.

Example 3.29 Consider the following system of linear equations:

x+y=3
i2x4+3y=7
|x+y:4

This system has 3 equations and 2 unknowns. Let’s solve a subsystem of two equations
and two unknowns. For instance, if we select first and second equations:

3] 1
71 3-2

Substituting the solution into the third equation yields a contradiction since x + vy =
24+1=3#£4

B,
-2 1

3
7

2
1

- -l
11
23

|x+y:3 :> x|
|2x+3y:7 Y|

Let’s select another subsystem of two equations and two unknowns: { x i y= i . This
x+y=
subsystem has no solution.
. |43y =7
The last subsystem of two equations and two unknowns is ;
|x+y:4
[2v+3v=7 _[x]| _[23] [7]__t[1v-s)[7]_[5
| x+v=4 y| |11 4| 2-3]-12 ||4 -1

The solution fails to satisfy the remaining equation sincex +y =5 —1 £ 3.
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Therefore, the given system does not have an exact solution that satisfies all equations
simultaneously. However, we can find an approximate solution that minimizes the sum of
the squared errors. The cost function is defined as:

) =0+y—32+2x+3y -1+ @x+y—4)>?

Let’s find the critical point of cost function:

9

%:2(x+y—3)+4(2x+3y—7)—|—2(x+y—4):12x—|—16y—42

9

%:2(x+y—3)+6(2x+3y—7)—|—2(x+y—4):16x+22y—56

[ Lo im+ley—2=0=6a+8y=21 [x]| [35]

I%:():‘>16x+22y—56:():1>8x+11y:28 v o]
1 [3s

The critical point is
y

Remember that critical point is:

. Let’s determine the type of obtained critical point.

A) alocal minimum if D > 0 and % > 0,

2 .
B) alocal maximum if D > 0O and 2712 < 0, and,
C) asaddle pointif D < Q.

S , g e o FE 2 2r\: i ;
Note that D shows the discriminant and D = a_\]; x 8—]; — (5@%) If D = U, the test is

inconclusive. For given cost funciion:
82
_f =12
dx?
3%f
3y2
f
axdy
A A
= e— W e— —_—
ax2 " 9y? axay}

=22

16

2
—12x22—-16>=8

2
Obtained critical point is global minimum since D > 0 and gx—g

funcion ai criiical pointis £(3.5,0) = 0.5.

> (. Value of cost
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Therefore, x = 3.5 and y = 0 is the approximate solution to the overdetermined system

I x+y=3
12x4+3y="7.
|x+y:4

For the overdetermined system of linear equations Ax = b, the approximate solution that
. . R .
minimizes the sum of squared errors is x = (AIA) A”'b. Note that A? is the transpose of
matrix A.

I x+y=3
Example 3.30 Approximate solution of § 2x + 3y =7 is:
|x+y:4
| x+y=3 e 11 3]
12x4+3y=7=A4-" Yl =bwhereA=| 23 b=17
| x+y=4 ol 11| 4
- - AT 43"
xJ:(ATA>_1ATb: [121 23 alIE,
y 131__11_; _131__4_
_ 1 3] - 1 -
_ 68:| [121}{7‘: 68—‘ [21
| 811 131 L4| 811 | |28
1 [ —sg|a] 35
C66—-64| -8 6 || 28| | 0O

Therefore, approximate solution of this overdetermined system is: x = 3.5and y = 0.

3.17 Square System of Equations

A linear system of equations in which the number of variables equals the number of
equations. The coefficient matrix of a square system is a square matrix.

A square system of linear equations has a unique solution if and only if the determinant
of its coefficient matrix is non-zero.

When the determinant of a system of linear equations is zero, the system has either
no solutions or infinitely many solutions. If the system has no solutions, it is said to
be inconsistent. If the system has infinitely many solutions, it is said to be dependent.
This occurs when at least one row of coefficient matrix can be expressed as a linear
combination of the other rows.
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Row Reduction (Gauss-Jordan elimination) can be used to determine whether a system
of linear equations with a zero determinant has no solution or infinitely many solutions:
Write the augmented matrix of the system. Perform row operations to reduce the matrix
to row-echelon form or reduced row-echelon form. Analyze the resulting matrix: If you
encounter a row of the form [00...0|c] where ¢ is nonzero, the system is inconsistent and
has no solution. If you have a row of zeros on the left side and a zero on the right side (a
row of the form [00...0|0]), the system is dependent and has infinitely many solutions.

x+2y4+3z=10 "123" x| "10"
Example 3.31 { 4x+6y+5z=12. can be written as: | 465 ||y | = | 12 ].
Ix4+9y+82=13 _798_| |_z_| |_13_|
Determinant of coefficients is non-zero, so a unique solution exists.
123
465/=-9
798

Let’s use the Gauss-Jordan elimination method to find the solution. The augmented matrix
is:

"12310_‘ "12 310 W 12 310 _‘
46512 | >l0-2-7-281—>10-2 —7-28
| 79813 | |_79 813 0 -5 _13—57_|
10 —4-18 10 —4-18 ]
- |02 —7-28 |- |0-2—-7-28
0 -5 —13 —57 | 00 4513 |
10 —4 —18 "
- 10-=2 0-777172
00 4513 |

10 0 —6.4443"
>1l0-20 —77172
00 4513 |

10 0 —6.4443 ]
- 01 038886
00 1 2.8889

Therefore, solution of the given system is x = —6.4443, y = 3.8886 and z = 2.8889.
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NAy+z=1 '211" X P‘
Example 3.32 { 4x+ 2y +2z =3 can be written as: | 42 2 = | 3 |. Determi-
| Ox +3y+3z=>5 _633_| |_z_| 5
nant of coefficients is zero:
211
22 42 42
422 330 Yes| T ea| T
633

Therefore, the given system may be inconsistent, i.e., have no solution, or it may be
dependent, i.e. have infinitely many solutions. The augmented matrix is:

"211 1"
422 3
6335

Basic row operations lead to:

"2111" "2111"
4223 |=1000 1
633 5_| |_632 5_|

Since the second has a nonzero entry on the right side, the system is inconsistent and has
no solution.

A4y+z=1 211 ||« 1
Example 3.33 { 4x + 2y + 2z =2 can be written as: | 42 2 y | =| 2 |. Determi-
6x+3y+3z=3 633 ||z 3
nant of coefficients is zero:
211
4379 _222 42 42 0
- 733 63 63|
633

The given system may be inconsistent, or it may be dependent. The augmented matrix
is:
“ 211 1"‘
4222
| 633 3

Basic row operations lead to:
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"2111_‘ {2111}
4222 000 0
6333 |e32s]

Since the second row is entirely zeros, the system is dependent and has infinitely many
solutions. Let’s find the solutions:

‘"2111"‘ "2111" "2111"

4222 =100001l=10000

6333 | | 6325] 0000 |

I x=1

=>+y+z=1= 3 y=u
|_Z:1—2t—y

L fe]o] 5]
For instance, ’7 4 0 | or| 3 [ satisfythe given system.
-9 1

J 1]

0
| x+2y+3z=1 123 |[x 1]
Example 334 { 4x+8y+ 12z =4 canbe written as: | 4 8 12 ||y | = | 4
IHx+12y4+3z=2 | 1112 3 || z 2

Determinant of coefficients is zero:

1 23
4 812 =1
1112 3

8 12
12 3

4 8
1112

2412
11 3

=124 —-144) —2(12 - 132) + 348 —88) =0

The given system may be inconsistent, or it may be dependent. The augmented matrix

{1231"
4 812 4

11123 2

is:

Basic row operations lead to:

123 1 1231
48124 |=10000
11123 2 | 11123 2
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Since the second row is entirely zeros, the system is dependent and has infinitely many
solutions. Let’s find the solutions:

1231 [1231] 12 3 1
48124 |=|0000|l=|00 0 o
11123 2| [11123 2 0 -10 -30 —9
(123 1} {103 0.8_‘

=1000 0 |l=]l000 o0
013 0.9 L013 0.9 |
x=3—0.8
Ix”%z:’()g:» — 3409
| v+32=009 |y’z’_t '

’7—0.8—‘ { 22 _‘ ’7—6.8—‘
Forinstance, | 0.9 |, | —2.1 | or | 6.9 | satisfy the given system.
o L) L]

3.18 Rank of a Matrix

The rank of a matrix represents the maximum number of linearly independent rows
or columns in the matrix. The rank of a matrix is not limited to square matrices. The
maximum possible rank of an m x n matrix is the minimum of m and 7.

The rank of a matrix may be determined by employing the following methods:

(A) Row reduction method: Reduce the matrix to row-echelon form or reduced row-
echelon form. The number of non-zero rows in the resulting matrix is the rank.

(B) Determinant method: For square matrices, the rank is equal to the size of the largest
NON-Zero minor.

10 5
Example 3.35 Calculate the rank of A = | 22 —1
| 755
105
Given matrix is a square matrix and its determinant is |2 2 —1 | = 3. Therefore, given
755

matrix is full rank (its rank is 3).
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112
Example 3.36 Calculate the rank of A = ‘ 50-1 ‘
| 72 3 J
112
Given matrix is a square matrix and its determinant is |50 —1 | = 0. So, the given
723
matrix is not full rank. For instance, M, = (2) _3 = 042 =2 # 0. Therefore, rank of

this matrix is 2. We can stop checking other minors since we found a full-rank sub-matrix.

12 =5
Example 3.37 Calculate the rank of A = ‘ 36 -15 ‘
24 -10 _|
12 -5
Given matrix is a square matrix and its determinant is |3 6 —15 | = 0. So, the given
24 -10

matrix is not full rank. Let’s see if there exists at least one full-rank 2 x 2 sub-matrix.2 x 2
sub-matrices are:

6-15|[3-15| [36
| 4 —10_’ 2 —10_’ |24
[0 5| [1=5][12]
_4—10_’_2 10_' 24|
0 5| [1 5] [12
| 615 |3-15| |36
However, none of them are full ranked:
6 —15 o, 315 _ ’ 36 _0
410 2 —10 24
2 —
520’15:’1220
410 2 10 24
2 -5 _o, L =5 _ ’ 12 _0o
6 —15 3 —15 36

Therefore, rank of this matrix is 1.
Alternatively, let’s apply the row reduction method to the given examples.
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10 SW
Example 3.38 Calculate the rank of A = ‘ 2 2 —1 | with row reduction method.
|_75 5
{105" 10 5" Po 5"
22-1l—=>lo2-11l—=>102-11
755 | |75 5 05—30_|
10 5 "10 0 ‘
> lo2-111—=>1]02-11
00 -2.5 | |_0 0 —2.5_|
10 0 |
—-102 0
| 00 -2.5 |

Number of non-zero rows is 3. Therefore, the rank is 3.

(11 2
Example 3.39 Calculate the rank of A = | 50 —1 | with row reduction method.
72 3 |
tr2 | [r1o2] 112 112 Jro F]
50-1|—>]|0-5-11|—=>|0-5-11|—>]|0-5-11|—|0-5-11
723 | |72 3| |[0o-5-11] oo o | |00 O

Number of non-zero rows is 2. Therefore, the rank is 2.

12 =5 ‘
Example 3.40 Calculate the rank of A = ‘ 3 6 —15 | with row reduction method.
24 -10_
"12 —5" "12 —5-‘ "12—5"
36-151—=100 0 - 100 0
| 24 -10 | 24 10 |00 0 _|

Number of non-zero rows is 1. Therefore, the rank is 1.

(1221
Example 3.41 Calculate therank of A= | 76 3 2 | with row reduction method.
114 9
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‘_12—21_‘ "12—2 1—‘ {12—2 1_‘
76 3 21—>10-817 =5 —>10-817 -5

|_114 9 | |_11 4 9J LO—16 8_|
12 2 1 ] '12—21“
—-10-817 -5 1—=>10-817 -5
0051/869/8 | |00 1 6931
1094 -1/4 | [10 0 —652/31 |
>l0-817 -5 |>l0-817 =5
00 1 6931 [00 1 69/31 |
100 —652/124" "100 —652/124 |
— 1 0-80 —1328/31 | —> | 010 1328/248
001 6931 | |_001 69/31
Poo —5.2581"
=010 53548
001 22258 |

Number of non-zero rows is 3. Therefore, the rank is 3.

3.19 Eigenvalues and Eigenvectors of a Matrix

“Figen” is a German word. It means “own” or “self”’. In the context of linear algebra,
it’s used to describe characteristics or properties inherent to a matrix. Figenvalues and
eigenvectors are defined exclusively for square matrices, that is, matrices with an equal
number of rows and columns.

An eigenvalue of a square matrix A is a scalar A such that: A.v = Av where A is a
square matrix and v is a non-zero vector, known as the eigenvector corresponding to A.
In other words, an eigenvector of a square matrix A is a non-zero vector v such that,
when multiplied by A, it yields a scalar multiple of itself. The scalar multiple is the
corresponding eigenvalue.

A vector w that satisfies the (A — AI)*w = 0 for some non-negative integer k is called
generalized eigenvector of matrix A. Note that A is a square matrix, A is an eigenvalue of
A, I is the identity matrix, and k is the smallest integer for which the equation holds. Every
eigenvector is also a generalized eigenvector. However, not all generalized eigenvectors
are eigenvectors.

Following tips help you to speed up in calculations:
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. |aia
A. For a2 x 2 matrix | " 1* 12 ], A — Al =A% — (a1 + a)h + JA| = 0. |A| shows
| d21 422 |
. [ . —-16
the determinant = ay11.dzy — dip.az1 ). For instance, for A = 53
a2 dz

|A — M| =12 —(—1+3)A+(=3 — 12) = 1> —2x—15. The solutions of the equation
12 — 2% — 15 = 0 are the eigenvalues of this matrix.

s
Exercise: Determine the characteristic equation of A = 171
Can an ans |
B. For a3 x 3 matrix A = | ay; ay a3 |, 1A = M| = =13 4 (a11 + ax + az3)r? —
431 a3 433 |
422 @23 + i + and A+ |A] =0.]A| shows the determinant of the
az2 as3 azy ass an an |
‘ 211 ‘
matrix A. For instance, for A =A = | 232 |, |JA—Al| = =23+ 243+ 4)1% —
1334
32 21 21 211
+ A4+ (232 |==A2402—(12—-6+8—-3+6—2r+
34 34 23 334

7 = =13 + 942 — 15X 4+ 7. The solutions of the equation —A> + 912 — 15A +7 =0
are the eigenvalues of this matrix.

132
Exercise: Determine the characteristic equation of A = | —170
6 69

3.20 Calculation of Eigenvalues and Eigenvectors

Let’s study some numeric examples.

—-16
23
Let’s start by calculating the eigenvalues (=roots of characteristic equation):

Example 3.42 Calculate the eigenvalues and eigenvectors of matrix A =

= -)L()“
0

s
23

~16
23

A=

| 2 3-a

:>|A—M|:O:>‘

‘ ‘-1-1 6
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(1 =M@ =M —6x2=22 2L —15=0=4; =5y = -3

Eigen vector associated with A; = 5 is:

([ R HEH

66 |\ Yf
1 = = -6+ =0=x1 =x
2 -2 } Xy
1 (3 =3 . ko
Therefore, Vi = e Vi= 3| Vi = or any vector with V| = form,

can be considered as an eigenvector for A.; = 5 case. Let’s make aunit eigenvector. The vector

[a can be converted into a unit vector using the ’;Tﬁz | = \/“?ﬂ * | formula.
o ———
B A v i B Y RNy )
o o
The vector | B | can be converted into a unit vector using the —L B | =
: N
_ Y LY _
a2+ﬂ2+y
a2+ ﬂ2+ N formula. Unit eigenvector associated with A1 = 5 is:
2+,32+)/
o1 3] _[ogom
a3 | ogom |
Eigen vector associated with Ay = —3 is:
[=16] [=30 N\[x] [0
A—-2DV, =0= - L
23 0 -3 X2 0
26 |\[ 0
= | =2x+6x =0
_ 26 X2 0
=x1 = —3x
3] 6 15 . .
Vy = ] Vy = or Vo = can be selected as eigenvector associated
with A, = —3.Let’s select one of the mentioned vectors and make it a unit. Unit eigenvector

associated with Ay = —3 is:
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oL [-3] _[ o087
Pz 1| ] 03162
. . . 20 ]
Example 3.43 Calculate the eigenvalues and eigenvectors of matrix A = 03l
A= 20 =>A-AM|=0
03
20| |20l _|2-2 o
03] [Ox]|] | O 3-2
=Q2-MNB-WVN=0=1=2,1p=3

Eigen vector associated with A1 = 2 is:

120 20\ [«
A — Al =)= —
4= DV =0 _(_[03} [OZLLZ
(_OO_)|:x1_
=
\ xz_

01

_
(I
Il
—
o o
(I

For instance, we can select Vi = 0

Eigenvector associated with Ay = 3 is:
201 [30\[u] o
03 03 (/| x| |O
—10|\[xa] [o
- —x =0

. 0]
For instance, we can select Vo, = ‘ L

(A — )\,21)‘/2 =() =

——

.
Example 3.44 Calculate the eigenvalues and eigenvectors of matrix A = i Ll
32 32| [10
U el Py | S I
4 —1 4 -1 01
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30 -2
4 —1-2

S A2 24 4+5=0= A =142/, =1-2j

=B-M(=1—2) —(=8) =0

Eigen vectors associated with A1 = 1 + 2j and A» = 1 — 2j can be calculated as:

[3-2] 10 0
M=142> —(1+2j Vi =
1 j ( 4_1J ( ) 01 ) 1 0
32| [1420 o \[x] [o
= = ' _
4 —1 0 142 X 0
31227 -2 0
N j ' x| 0
4 1-1-2 /| n 0
22 -2 N\[x] [o
= ] ' | 0
4 —2-2 )| x 0

=Q2-2)x1 —20=0=x=(1—))x

=V = ,
1—j
{32 J1o 0|
)»1:1—2]:>(4_1 —(1—2])01)‘/2: 0
L ([3-2 1 -2 0'\x1 o
4-1| | O 1—2]_/_xz |0
31427 =2 N\[x] [o
= . —
i 4 —1=1+2|/| x 0]
2427 2 |\[n 0
= . — |
1 4 —2+2]_ X 0

= Q2+2)x1 =220 =0=x2= (1 +/)x :>V2=[

147 ]
. . . 12
Example 3.45 Calculate the eigenvalues and eigenvectors of matrix A = L1
U el VRPN | s Y
11 11 01
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-2 =2
— (=1 =1 —(=2)=0
T maena - -
S A 2A4+3=0= 1 =1+ V2, k=1 —~/2j
- (1= (10 0
o= 1+V2j —(1++2j Vi =
1 + .I:>( ) 1} <+ I> 01})1 0
(12| [1+vZi o N\[x]| o
= — e ] =
(R BCERERZANES 0
[ v2i =2 \[xa]| [o e
= = = —V2jx; —2x, =0
( 1 V2 |/ x 0 A2

Ji 1
=X = ———jxn = whenxy =1:Vi=| _ ;5
B2

L

_ ) 10 [0
A :1—\/2:> - 1_\/5 V2=
2 ] ( 11 < -7> 01 ) 2 0
12 [1-vi oo N\[u] [o
i — — . —
11 0 1—-+72j X2 0
-\/2] -2 \-_1'[- 0
= N = = V2jx; —2x; =0
(_ 1 V2 / X 0 e
7 . 1
=X = ——jx1 = whenny =1: Vo= | 5
2 27

For a2 x 2 matrix with a repeated eigenvalue, you will either have two linearly independent
eigenvectors or one linearly independent eigenvector and a generalized eigenvector.

_20_

Example 3.46 Calculate the eigenvalues and eigenvectors of matrix A = 02

A=|20s a-ar=0= || 20 =4 10
02 02 01
2-1 0
= —2-MQ2-21)-0=0
) Z_A‘ @12 —H

S0 +4=0r =24y =2

Eigen vectors associated with A1 = Ao = 2 can be calculated as:



0
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0

e (L[
(s Lo )[a] -]

S ([ooN[=]_[o]2 [on+on=o0
00|/ x 0 | 0x1 +0x2 =0
. 1 0
For instance, we can select Vi = and Vp = )
. . . 21
Example 3.47 Calculate the eigenvalues and eigenvectors of matrix A = 02|
21 21 10
A= A— M| =0 —
02 = | | = 02 01 ‘
2—x 1
= =Q2-M»2-A»N-0Ox1H=0
0 o |me-me-n-0xD
=S4+ 4=0=2 =2, =2
Eigen vectors associated with A1 = Ap = 2 can be calculated as:
M=hh=2= 21 - 1o \4
02 01
0| 21| [20]\[x]
= = —
| 0] 02 02 )| x
__0_:> o1 \[x] [o] ] m=o0
0 00|/ x| [0]  |Oox+0x=0
T
For instance, we can select V) = 0 . Using this ordinary eigenvector, we compute the

generalized eigenvector w by solving:
A-aw=vy = (|21 ]=2| 10 R
102 01|/ w 0
01
=
[O O_

w1

w2
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We can choose any vector for w that is linearly independent from Vy. For instance, we

can select w = . Note that w is a generalized eigenvector since:

BRI AREIBROR

- - - _\2_ -
2.(A — AD*w = 21,110 0
02 01 1
o m AUs B ) or  (A—iD*w =
lot{|o| Jooflo] |o
“loo |1 |ooll1] o

(A—ADA —ADw = (A= AV =0.
Ordinary eigenvector Vq and generalized eigenvector w constitute a basis for the vector
space since they are linearly independent.

Example 3.48 Calculate the eigenvalues and eigenvectors of matrix A = _58 _25 ;
-—8 _5_
A= = ]A-M|=0
5 5 | |
S[-s-s] [ ro
5 2 01
_|=8—=i =5
52—
=(-8-MQ2—-MN—-(-5x5=0
S A2 4+604+9=0=1 =3, oy =-3
Eigen vectors associated with A1 = A» = —3 can be calculated as:
85 10 0
M=Ah=-3= — (=3 V=
e ( s 2| ¢ )01}) 0
[ s 5| [30\[x] [o
= + =
I 5 2 i _O 3_ X _O_
(s —s|\[x] [o]  [-sm-s5m=0
= [ = =X =X
|5 5 |J|x] 0] 7| m+sm=0
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. 1 . . . .
For instance, we can select V| = Ll Using this ordinary eigenvector, we compute the

generalized eigenvector w by solving:

85 10\ [ i | 1
A—rhw=V — (=3 =
A= nhw 1:>( 5 2} ( )01}) ) {—1
55w | [ 1
— =
5 5 W -1
I —Sw; — 5wy =1 1
S5+ =—1l=>w = —w ——
| 5w1 + 5w, = —1 b ! *7s
h
For instance, we can select w = 05 . Note that w is a generalized eigenvector since:
P . = o o _
La—anw=|]| 322yl L0 S B It | et 1 N B R
| 5 2 01 |1 | 5 5 0 | -1
8 -5

MA—ufw:<

BB
[

A—-ADA—-AMw=A—-A)V; =0

Ordinary eigenvector V; and generalized eigenvector w constitute a basis for the vector
space since they are linearly independent.

A—AD*w =

11
Exercise: Calculate the eigenvalues and eigenvectors of matrix A = |: 1}.

211}
Example 3.49 Calculate the eigenvalues and eigenvectors of matrix A = {2 32

334J
_211W {211} {100}
A=1]232 A — Al 2321 —=21010
el T 5ae] Lo

2—x 1 1
= 2 3—-4 2
3 3 4—-A
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3—x 2 2 2 23—
3 4 34—A 33

—Q2=-MN@ =M@ -1 —2x3]—-12x@—-2) —2x3]+1[2x3-3x 3 =]
= A+ 150 +7

=@2-1

Typically, finding the roots of a third-degree polynomial requires a calculator or computer
software. However, in this specific case, we can find the roots manually. Since the sum of
the coefficients is zero (—1 + 9 — 15 + 7 = 0), one root is 1. The remaining roots can be
determined using polynomial long division. Note that:

23492 — 150 +7
+x ; + =8 —-T=—-(G-DR-=7

Therefore, the roots of —A> +94% — 154 +7 = (A — (AL — 7y are 1, 1 and 7. Let’s
calculate the eigenvectors.
For A1 = h = 1:

211
A=1232|=2A@-ADV=0=@A-DV
334

{211] (100'
=|l2321=1010

y
L3se] Loor]/ <]
B 11_‘_x- {0'
=222yl =101l=x+y+2=0
s3s)le] Lo
[ o[ ]
Forinstance, we can select V; = 0 landV, = 1 |.Selected two vectors are linearly
—1| —1

independent. Note that in this example, the repeated eigenvalue 1 yields two eigenvectors:

211 ][ 1 1
AxVi=[232(] 0 |=]0 |=1xW
334 || 1| [ -1]
211 o] [o]
AxVo=]232(] 1 |=]|1 |=1xWn
334 || -1 | -1

For A3 =7:
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_21%
A=1232|=>U@-ADV3=0= (A —TDHV3
334
{211" ‘-700" x|
=|1232]1-1070 y
\L334_| |_007_|/ |_ZJ
[ 5 1 lw_xw ‘_OW —S5x+yv+z=0
=12 -4 2 yli=10l=>12x—4y+2z=0
| 3 3 —3_| |_ZJ |_O_ 3x+3y—3z=0
51 1
2 —4 2 | = 0. The augmented matrix of this system is:
3 3 -3
"—51 1 0" 5 1 1 0] [-51 1 0"
2 =42 0| =] 0 -362401|—>] 0 =3624 0
|_3 3 =30 | 3 3 30 | 0 36 —2.40_|
51 1 0| [-50 93 0"
-l 00 0 ol=100 0 0
0 3.6 -24 0 | 0 3.6-24 0_|
10—l OW ‘_10—1/3 0"
—-loo 0o ol=1lo00 0 o
| 03.6-24 0 0172/30
1
x =zt
r-ge=0 | [x=te |12
= 3 = 3= ly=31
|v-3z=0 " |y=4% | _
H
For instance, fort = 3 we obtain V3 = | 2 |.
3]
BN
AxVi=12321121=114]=7xV;
BB

Example 3.50 Show that the vectors Vi, Vo and V3 found in the previous example are
linearly independent.
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If the determinant of a square matrix formed by the vectors as columns (or rows) is
non-zero, then the vectors are linearly independent. If the determinant is zero, the vectors
are linearly dependent. Vectors found in the previous example are independent since:

Lol 12 02 0 1
0 12=1 -0
-13 —-13 —-1-1
-1-13
=1(Ix3-2x-1D+10x—-1-1x-1)
=54+1=6#£0
"70 0 ‘
Exercise: Calculate the eigenvalues and eigenvectors of A= 1| 03 0
| 00 -2 |

3.21 Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

Example 3.51 The code in Fig. 3.16 solves 2x + 7 = 0.

Fig.3.16 Calculation of Command Window ®

2x + 7 roots
>> roots([2 7])

ans =

-3.5000

fx >> |

Example 3.52 The code in Fig. 3.17 solves x* + 2x + 3 = 0.
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Fig.3.17 Calculation of Command Window ®
X2+ 2 +3andx? + 50+ 6

>> roots([1 2 3])
roots

ans =

-1.0000 + 1.4142i
-1.0000 - 1.4142i

>> roots([1 S 6])

ans =
-3.0000
-2.0000
Je >> |
Example 3.53 The code in Fig. 3.18 solves x> + 232 + 9x +7 = 0.
Fig.3.18 Calculation of Command Window ®

%% 4+ 242 + 9% + 7 roots
>> roots(ll 2 9 71)

ans =

-0.5634 + 2.77461
-0.5634 - 2.77461
-0.8732 + 0.00001

fe >> |

Example 3.54 The code in Fig. 3.19 calculates the coefficients of the polynomial with
roots 1,3 4+ 7j, and 3 — 7j. According to Fig. 3.19 the resulting polynomial is found to be
X% —7a? 4+ 64x — 58 = 0.

Fig.3.19 Calculation of Command Window ®
coefficients of the polynomial

>> poly([1 3+7j 3-731)
with roots 1,3 + 7/, and 3 —7j
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Example 3.55 The code in Fig. 3.20 calculates the sine, cosine, tangent and cotangent of
% radians.

Fig.3.20 Calculation of Command Window &)
. y

trigonometric ratios for x = =
>> sin(pi/3)

ans =

0.8660
>> cos (pi/3)
ans =

0.5000
>> tan(pi/3)
ans =

1.7321
>> cot (pi/3)
ans =

0.5774

Jx >>

Example 3.56 The code in Fig. 3.21 calculates the sine, cosine, tangent and cotangent of
30°.
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Fig.3.21 Calculation of
trigonometric ratios for
x = 30°

Command Window (¥)

>> sind(30)
ans =

0.5000
>> cosd (30)
ans =

0.8660
>> tand(30)
ans =

0.5774
>> cotd(30)
ans =

1.7321

Jx >>

Example 3.57 The code in Fig. 3.22 calculates the arcsine, arccosine, arctangent and arc

cotangent of 0.7, providing results in radians.
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Fig. 3.22 C(Calculation of Command Window @
inverse trigonometric functions
for x = 0.7 (Results are in
radians)

>> asin(0.7)
ans =
0.7754
>> acos (0.7)
ans =
0.7954
>> atan(0.7)
ans =
0.6107
>> acot (0.7)
ans =
0.9601

Jx >>

Example 3.58 The code in Fig. 3.23 calculates the arcsine, arccosine, arctangent and arc
cotangent of 0.7, providing results in degrees.
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Fig.3.23 Calculation of
inverse trigonometric functions
for x = 0.7 (Results are in
degrees)

Example 3.59 The code in Fig. 3.24 calculates

120—1"
75 10
|22 34

Command Window

>> asind (0.7)

ans =

44.4270

>> acosd(0.7)

ans =

45.5730

>> atand (0.7)

ans =

34.9920

>> acotd(0.7)

ans =

55.0080

Jx >> |

®

X
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Fig.3.24 Matrix Command Window ®
multiplication >> A=[1 20 -1;7 51 0;2 2 3 4];
>> B=[1 2;0 -1;6 3;-9 1];
>> A*B
ans =
10 -1
13 12
-16 15
fe >> |

Example 3.60 The code in Fig. 3.25 demonstrates the process of extracting the first and

(120 -1~

second columns of matrix A = ‘ 75 10 and assigning them to the variables V; and
| 22 34

V2, respectively.

Fig.3.25 Extracting rows and Command Window ®

columns of a matrix >> A=[1 2 0 -1;7 5 1 0;2 2 3 4];

>> V1=A(:,1)

vVl =

>> V2=A(:,2)

Jx >>
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Example 3.61 The code in Fig. 3.26 demonstrates the process of extracting the first and

(120 -1~
second rows of matrix A = | 75 10 | and assigning them to the variables Wy and W,,
| 22 34 |
respectively.
Fig.3.26 Extracting rows and Command Window ®
columns of a matrix >>A=[1 20 -1;7 51 0;2 2 3 4];
>> Wl=A(1,:)
Wl =
1 2 0 -1
>> W2=A(2,:)
W2 =
i 5 1 0
fx >> |

Example 3.62 Figure 3.27 shows the MATLAB code for generating a 3 x 2 random matrix.

Fig.3.27 Generating a Command Window ®
random 3 x 2 matrix
>> rand(3,2)

ans =
0.8147 0.9134

0.9058 0.6324
0.1270 0.0975

fx >> |

Example 3.63 Figure 3.28 shows how to create a 2 x 3 matrix of ones in MATLAB.
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Fig.3.28 Generatinga 2 x 3
ones matrix

@

Command Window

>> ones(2,3)
ans =
1 1 1
i | 1 1
Jx >>

Example 3.64 Figure 3.29 shows how to create a 3 x 2 matrix of zeros in MATLAB.

Fig.3.29 Generatinga 3 x 2
Zeros matrix

Command Window )

>> zeros(3,2)

ans =
0 0
0 0
0 0
Jx >>

Example 3.65 Figure 3.30 shows how to create a 3 x 3 identity matrix in MATLAB.

Fig.3.30 Generating a 3 x 3
identity matrix

Command Window ™
>> eye(3)
ans =
1 0 0
0 1 0
0 0 i |
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Example 3.66 MATLAB primarily offers two ways to transpose a matrix: Conjugate
transpose and non-conjugate transpose. Table 3.1 compares these two operators.

Table 3.1 Transpose operators in MATLAB

Operator Name Behavior
’ Conjugate transpose Transposes and conjugates complex elements
’ Non-conjugate transpose Transposes without conjugating complex elements

The code in Fig. 3.31 calculates the conjugate and non-conjugate transpose of matrix

1 1+3i
A= ] ]
9-2i-1+72i
Fig.3.31 Calculating the Command Window ®
conjugate and non-conjugate >> A=[1 1+33j;9-27 -1+23j]
transpose of matrix A
A=
1.0000 + 0.0000i1 1.0000 + 3.0000i
9.0000 - 2.0000i -1.0000 + 2.0000i1
>> A'
ans =
1.0000 + 0.0000i 9.0000 + 2.0000i
1.0000 - 3.0000i -1.0000 - 2.0000i
>> A"
ans =
1.0000 + 0.0000i 9.0000 - 2.00001
1.0000 + 3.0000i -1.0000 + 2.0000i1
fx >> |
‘ —4-6 2 w
Example 3.67 The code in Fig. 3.32 calculates the determinantof A=1 5 —1 3 |.

| 24 3
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Fig.3.32 Calculating the
determinant of the matrix A

Command Window ®
>> A=[-4 -6 2;5 -1 3;-2 4 -3];
>> det (A)

ans =
18.0000

fx >>|

8 21

Example 3.68 The code in Figs. 3.33 and 3.34 calculates the inverse of A = | 2 —1 3

Fig.3.33 Calculating the
inverse of the matrix A

Fig.3.34 Calculating the
inverse of the matrix A

114

Command Window ®

>> A=[8 -2 1;2 -1 3;1 1 4];
>> inv (R)

ans =
0.1628 -0.2093 0.1163
0.1163 -0.7209 0.5116
-0.0698 0.2326 0.0930
Jx >> |
Command Window ®

>> A=[8 -2 1;2 -1 3;1 1 4];
>> A~-1

ans =

o

.1628 -0.2093 0.1163
.1163 ~-0. 7209 0.5116
-0.0698 0.2326 0.0930

Jx >> |

o




3.21 Problem Solving with MATLAB® 149
x+2y+3z=10

1 23“ x| "10“
3 4x + 6y + 5z = 12 canbe writtenas: | 4 6 5 Determi-

Tx+9y+8z=13 798_|| | |_13_|
nant of coefficients is non-zero, so a unique solution exists. The code presented in Figs. 3.35,

3.36, 3.37 and 3.38 demonstrate various approaches to find the solution.

Example 3.69

Fig.3.35 Solving the system Command Window )
of equations given in Example
3.69 >> A=[1 2 3;4 6 5;7 9 8]
>> b=[10;12;13]);
>> A\b
ans =
-6.4444
3.8889
2.8889
fx >> |
Fig.3.36 Solving the system Command Window ®
of equations given in Example
3.69 >> A=[1 2 3;4 6 5;7 9 8]

>> b=[10512;1317
>> linsolve (A, b)

ans =
-6.4444

3.8889
2.8889

e >> |
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Fig.3.37 Solving the system Command Window =)
of equations given in Example

3.69 >> A=[1 2 3:;4 6 557 9 81;
>> b=[10;12;13];
>> sol=inv (R) *b

sol =
-6.4444

3.8889
2.8889

fx >>|

Fig.3.38 Solving the system Command Window )
of equations given in Example

3.69 >> A=[1 2 3;4 6 5;7 9 8];
>> b=[10;12;13];
>> (A*~-1)*Db

ans =
-6.4444

3.8889
2.8889

fx >>|

12 21"
Example 3.70 The code in Fig. 3.39 calculates the rank of A= | 76 32
11 49
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Fig.3.39 Calculation of rank
for matrix A

Example 3.71 The code in Fig. 3.40 calculates the reduced row echelon form of A =

(—5 1 10 W
2 —4 20 |
L3 3 —30J

Fig.3.40 Calculation of
reduced row echelon form of
matrix A

Example 3.72 The codeinFig. 3.41 calculates the characteristic equation of A = ‘

Command Window ®

> B=[1 2 =2 1;7 6 3 2;1 1 4 9];
>> rank(A)

ans =

Je >> |

Command Window ®
> A=[-5110;2 -4 20;3 3 -30];
>> rref (R)
ans =
1.0000 0 —-0.3333 0
0 1.0000 -0.6667 0
0 0 0 0
fe >> |
211‘
232 1.

334
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Fig.3.41 Calculation of Command Window =)
characteristic equation for =
matrix A >> syms X

>> A=l2 1 152 3 2;3 3 4]1;
>> det (A-x*eye (3))

ans =
- X*3 + 9*x~2 - 15*x + 7

Jx >>

The factor command can be employed to factorize the characteristic equation.
According to Fig. 342, —x> + 0% —15x +7 = -Ix - x x—-Dx (x—1) =
—(x =T -1

Fig.3.42 Factorizing the Command Window (5]
result
>> syms x

>> A=[2 1 152 3 2;3 3 4];
>> det (A-x*eye (3))

ans =

- X*3 + 9*x~2 - 15*x + 7
>> factor (ans)

ans =

-1, =7, x -1, x = 1]

Jx >>
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Example 3.73 The code in Fig. 3.43 calculates the eigenvalues and eigenvectors of A =
211
232 |. According to Fig. 3.43, the eigen values are Ay = 1, A» = 7 and A3 = 1.
334

—0.8111
Eigenvector associated with A1 = lis | (.3244 -‘ , Eigenvector associated with Ap = 1is
| 0.4867
[ 0.2673 [ 0.0937
0.5345 | and Eigenvector associated with A3 = 1 is | —0.7493
| 0.8018 | 0.6556 _
Fig.3.43 Calculation of Command Window ® |
eigenvalues and eigenvectors >> A=[2 1 1:2 3 2:3 3 4];

for matrix A >> [eigenVector,eigenValue]=eig(A)

eigenVector =
-0.8111 0.2673 0.0937

0.3244 0.5345 -0.7493
0.4867 0.8018 0.6556

eigenvalue =
1.0000 0 0
0 7.0000 0
0 0 1.0000
Jx >>

References for Further Study

1. Advanced Engineering Mathematics ( 10" edition), Erwin Kreyszig, Wiley, 2011.

2. Caleulus (81 edition), James Stewart, Cengage Learning, 2015.
3. Applied Numerical Analysis with MATLAB®/Simulink®: For Engineers and Scientists, Farzin
Asadi, Springer, 2023.
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Limits, Derivatives, and Integrals

4.1 Introduction

This chapter begins with a review of calculus fundamentals: limits, derivatives, and inte-
grals. The second part demonstrates MATLAB’s application to the problems discussed.

4.2 Limit

Limit is a fundamental concept that describes the behavior of a function as its input
approaches a certain value. It’s a way to understand how a function behaves near a specific
point, even if the function is not defined at that point.

Example 4.1 Calculate lim (x2 + 6).
x—3

lim (x* 4+ 6) = 15.
x—3

Example 4.2 Calculate hm (—+-3)

. x4+ DY 5
lim = -,
x—4 x—|—3) 7
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4.3 L'Hopital’s Rule

L’Hopital’s rule allows you to evaluate limits of indeterminate forms, such as % or 2.

The rule states: If the limit of the ratio of two functions f (x) and g(x) as x approaches a
i i i O or 2 im L8 — im L&) .
is an indeterminate form g or 2=, heu )}I_IE‘II S = )}I_IE‘II 4T where ' (x) aud g'(x) are ihe
derivatives of j (x) and g(x), respectively.

260 =552 4+3x=2 )

6x>—10x+3 7
Zx—4 ) .

= lim | =2—== =3

For instance, ]im(
x—2 x—2

; in(x)
Example 4.3 Calculate lim ( %)

x—0

o (sin@)\ | [cos(x)
xgr(l) X ) xg%k 1 )
(22430
Example 4.4 Calculate lim ( T )-

4.4 Derivative

Derivaiive measures ihe raie of change of a funciion at a specific poiunt. Ii represenis the
slope of the iangent line 10 the graph of the funciion ai ihat point. The derivaiive of a

. . &
function f (x) is often denoted as f(x) or Ey

Here are some of the most itnporiant derivaiive rules (Noie thai u(x) is a funciion of

x):
1. %u(x)” = ' (Du(x)" !
2. % sin(u(x)) = ' (x) x cos(u(x))
3, % cos(u(x)) = —u'(x) x sin(u(x))
4. Lan(u) = w'(x) x (1 +tan? @(x)) = ' (x) x sec? (u(x))
5. L arcsi = K@
7 arcsin(u(x)) \“_u(/)(c)j
6. L = L
= arccos(u(x)) Tl

d _ ")
7. arctan () = oes

8. L ™ =/ (x) x "

9. L") =u'(x) x In(@) x a"™
d _ WX

10. Eln(u(x)) = W
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11. iloga u(x) = 2

Tn(a)y>ufx)
12, &f @5 =[x x (g () + LE)
13 F) gy =f'(x) £ g'(x)

14. (f(x) x g =['g) +g')f ()

15, L(fx) — fg-gfm
& \gT2 g

16. h(x) = fog(x) = h’(x) =g'(x) xf'(g(x))

fx = Zan(x —x0)" = ap + a1 (x —xo)' + a2 (x — x0)?

n=0
17. +az(x—x0) >+ ... =)
o
=a; +2a0(x —x0)' +3a3(x —x0)* + ... = Znan(x —x0)" !

n=1

Example 4.5 Key differentiation rules are illustrated in the following samples.

34+ D=4 x3x Bx+7)°
blll(_/t ) 6) A L_/L X \/Ub(.&z _|_ 6)
cos(x?)) = 4% x —sin(x“)

(
(
(
(tan(VXx)) = 32=(1 + tan® (/7))
L (350} = cos(x) x In(3) x 351
(
O
b
—(

In(sin(6x))) = £
2

logs x*) = ]11(5)><x3
2+ = 2+ 7F x <2x Qx4 T) + 2“2>

2x+7
(341 _ 30:45)—10x+1) _ _ 14
\x+5 )~ 15 = G472
(sin(x)\ __ cos(x)e¥—£"sin(x) __ cos(x)—sin(x)
& = @) o
11, L (sin(x? + 6x)) = 2x + 6)cos(x? + 6x)

19, fx-{muuf‘; = cos(x) x 4(sin (%))’ = dcos(x) sin(x)’

AR e RN
) S §“i’*‘~ S~ %Iiﬁ“l&ﬁ“l&ﬁ“l&

h.
S

Example 4.6 Determine the derivative of function f (¢) shown in Fig. 4.1.

Fig.4.1 Plot of the f(¢)
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0 —00<x<0
,_Ir;224 0<x<025
7= e = —24025 <x < 0.5
0 05 <x <o

Example 4.7 A) Find y' if x* +v? — 6xy = 0. B) Find y" if x* +y* = 16.

3x2 + 3y/y2 — 6y — 6xy/ =) = )/(3)72 — 6x)
332+ 6y —x242y
= -3 +6v=y = -
T oyEny 3y2 — 6x y2 —2x
d 4 4 d 3 .3 / 4 X
- + = —(16) = 4x° +4 ==y = - = ——
dx(x ¥ dx( ) = 4x” +4yy y e =
/) {
4+ 4y =0 ;—x(4)c3 +4y'y}) = ;—X(O) = 12x% + 4"y’ + 4y x 3y'y?
=0= 1222 +4"y’ + 12y =0 = y”
B —12(x% +v%y%) B —3(x% +y?%y?)
4y3 y3
/ 2 N
_3( 42 _£> 2
_ 3(x +( ¥ y) 3t +yY)
y? v

a4 y4 = 16 therefore,

o3ty 3t x 16 —48a2
v v oy Y

4.5 Partial Derivatives

A partial derivative is a mathematical concept used to find the rate of change of a mul-
tivariable function with respect to one of its variables, while keeping the other variables
constant.
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In order to determine % treat y as a constant and differentiate f (x, y) with respect to

x. In order to determine % treat x as a constant and differentiate f (x, y) with respect to
y.
Example 4.8 Determine % and % for f(x,y) = ¥+ y2 + 3x2y4 — y3 + sin(x).

af 4

— =2x 4 6xy" + cos(x)

ax

d

Y oyt 1222 — 32

dy

4.6 Integral

An integral is a mathematical concept that represents the area under the curve of a
function. There are two main types of integrals: Definite Integral and indefinite integral.

Definite integral calculates the area under the curve of a function between two specific
points (limits of integration). The definite integral of a function f (x) between the limits a
and b is denoted as fab f(x)dx. The result of a definite integral is a number representing
the area.

Indefinite integral finds the antiderivative of a function, which is a function whose
derivative is the original function. The indefinite integral of a function f (x) is denoted as
[ f(x)dx. The result of an indefinite integral is a function plus a constant of integration
(O).

Example 4.9 Calculate the fol f(t)dt for function f (r) shown in Fig. 4.2.

Fig.4.2 Plot of the f(r)

The solution to this problem lies in calculating the area depicted in Fig. 4.3
fof@dr =1 x6x05=15.
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Fig.4.3 Area underf (¢) f(t)

0.25 05 1

You can also solve this problem using an analytical method. According to Fig. 4.2,

24t 0<t<025
S =3 =24t + 12 0.25 < t < 0.5 . Therefore,
| 0 otherwise
0.25 0.5
[f(t)dt f 24tdt + f( 24t + 12)dt + dez = 12z2|025 1262 4 12t 0-5
J O o 05 0.25

= 12(0.25% — 0%) + (—12 x 0.5 + 12 x 0.5) — (=12 x 0.25% + 12 x 0.25)
=075+3-225=15

Here are some of the most important properties of integrals:

a,belR: /afl(x)+bf2(x)dx:a/f1(x)+b/f2(x)

b a
ff(x)dx:—ff(x)dx
a b

fora<i<b: /f(x)dx = /f(x)dx—l— /f(x)dx
a a A

jf(x)dx =0

Q~|Q~

t
jff(r)dr =f®

If f (x) is an even function, i.e., f(—x) = f (x), then ffaf(x)dx = 2f0af(x)dx.
If f (x) is an odd function, i.e., f (—x) = —f (x), then ffaf(x)dx =0
Here are some of the most important integral formulas:

1. fx”dx_ A"t 4 C o £ -1
2. f ~dx = Inlx| +C
3. fax+bdx Linlax +b| +C
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4. [ lewdx = %tan_l(fl—‘) +C
5. fe®dyv =1 +C

6. [ sin(ax)dx = —l cos(ax) + C
7. [ cos(ax)dx = %sin(ax) +C

Example 4.10 Calculate [ x?dx.

4 3
x? is even therefore, f_ll Xy = 2f01 x2dx = 2% 0

A different approach to solving this problem is:

! 5

[ 2 RSl I D Y G b )
dx = - —_—— — ]
* 3 ‘ 3

-1
Example 4.11 Calculate [, x3dx.

x3 is 0dd therefore [1 x3dx = 0.
A different approach to solving this problem is:

TR Y S A G A D S SR A O
JrE=g —1_(Z_ 4 _\4_4)_0‘
-1

4.7 Tabular Integration

The tabular method, also known as the DI method, is particularly well-suited for integrals
that involve products of polynomial functions with exponential, trigonometric, or loga-
rithmic functions. For instance, [ x?e*dx, [ x*sin(x)dx or [ x*In(x)dx can be calculated
easily with tabular integration technique.

Tabular integration involves creating a table with two columns: one for repeated dif-
ferentiation of a function and the other for repeated integration of another function. The
product of the diagonal entries, with alternating signs, is then summed to obtain the

integral. Let’s study some examples.
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Example 4.12 Calculate [ x° cos(x)dx.

The procedure for tabular integration is depicted in Figs. 4.4 and 4.5.

Fig.4.4 Calculation of

9, : Derivatives | Integrals
| x° cos(x)dx (First step)

x3 cos (x)

3x? sin (x)

6x —cos (x)
6 —sin (x)
0 cos (x)

Fig.4.5 Calculation of

: Derivatives | Integrals
[ 2 cos(x)dx (Second step)

x3 | cos(x)

3x? < asin (x)

6x { S\ cos (x)
6 < S—sin (x)
0 N\cos (x)

According to Fig. 4.5, f x3 cos(x)dx = x3 sin(x) 4+3x2 cos(x) — 6x sin(x) —6cos(x) +C.
Example 4.13 Calculate [ €* cos(x)dhx.

In this example the derivatives of ¢* will never reach to zero. However, we can still
use the tabular method to set up the integration by parts process. In this case, the key is to
recognize that the integral will reappear on the right-hand side of the equation, allowing
us to solve for it algebraically.

The procedure for tabular integration is depicted in Figs. 4.6 and 4.7.

Fig.4.6 Calculation of

. : Derivatives | Integrals
[ €* cos(x)dx (First step)

e* cos (x)

sin(x)

e* —cos(x)
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F‘ig.4.7 Calculation of Derivatives | Integrals
[ &* cos(x)dx (Second step) e* + cos (x)

e® \—\? sin(x)

e“\_&cos(x)

According to Fig. 4.7,
. [
/ex cos(x)dx = " x sin(x) — ¢ x —cos(x) + / —e* cos(x)dx + C

=2 / " cos(x)dx = " sin(x) + ¢* cos(x) + C

!‘ X o1 X C
:>j e’ cos(x)dx = ¢ s12n(x) + ¢ C;S(x) + i

= /e"' cos(x)dx = %(sin(x) +cos(x)) + C’

Exercise: Calculate the following integrals. Correct answers are provided for verification.

/xzexdx = e"()c2 —2+2)+C

4 = e - L
j(xln(x)dx_5<ln(x) 5)—I—C

/x2 sin(x)dx = 2x sin(x) — (x* — 2)cos(x) + C

/ex sin(x)dx = —%(cos(x) —sin(x)) + C

4.8 Complex Integrals

This section studies the commonly encountered complex integrals and methods to
calculate them.

Example 4.14 Calculate ff% e dx.

g
f gy = b T
4

e

J

[ —j4z
21—4(4”—6”)

T
6
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L(cos(4n)+]sm(4n)—cos( 4%) ]sm( T))

J
1 3 1 3 3 3
i4 2 2 2 8 8
You can use the following method as well:
T 4 4 4
f ¥y = / cos(4x) + jsin(4x)dx = / cos(dx)dx +j / sin(4x)dx
=i =3 i =%
4
f cos(dn)dx = sin(4x) _ sin(4m) sm( 4Z) _ £
4 — % 4 4 8
K (4x) |
—cos(4x _ B T
/ sin(4x)dx = T _7% =i (cos(4n) cos( 4 G ))

= Lo (cosy =23
= —7(1=(=05) = —j

n

/e’4xdx: /cos(4x)dx+j/sin(4x)dx: %—]%

=y 3

Example 4.15 Calculate [7_x>e/*dx.

n

n

7 7
/xzej‘b‘dx = /xz(cos(4x) + jsin(4x))dx = /xz cos(@x)dx +j/x2 sin(4x)dx

-

4 4
= /xz cos(4x)dx = 2] X2 cos(4x)dx

-7 0

T

_of* Sin(dx) + 2 cos@dx) — —sin@n )| T = =
T\ 4 16 64 0 4
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Calculation of foﬂ x2cos(@x)dx is shown in Fig. 4.8.

Fig.4.8 Calculation of
[ %2 cos(4x)dx

n

| =

i

j]x%m@mﬂ:ﬁ

-

n

=

X

7
/xzej4xdx = /xz cos(4x)dx +j / ¥ sin(@x)dx = % +0= il

cos(4x)
%sin (4x)

ol S
7 cos (4x)

i
5 sin (4x)

4

You can use the tabular integration method to calculate ffﬂ x2e*dx, as well (Fig. 4.9).

Fig.4.9 Calculation of
[ x2e**dx

T
8
n
.

_ L\ x| T
wﬂd|

—7T

5) - (5
32] 4j

1\ __2_
3%) k

2 T

—
T 1
Y

+
\ ej4x

2x -
4j
eJax

\_ 16
0 eJax

64j
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49 Fractional Integrals

This section demonstrates the calculation of fractional integrals. Let’s explore some
numerical examples.

Example 4.16 Calculate [ tXdx.
According to Fig. 4.10, x* +x = (3 +x+2)(x — 1) + 2.
Fig.4.10 Dividing x°> + x by b 5. |5 —4

x—1 _
x3—x%|x2+x+2

x% +x
x2—x
2x
C 2x—2
2
3 ) 3 2
X+ X 2 2 X X
f dx= | x*+x+2+ di=—+—+4+2x+2In(x—-1pH+C
x—1 J x—1 3 2
3 2 3 2

: : 5
:%+%+2x+1n<|x—1|2)+C=T+7+2x+ln<.\'2—2x+l>+C

Example 4.17 Calculate [ Z—;J%dx

23 432 — 2 =x2x — D(x +2)

X2 4+ 2x—1 _ é . B C usepartialfra:c:{ion e;qvansion‘)‘!l _ 17 . 17 C= _i
23 43x2 -2 x 2x—1 x+42 2 5 10
I I I
(2435 T g L L= Lips24+¢
Jx 2x—1 x4+2 2 10 10
4
Example 4.18 Calculate [ T .
4 [ _2 [ _2 (2x — 7)1 -2
————dx= [40QCx =T dx =2 [ 2Qx =T “dx =2 =
f(Zx—7)2 J ( ) J ( ) —2+1 2 —7
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Exercise: Show that fora # 0 [ _\_zd’i_z = s=lnd| 4+ C.

4002 +dxl
Example 4.19 Calculate ﬁdx

Using polynomial division and partial fraction decomposition, we get:

Sl it el SR 4x g L2l
B-x2—x4+1 B—x2—x4+1 ox—1 @-=-1% x+1
S 2
Xt —=2x"+4x+1 1 2 -1 )
dx = 1+ + + dx
/x3—x2—x+1 * /<x+ x—1 @=-1% x+1,
2 (x_1)72+1
:%+x+ln(|x—1|)—ln(|x—|—1|)—|—2T+l+C
x2+ i Ix — 1]\ 2 ‘e x? 2
— _ = — 44X —
2 k| +1|) —1 2 x—1
-1
—Hn(x D—l—C
x+1
Example 4.20 Calculate [ 2"5 +§+4dx

242 —x+4 _ 22 —x+44 _A Bx+ C

B4 20244 x x2+4
2% —x+4
A= lim 2 XYy
=0  x244
Bx+C 2x*—x+4 1 2% —x+4 x*44
X+ _ X+ B4 C= _ = B2 + Cx
¥ +4 x(x2+4)  x x x

=% —x+4—x2 4= B*+Cx
= -—x=>B=1,C=-1

22 —x+4 22 —x+4+4 1 x-1

Ctdr 2244 x P t4
2% —x +4 1 x— [ 1 [ 2 |
2 P T = -+ d = dx ——dx — dx
/ X3+ 4x /x x2+4 2] 244 J[)C2+4

1
f —dx = In|x|
X

1[ 2 dx—lln|x?+4|—lln(x7+4)
2) 2447 2 T2
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l 1
—/ dx = —=tan~L 2
x? 44 2 2

2 —x+4 1 2 1 1 X
/x3+—4xdx:ln|x|+§ln(x +4)—§tan §+C

4,10 Calculation of Arc Length

If f(x) is continuous on [a, b], then the length of the curve y = f(x),a < x < b, is

b
L=[/1+((x)%dx

a
Let’s study a numeric example.

Example 4.21 Find the length of the curve y = X2 fromx = ltox =4 (Fig. 4.11).

. El VA
Fig.4.11 Plotof y = x2 -

4 5 4
3 9
L:/ L+ =vx dx:/,/1+—xdx
2 4
9 9

: 4
1+ -x= Zdx = - _
+4x U= 4dx du = dx 9du

1 1+L) =
r=l=u=1+7=-

9
x:4:>u:1+Zx4:10
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jvff Zxdx = [ﬁx du_g—
1

=]

'\"“’[ o
Il
=
[ |

4;

[

4,11 Area of Surface of Revolution

A surface of revolution is a three-dimensional shape formed by rotating a curve around
an axis. To calculate the surface area of such a shape, we use a specific integral formula.

In the case where f is positive and has a continuous derivative, we define the surface
area of the surface obtained by rotating the curve y = f(x),a < x < b, about the x-axis

as:
b d >
y
S= ] 2nv.l1 — | dx
f’”v +(dx)
a

If the curve is described as x = g(v), ¢ < y < d, then the formula for surface area

becomes:
d Y
S :/Znyjl—l—(—) dy
C V dy

The above two formula can be summarized symbolically as
S = [ 2 yds

where ds = /1 + '~y~‘ dx or ds = E '4-—\ . For rotation aboui the y-axis, 5 =
! \& ) (&) @ ¥y

[ 27 xds.

5 1
Example 4.22 The arc of the parabolay = x* from [ ) } to is rotated about the y-axis

(Tig. 4.12). Find the area of resulting surface.



Limits, Derivatives, and Integrals

170

Fig.4.12 Rotation of y = x2

from to about the
1 4

y-axis T

S :]2nxds:>S :/an\/1+4x2dx:2n

S =2

2

= / 8x(1 +4x )%dx

1

x 1+4x 2d)c_

u=1+4x> = du = Sxdx
y=1l=u=144172=5

x=2=u=1+42)>

2 _
ds = \/1 + (d‘) dx = /1 +4x2dx

2
/x1—|-4x
1

2
/8x 1—|—4x
1
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You can also solve this problem as follows:

x=.y
a1
dy 2y

4 4 4
: / dx\? / 1 —
S:]ands:>S:/2nx<,1+(— dy:2n/\/§ l+—dy:n/\/4y+ldy
| dy Vo4
1 1 1

y=1=u=>5
y=4=u=17
4 4

S:n/\/4y+1dy:%/4\/4y+ldy
1 1

v 141
T T ou? 17
= — d [
7 /ﬁ "TETTs
LA | R T (173 —5%) = 30.847
615 &

Exercise; Find the area of the surface generated by rotating the curve y = ¢*, 0 <x < 1,
about the x-axis (Ans. = 22.943).

4,12 Root Mean Square (RMS) and Average Value

A periodic function is a function that repeats its values at regular intervals. This means that
the function’s graph has a pattern that repeats itself over and over again. More formally,
a function f(f) is periodic with period T if f (r + T) = f (¢). For instance, f (r) = sin(2f)
is periodic since: f(t + ) = f(1).
Root mean square (RMS) and average value of a periodic signal f(f) are defined as
1 J{Z)o+T f®%dt and + tg°+T fHdr = Are‘”miifr+m, respectively. The integrals can
be evaluated on any interval with length 7.
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Example 4.23 Calculate the RMS and average value of f (f) = Asin(wof + ¢o).

Period of this function is T = f—"

1 . 5 o .
o (Asin(wot + o)) dt = T A?sin® (wot + @o)dt

o 0 0
“
/AZSm oot 4 gl — / 1 —cos (2a)ot + 2(ﬂ0)
/ 0
( sin (2wof + 2¢0) \
2T a e
’ (2_7. sin <20)0% + Z(P{]) \ 5 7 sin(2e0) \
=A 7 - 4 /I —8 k_ 4
Azl/ 7 sin(dw + Z(PO)\) AZ [/ sin (2‘,00) \
\ @o /
AZ( s1n(2<po)\ A2 (_M)
\ oo / \ 4
-2
0

RMS /Azsinz (wot + @o)dt
0
42 A 0.707 x A
— = — =0.707 x
2 V2

The average value of given function can be evaluated as follows:

2

] tO‘Il'T ! @Q
T / fdr = P /Asin(a)ot—l—(po)dt
o |

2
w — ()
0

1
——Acos{wof + ¢p)
2w
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Example 4.24 RMS value of f (t) = 10 cos(37 + 75) equals to % =10 x 0.707 = 7.07.
Average value of this function is 0.

4,13 RMS and Average Value of Composite Sinusoidal Signals

It can be shown that RMS of f () = ap + Zflvzl an cos(nwot) + Zflvzl by, sin(nwot) equals

]

o/ a3 + %(Zflvzl a2+ YN ) Average value of given function equals to dp.

y

Example 4.25 RMS value of f (1) = 5410 cos(37 + 5) + 6 sin(61) +4cos(97 + %) equals

to \/52 +3(102 + 6% +42) = \/25 + (100 + 36 4 16) = 10.0499. Average value of this
function is 5.

Example 4.26 Calculate the RMS and average value of periodic function shown in Fig. 4.13.
Note that 7" shows the period and D is a number between O and 1 (0 < D < 1).

Fig.4.13 Waveform for f(t)
Example 4.26 A | m—

DT T t

RMS value of this signal is:

o i 1

24 A2 2 _ )
= N = |— | A%f = /= x A2 x DT = AVD
Tff() 7 J 7 XA % Vi

\ 10 0

Average value of this signal is:

to+7T DT

L t)dt 1[Adt L AXDI =AxD
— —_ — = — X X = X
T / ! T ) T

fo 0

For instance, for A = 1, 7 = 0.001 and D = 0.5 RMS and average values are 0.7071 and
0.5, respectively.
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Exercise: Calculate the RMS and average value of the periodic function shown in
Fig. 4.14.

Fig.4.14 Waveform for the
exercise

4.14 Convolution Integral

Convolution is a mathematical operation that combines two functions to produce a third
function. It’s a fundamental tool in signal processing, image processing, and probability
theory. The convolution integral involves multiplying one function by a time-shifted ver-
sion of the other and integrating over all time shifts. This operation effectively smears or
blurs one function with the other.

The convolution operation between two functions f () and g(f) is often denoted as
(f *£)(#) and defined as:

+00
f*2)0) = /f(f)g(t—f)df

The convolution operation exhibits the following properties:

)0 =@g=N0®
Fx@sm)) =f *xg)* ()

Example 4.27 Calculate (f * g)(1) for f(f) = ¢ ' H(t) and g(t) = e~ H (¢r). H(t) shows

1
the Heaviside step function, i.e., H () = I =0 .
| or <0
400 +0a
(f x9)(1) = /f(r)g(t — )t = f e TH(D)e 3" UH (G — t)dt
— 0 -0
it I i 8
= /6_2’6_3(t_’)dr = /e_3te_’dr = e_3t/e_’dr
0 0 0
t
_ e—3te—r| _ e—St[l _ e—t]

0
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Exercise: Calculate the (f * g)(¢) for functions shown in Figs. 4.15 and 4.16.

Fig.4.15 Plot of £ (1)

f(t)
1 1
2

Fig.4.16 Plot of g(7)

g(t)

4.15 Line Integrals

A line integral is a mathematical concept that involves integrating a function along a
curve. This curve can be a simple path in two or three-dimensional space. Line integrals
are used to calculate quantities like work done by a force field, mass of a wire, and the
circulation of a fluid.

Following formula can be used to evaluate line integrals:

/ d\2  [dy\2
j fx, y)ds = f LN dt) +(;}) di

Example 4.28 Evaluate | (2 +x? y)ds where C is the upper half of the unit circle K24y =
1 (Fig. 4.17).

Fig.4.17 Path of integration A

Y
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Given path C can be parametrized as: x = cos(f), y = sin(¥).

/2+xy /2+cos (t)sm(t) /( (d‘

\dt/ \dtj
c 0
/(2 + cos? (t)sin(t))\/xsinz(t) + cos?(Ndt = /(2 + Cosz(t)sin(t))dt
0 0
cos> () | m 2
= 2t — 3 0 =2 + g

Example 4.29 Evaluate / 2xds, where C consists of the arc C; of the parabola y = x2 from

(0,0) to (1, 1) followed by the vertical line segment Cy from (1, 1) to (1, 2) (Fig. 4.18).

Fig.4.18 Path of integration y L.2)
G,
(L 1)
G
0,0) X
For path Cy:
= dx dy
C1:|x t2:>/2xds:/2t (—\) (—
I y =t J \ d / d
. &

f 2z\/ 12 + 202t = f 2y 1+ 412ds

0 0

1 1

— 1
th\/1+4tZdt: [ s (1+4r2)7d

1 .
1 (1+42)7"" 1 5/5-1
4]
0 4]

1
T4 Iy o 6

For path Cy:
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P 2 2
=1 _ [ y2 24 _ _0n2 _
cz.{y:L 15[52:/2xds_/2x1x\f(0)+(1)dt_/2dt_2t|1_2
G, 1 1
Therefore,
r r 5/5—1
j2xds:j2xds+/2xds:T+2
C C1 Cy

Exercise: Calculate the line integral | x?ds, where C is the line segment from (0, 0) to
(2,4) (Ans. ).

4,16 Gamma Function

The gamma function has many applications in various fields of mathematics and physics,
including probability theory, statistics, and complex analysis. The gamma function,
denoted by I'(z), is a generalization of the factorial function to complex numbers. The
gamma function is defined as:

o0

I'(z) = /tz_le_tdt

0

For positive integers n € N, the gamma function is related to the factorial function as
follows:

T =@n—1)

For instance, I'(5) = 4! =1 x 2 x3 x4 =24.

4,17 Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

+3x—-2

25 =52
2x—4

Example 4.30 The code in Fig. 4.19 calculates lirri
X—
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Fig.4.19 Calculation of Command Window O]
L 2x3—5x243x—2
xlg’nzzﬁ—_"ﬂ >> syms x

>> limit ((2*x~3-5%x"*2+3*x-2)/ (2*x-4),x,2)
ans =
/2

fx >> |

sin(x)

Example 4.31 The code in Fig. 4.20 calculates lir% ==
x—

Fig.4.20 Calculation of Command Window ®
lim sin(x -
x—0 >> syms X

>> limit{sin(x)/x;x; 0)

ans =

fx >>|

Example 4.32 The code in Fig. 4.21 calculates %(ln(sin(x))).

Fig.4.21 Calculation of Command Window ®

£ (In(sin(x))) ——_

>> diff(log(sin(x)))
ans =
cos (x) /sin (x)

Jx >>

Example 4.33 The code in Fig. 4.22 calculates '52 (3;‘—:51-)
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Fig.4.22 Calculation of Command Window ®

%(%) >> syms x

>> diff ((3*x+1)/ (x+5))

ans =

3/(x+ 5) = 3%z + 1)/i(x + 5)"2
>> simplify(ans)

ans =

14/ (% * S)*2

fx >>|

Example 4.34 The code in Fig. 4.23 calculates y = %, where y is implicitly defined by
the equation x> 4+ y* — 6xy = 0.

Fig.4.23 Calculation of Command Window ®
d

y/:%forx3+y3—6xy:0 >> syms X y

>> eqn=x"3+y*3-6*x*y;

>> dydx=simplify(-diff (eqn,x)/diff (eqn,y))

dydx =

-(- 3*x"2 + 6*y)/ (- 3*y*2 + 6*X)

>> pretty (dydx)
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Example 4.35 The code in Fig. 4.24 calculates y = %, where y is implicitly defined by
the equation x* 4 y* = 16.

Command Window ®

>> Syms X Yy

>> eqn=x"4+y~4-16;

>> dydx=simplify(-diff (ean,x)/diff (eqn,y))
dydx =

-x*3/y*3

Jx >>

Fig.4.24 Calculation of y/ = % for x* +y* =16

Example 4.36 The code in Fig. 4.25 calculates % where, f (x, ) = x%y + sin(xy).

Command Window ®

>> Syms X y
>> f = x*2*y+sin(x*y);
>> dfdx = diff(f, x) % Partial derivative with respect to x

dfdx =

2*x*y + y*cos (x*y)

Jx

Fig.4.25 Calculation of % for f(x,y) = x2y + sin(xy)

Example 4.37 The code in Fig. 4.26 calculates % where, f (x,y) = x%y + sin(xy).
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Command Window ®

>> syms X y
>> £ = x"2*y+sin (x*y);

>> dfdx = diff(f, y) % Partial derivative with respect to y
dfdx =

x*cos (x*y) + x°2

Jx

Fig.4.26 Calculation of % for f(x,y) = x2y + sin(xy)

Example 4.38 The code in Fig. 4.27 calculates % where, f (x, y) = x>y + sin(xy).

Command Window ®

>> Syms X y
>> f = x"2*y+sin(x*y);

>> d2fdx2 = diff(f, x, 2) % Second-order partial derivative with respect to x
d2fdx2 =

2%y - y~2*sin(x*y)

fx

Fig.4.27 Calculation of % forf(x,y) = x2y + sin(xy)

Example 4.39 The code in Fig. 4.28 calculates % where, f (x, y) = x%y + sin(xy).
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Command Window ®

>> syms X y

>> f = x"2*y+sin(x*y);

>> dfdx = diff(f, x); % First, differentiate with respect to x

>> d2fdxdy = diff(dfdx, y); % Then, differentiate the result with respect to y
>> d2fdxdy = simplify(d2fdxdy) % Simplify the result

d2fdxdy =
2*x + cos(x*y) - x*y*sin(x*y)

x >>|

Fig.4.28 Calculation of ;;gx forf(x,y) = x2y + sin(xy)

Example 4.40 The code in Fig. 4.29 calculates | ﬁdx.

Fig.4.29 Calculation of Command Window ®

: v
f?ﬁldx >> syms x

>> int (1/ (3*x+4),X)
ans =

log(x + 4/3)/3

Jx >>

Example 4.41 The code in Fig. 4.30 calculates f x3 cos(x)dx.

Fig.4.30 Calculation of Command Window ®

[ %3 cos(x)dx —

>> int (x*3*cos (X),X)
ans =
cos (X) *(3*x~2 - 6) - sin(x)* (- x"3 + 6*Xx)

fe >> |
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Example 4.42 The code in Fig. 4.31 calculates j()l ﬁdx.

Fig.4.31 Calculation of Command Window ®
1
Jo epads >> int(1/(3*x+4),x,0,1)
ans =

log(14~(1/3)/2)
>> eval (ans)
ans =

0.1865

Jx>> |

Example 4.43 The code in Fig. 4.32 calculates f;~ x}e™>*dx.

Figo. 4§325 Calculation of Command Window ®
o —5x

xe dx
Jo >> syms x

>> int (x*3*exp(-5*x),x,0,inf)
ans =
6/625
>> eval (ans)
ans =
0.0096

Jx >> |
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Example 4.44 The code in Fig. 4.33 calculates ff;é ¥y,

Fig.4.33 Calculation of Command Window ®

T jdx
f—% ¢t dx >> syms x

>> int (exp(j*4*x),x,-pi/6,pi)
ans =
3~ (1f2)/8 = 318
>> eval (ans)
ans =
0.2165 - 0.3750i

fe >> |

Example 4.45 The code in Fig. 4.34 calculates [™_x?¢/**dx.

Fig-4.34 Calculation of Command Window ®
fﬂ K2 gy
e

>> int (x*2%*exp (j*4*x),x,-pi,pi)
ans =
pi/4

Jx >>

Example 4.46 integral2 (fun,xmin,xmax,ymin, ymax) approximates the
integral of the function fun(x,y) over the planar region xmin<x<xmax and
ymin(x) <y <ymax(x). The xmin and xmax arguments in the integral2 func-
tion must be scalar values, while the ymin and ymax arguments can be either scalar values
or function handles.
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The code in Fig. 4.35 calculates foz flz (x — 3y?)dvdx.

Fig.4.35 Calculation of Command Window ®
f02 f12 (x—3y2)dydx >> fun = @(x,y) x-3*y.~2;

>> integral2(fun,0,2,1,2)
ans =

-12.0000

fe >> |

Example 4.47 The code in Fig. 4.36 calculates j03 IS (x?y)dvdx.

Fig.4.36 Calculation of Command Window ®

3 IR i
Jo ff(xzyjdydx >> fun = @(x,y) X."2.%y;
>> integral2(fun,0,3,1,2)

ans =

13.5000

Jx >>

Example 4.48 The code in Fig. 4.37 calculates fol 5 f; (xy)dydx.

Fig.4.37 Calculation of Command Window ®
fLo 4 oy)dya

0.5 Jo (xy)dydx >> fun = @(x,y) x.*y;

>> integral2(fun,0.5,1,0,4)

ans =

fx >> |
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Example 4.49 The code in Fig. 4.38 calculates f_ll /- 1J5x2 (x + 2y)dydx.

2x
Fig.4.38 Calculation of Command Window ®
1 p14a?
f._1f2x42_x (x + 2y)dydx >> fun = @(x,y) x+2*y;

>> ymin=Q (x) 2*x."2;

>> ymax=Q0(x) 1+x."2;

>> integral2(fun,-1,1,ymin, ymax)
ans =

2.1333

Jx >>

Example 4.50 The code in Fig. 4.39 calculates jf fg/; ﬁdydx.

Fig.4.39 Calculation of Command Window ®
S2 1
o [ e >> fun = @(x,y) 1./(1+y.~4);
>> ymin = @(x) x.~(1/3);

>> integral2(fun,0,8,ymin, 2)
ans =

0.7083

Example 4.51 The integral?2 function is designed to evaluate double integrals of the
form f ff (x, y)dydx. This means that the inner integral is with respect to y, and the outer
integral is with respect to x. You cannot directly use integral2 to calculate integrals of
the form | [ f (x, y)dxdy. However, you can often manipulate the order of integration or use
other numerical techniques to compute such integrals. Let’s study an example.

For instance, consider f(;‘ fyﬁ (x* + y)dxdy. The integration region is shown in
2
Fig. 4.40.



4,17 Problem Solving with MATLAB® 187

Fig.4.40 D as a Type II
region

From Fig. 4.41, we have: j'g jx“/y (2 +y)dxdy = j"()z szzx (x? + v)dydx.

Fig.4.41 D as a Type I region Y

(f 1 é X
The code shown in Fig. 4.42 calculates foz fxzzx (x* + v)dydx.
Fig.4.42 Calculation of Command Window ®
f02 fxzzx <x2 +y>dydx >> fun = @(x,y) X."2+y;

>> ymin = @(x) x."2;
>> ymax = @(x) 2.*x;
>> integral2 (fun, 0,2, ymin, ymax)

ans =

3.7333

fx >> |
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Example 4.52 integral3 (fun,xmin, xmax,ymin, ymax, zmin, zmax) approx-
imates the integral of the function fun(x,y,z) over the region xmin <x<xmax,
ymin(x) <y < ymax(x) and zmin(x,y) <z <zmax(x,y).

integral3 is designed to calculate triple integrals of the form
[ [ [fx,y,2)dedydx. This means that the innermost integral is with respect to z,
the middle integral is with respect to y, and the outermost integral is with respect to x.
The code in Fig. 4.43 calculates [’ fol f_ll (ysin(x) + z cos(x))dzdydx.

Command Window ®

>> fun=@(x,y,2z) y.*sin(x)+z.*cos(x);
>> integral3(fun,0,pi,0,1,-1,1)

ans =

2.0000

Jx >>

Fig.4.43 Calculation of f jol f_ll (y sin(x) + z cos(x))dzdydx
Example 4.53 The code in Fig. 4.44 calculates j()l ffl j{? (y sin(x) + z cos(x))dzdydx.

Command Window ®

>> fun=Q(x,y,z) x.*y.*z.~2;
>> integral3(fun,0,1,-1,2,0,3)
ans =

6.7500

Jx >>

Fig.4.44 Calculation of fol f%l f03 (ysin(x) + z cos(x))dzdydx
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. . 2 4 pafy—x %) 2
Example 4.54 The code in Fig. 4.45 calculates [°, [ \/—zvx + v2dzdydx.
I

Command Window ®
>3 fan=Q(xX;¥; 2) sart (x.*2+2.42);
>> ymin=@ (x) x."2;
>> zmin=@(xX,y) -sqrt(y-x.72);
>> zmax=Q@(x,y) sqrt(y-x."2);
>> integral3(fun,-2,2,ymin, 4, zmin, zmax)

ans =

26.8083

Jx >>

Fig.4.45 Calculation of fzz fx42 f\/y,—r_bz V2 + y2dzdydx
—Vy=7

Example 4.55 The code in Fig. 4.46 divides x> +x by x — 1. According to the result shown
in Fig. 4.46,x° +x = (x> +x +2)(x — 1) +2.

Command Window (G
>> dividend=[1 0 1 0]:
>> divisor=[1 -11;
>> [quotient, remainder] = deconv{dividend, divisor)
quotient =
3 1 2
remainder =
0 0 0 2
fi > |

Fig.4.46 Dividing x> + x by x — 1
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Example 4.56 The code in Fig. 4.47 multiplies x* + 2x 4+ 3 by x> 4+ x* 4 2x> + 7x + L.
According to the result shown in Fig. 447, (3% + 2x +3) x (¥ +2* + 222 + Ta + 1) =
x7 4 3x0 4525 4 5a* 113 2182 +23x + 3.

Command Window ®
>3 conwv{l[1l .2 3]:;[1 4 0 2 7 1])
ans =
1 3 5 5 1l 21 23 3
fe>> |

Fig.4.47 Multiplying x2 4+ 2x + 3 and x° +x* + 262 + 7x + 1

Example 4.57 The code in Fig. 4.48 multiplies x> 4 2x + 3 by x°> +x* +2x? + 7x+ 1 and
then substitute x = 3 to obtain the numerical result.

Command Window ®
>> convi(ll 2 31,01 102 7 11)
ans =
1 3 8 S 11 21 23 3

>> polyval (ans, 3)
ans =

6552

Jx >>

Fig.4.48 Calculation of ('xZ oo 3) (#° + 2t + 22+ 7x + 1) atx =3
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Example 4.58 The code in Fig. 4.49 calculates the partial fraction decomposition of

244 x° =52 +3x+3 . TR . . 244852 43x43 ..
B o e R According to the result shown in Fig. 4.49, oA = 2% +

1 2 =1
3+;_'—1+m+m.

Command Window ®
>> [r,p,k]l=residue([2 1 -5 3 3],[1 -1 -1 1])
r =
1.0000
2.0000
-1.0000
p =
1.0000
1.0000
-1.0000
k =
2 3
Jx >>

. . _ . 44,3 5,2
Fig.4.49 Partial fraction decomposition of 2% :x_x Sf }':31’5"'3

Example 4.59 The code in Fig. 4,50 calculates the partial fraction decomposition of

252 — x4 . - 22—x+4 _ 0.540.25 | 05-025 | 1
o . According to the result shown in Fig. 4.50, Tra = = t i)ty
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Command Window

>> [r,p,k]l=residue([2 -1 4],[1 0 4 0])
=
0.5000 + 0.25001
0.5000 - 0.2500i1
1.0000 + 0.00001
p:
0.0000 + 2.00001
0.0000 - 2.00001
0.0000 + 0.00001
k =
[]
fe >> |

2% —x44

Fig.4.50 Partial fraction decomposition of prrwe

Remember that z +7 = 2R€&j.Thd€ﬁﬂC,05+O2$ 4 05025 ::2Re{9§i9&21

x—2j x—(=2)) 2 |

2Re[ LS } =20350252 — 421 You can use MATLAR to check this result
(Fig. 4.51).
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Command Window ®

>> syms X

>> z1=0.5+0.25];

>> z2=0.5-0.257;

>> simplify(z1/ (x-2j)+z2/ (x+23))

ans =

(x - 1)/ (x*2 + 4)

S >> |
Fig.4.51 Simplifying 0-5;[%].251 I %5_?8-223;
. . .. . . . 2x2_x+4 _ L 1
So, the partial fraction decomposition of given expression is i = Ly

Example 4.60 The code in Fig. 4.52 calculates I'(6) and ['(4.3).

Fig.4.52 Calculating I'(6)

and ['(4.3) >> gamma (6)
ans =

120
>> gamma (4.3)
ans =

8.8553

fx >> |

Example 4.61 The code in Fig. 4.53 draws the I'(x) on the interval [0, 6]. Output of this
code is shown in Fig. 4.54.
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Fig.4.53 Plotting the I"(x)
function on |0, 6]

Fig.4.54 Output of the code 20

shown in Fig. 4.53

100 |

80

60

40

20

Command Window

>> x=[0:0.01:6];

>> y=gamma (X) ;

>> plot(x,Vy),grid on
fi 5> |

References for Further Study

1. Advanced Engineering Mathematics (10 edition), Erwin Kreyszig, Wiley, 2011.
2. Caleulus (81 edition), James Stewart, Cengage Learning, 2015.
3. Applied Numerical Analysis with MATLAB®/Simulink®: For Engineers and Scientists, Farzin

Asadi, Springer, 2023.
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Power Series Expansions

5.1 Introduction

A power series (in one variable) is an infinite series of the form Y oo a,(x — ¢)", where
a, are coefficients, x is a variable, and ¢ is a constant called the center of the series. These
series provide a powerful tool for approximating functions, solving differential equations,
and understanding the behavior of complex functions. By representing functions as power
series, we can often simplify calculations, analyze their properties more easily, and even
extend their domains of definition.

This chapter begins with a review of Taylor, McLaurin, and Laurent series. The second
part demonstrates MATILLAB’s application to the problems discussed.

5.2 Taylor and Maclaurin Series

The Taylor series (or Taylor expansion) of a real or complex-valued function f (x), that
is infinitely differentiable at a real or complex number @, is the power series

(@ 1@ 2 [P

] pum— ’ 3 -
Jx) =fla)+ 1 x—a) + 2 x —a) 4 3 x—a)y +
X £(n)
:Zf @ x—a)
n!

n=0

Here, n! denotes the factorial of . The function " (a) denotes the n-th derivative of f
evaluated at the point a. The derivative of order zero of f is defined to be f itself and
(x — a)o and 0! are both defined to be 1.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 195
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A Maclaurin series is a special case of a Taylor series where the point of expansion

is a = 0. Therefore, a Maclaurin series is a Taylor series centered at 0. General form of
Maclaurin series is:

5.
6
7.
8
9

10.
11.
12.
13.
14.
15.

4 3) o pln)
f(O) T O > i ©) N e V) ©)
24 3! — n!

J@)=f0)+

Important Maclaurin series are (First 5 formulas worth memorizing):

x
=Y =1l4x+x2+x7+- forla| < 1
=0
Dg W
ex:ZOn——l+x+2,+3,+ forallx
n=
x n 2 3 4
e+ D =Y ED"E =S+ 5 24 forly| < 1
n=0 ’
X E 5
sin(x) = Z (éni)l),xz”“ e forallx
cos(x) = ) =1-% + 4, — -+ forallx
n=0
Ctan(x) = x + % + 1)‘5 +--- for|x| <%
sec(x) = l—l—x2 + 24 —<—~~~ for|x| <%
. arcsin(x) = x + 2 g + @ + 5 Jor|x| <1
. arccos(x) = & —)g - x—65 -3 Jor|x] <1
arctan (x) _x—%—l-% — - for|x] <1
sinh(x) = x + % £ —l—xg + -+ forallx
cosh(x) =1+ % + ’f“ - forallx
tanh(x) = x — —4; 2 137%54— Jorixi < %
arcsinh(x) = x — % —I—% —-- forlx| <1

arctanh(x) :x+§+§+... forlx] < 1

Example 5.1 Find the Taylor series expansion of f (x) = In(x) aboutx = 1.

S@ =h® =f1)=In()=0
o= éf H=1
1(x) 1 (1)
[ s =1

X

P ===r%0=2
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P = —ﬁ =) =-2x3
X
(1 71 3
reo=rm+ e n e DR e e B e
¢ (n)
- Zf D D"
o n!

Cla-)? o) @@e-nt

o0 e 1y
S =) = Z(_l)n_lw

n=1

> x-Dn"
@) = = Y (-1 E——
n=1

Exercise: Determine the first five terms of the Maclaurin series for /x and cos? (x).

5.3 Taylor Series for Functions of Two Variables

The Taylor series for a function of two variables, f (x, y), expanded around the point (a, b)
is given by:

T(x,y) =f(a,b) + (x —a)fe(a, b) + (y — b)fy(a, b)
|
+ 5(<x — @)@, b) +2(x — @)y — b)fy (@, b) + (v — b)Y fiy(@. b)) + - -

Example 5.2 Calculate the Taylor series expansion of the function f (x, ) = ¢* - In(1 +y)
up to the 2nd order around the point (0, 0).

= In(l+y)

ex

14y

fy:

Jo=¢In(l+y)

ex

AT
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ex
14y

fxy :fyx =

Evaluating these derivatives in the origin gives the Taylor coefficients:

1:(0,0) =0

£(0,0) =1

Jex(0,0) =0
Fy(0,0) = —1

ny(Ov O) :fyx(o, O) =1

Substituting these variables in the general formula gives:

1
T(x,y) =y+xy— Eyz

54 Laurent Series

A Laurent series is a representation of an analytic function as an infinite series involving
both positive and negative integer powers of the variable (z — zp), where zp is a com-
plex number. It is a generalization of the Taylor series, which only involves non-negative
powers of (z — a).

Let complex function f (z) be analytic in a domain containing two concentric circles
C1 and Cy with center zo and the annulus between them (blue in Fig. 5.1). Then can be
represented by the Laurent series:

oo

f@= ) anz—z)"

n=-—00
where,

1 S (@)
o —IE) v =0, 4142,
G0 i J o @ — )"t o )
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Fig.5.1 Laurent’s theorem —

In most cases, the Laurent series can be found without using the a, =

2]” fc f_(j T e T dz* formula. Let’s study some numeric examples.

Example 5.3 Find the Laurent series of 773 sin(z) with center 0.

. . 22 . - (=D" 2n+1 5
sin(z) =z — §+§_..._2(:)m = 777 sin(z)
n=
:Z—4,£+i_£+...:mi72”—4

35T = Qn+ 1l

Here the “annulus” of convergence is the whole complex plane without the origin (|z| > 0).

Example 5.4 Find the Laurent series of zze% with center 0.

x 00
z § z 1 § :
er = — = ez
n! n'z

n=0 n=0

= 11 1
_Zn!zn_z Azt stttz

Here the “annulus” of convergence is the whole complex plane without the origin (|z| > 0)

Example 5.5 Develop 1— - (a) in nonnegative powers of z (b) in negative powers of z.

(a) when |z] < 1: ﬁ =Yz
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1 1 1
! o2 = __ 7 __1f 1
-z 1= 1_9 1-1 z\1-1
Z z 3 T/
1

(b) when|z| > 1:

Il
|
N =
L[
N
N =
Na——’
=
Il
[z
~N
3=
|
|
N |
|
oy
|

(a) whenO < |z] < 1: <

va Z
I S - 1 1enf1}
e T _0;
(b) when |z] > 0: ¢ 4 ¢ "=
B i(l)’” 111
- =z DA <R

Example 5.7 Find all Taylor and Laurent series of f (z) = Z% with center 0.

—2z+3 —2z43 -1 —1
f@ == = =—+

z2—3z4+2 (z—-D(z-2) z—-1 z-2
0
(a) when |z] < I =% = — 3 2"
n=0

1 1 1 J

S =z oz 11

l1—z 1= 11 1-1 z\1-1

z z 74

(b) when |z| > 1:

Zn=0Z n=0
-1 3 1
z=2 &2 1-5 21-%
(¢) when |z| < 2:
1z 2 2
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-1 =2 - 11

-2 =2 |_2 z71_2

(d) when|z| > 2: ¢ < ¢
B 1""(2)”_ — 2" 1 2 4 8
B z = \z - A 7 2 O B

We will study three regions (Fig. 5.2):

o o
(@) Region 1(0 < z] < I:f() = 7245 = 4+ 5 =- Zﬂz” +1 Z:_'(ﬁ,”
H=\ H=\
o o
(b) Region I (1 < |z] < 2): f () = 7245 = Zh + = = X —T+3 Zﬂ(g)”
n=| n=
o o
() Region T (lz] > 2): f(2) = 72 =+ =5 = X 21— X
n=0 n=0
Fig.5.2 Different complex Ky,
regions for Example 5.7
111
II
1N
\ >

5.5  Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

Example 5.8 The code in Fig. 5.3 calculates the Maclaurin series of w up to the 10th
degree term.
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Command Window ®

>> syms X
>> taylor(sin(x)/x,x,0, 'order',10)

ans =

x~8/362880 - x~6/5040 + x~4/120 - x"2/6 + 1

>> vpa(ans, 3)

ans =

2.76e-6*x~8 - 1.98e-4*x"6 + 0.00833*x”~4 - 0.167*x"~2 + 1.0

fx >>|

Fig.5.3 Taylor series of ﬂ_lé{)-

Example 5.9 The code in Fig. 5.4 calculates the Taylor series of sin(x) centered at Z, up to
the 6th degree term.

Command Window ®

>> syms x
>> taylor(sin(x),x,pi/2, 'order',6)

ans =

(x - pi/2)~4/24 - (x - pi/2)~2/2 + 1

>> vpa(ans, 4)

ans =

0.04167*(x - 1.571)~4 - 0.5*(x - 1.571)"~2 + 1.0

fi >> |

Fig.5.4 Taylor series of sin{x)
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Example 5.10 The following code computes the second-order Taylor polynomial of
S, y) =1+ xe¥ centered at (1, 0).

clc
clear all

o

Define the function and point of expansion

syms x y;
f = I+x*exp(y):
a = 1;
b = 0;

a

% Calculate partial derivatives
dfdx = diff(f, x);

dfdy = diff(f, y);

d2fdx2 = diff(dfdx, x);

d2fdxy = diff(dfdx, y);

d2fdy2 = diff(dfdy, y);

% Evaluate derivatives at the point (a, b)

£f0 = subs(f, {(x, y}, {a, b}};

dfdx0 = subs(dfdx, {(x, vy}, {a, bl}l):

dfdy0 = subs(dfdy, {(x, v}, {a, bl}l):

d2fdx2 0 = subs(d2fdx2, {x, y}, {a, b});

d2fdxy 0 = subs(d2fdxy, {x, y}, {a, b});

d2fdy2 0 = subs(d2fdy2, {x, y}, {a, b});

% Construct the Taylor series up to second order

taylor series = simplify(f0 + dfdx0*(x-a) + dfdy0*(y-b) +
(1/2)*(d2fdx2 0*(x-a) "2 + 2*d2fdxy 0*(x-a)*(y-b) +

d2fdy2 0* (y=b) *2))

Use the edit command (Fig. 5.5) to open the Editor (Fig. 5.6).

Command Window &

>> edit

Je >> |

Fig.5.5 edit command
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FZ Editor - C:\Users\Farzin Asadi\Documents\MATLAB\untitedm & X
| untitled.m |+ |

- o

Command Window ()
>> edit
Jx >>

Fig.5.6 MATLAB editor

Type the given code in the Editor (Fig. 5.7) and press the Ctrl + S to save it.

BZ Editor - C\Users\Farzin Asadi\Documents\MATLAB\taylor2.m
| tayloram |+ |
1 clc =
2 clear all
3
4 % Define the function and point of expansion
5 syms X y;
6 = l+x*exp(y);
¢ o=
8 b = 0;
9
10 % Calculate partial derivatives
11 dfdx = diff(f, x);
12 dfdy = diff(f, y);
13 d2fdx2 = diff(dfdx, x);
14 d2fdxy = diff(dfdx, y);
15 d2fdy2 = diff(dfdy, y);
16
17 % Evaluate derivatives at the point (a, b)
18 fo = subs(f, {x, y}, {a, b});
19 dfdx® = subs(dfdx, {x, y}, {a, b});
20 dfdy@® = subs(dfdy, {x, y}, {a, b});
21 d2fdx2_0 = subs(d2fdx2, {x, y}, {a, b});
22 d2fdxy_0 = subs(d2fdxy, {x, y}, {a, b});
23 d2fdy2_0 = subs(d2fdy2, {x, y}, {a, b});
24
25 % Construct the Taylor series up to second order
26 taylor_series = simplify(f@ + dfdx@*(x-a) + dfdy@*(y-b) + ...
27 (1/2)*(d2fdx2_0*(x-a)A2 + 2*d2fdxy_0*(x-a)*(y-b) + ...
28 d2fdy2_0*(y-b)A2)) -

Fig.5.7 The code typed in the MATLAB editor
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Press the 5 key of your keyboard or click the Run button (Fig. 5.8) to execute the
code.

Fig.5.8 'T'he run button

(= |=] Section Break l)

RN E& Run and Advance U Step Stop

Section Ea Run to End v
SECTION RUN

Output of the code is shown in Fig. 5.9. Therefore, second order Taylor polynomial of
w2
f&x,y) =14+ xe” centered at (1,0) is 5 +xy +x+ L.

Fig.5.9 Output of the code Command Window
shown in Fig. 5.7

taylor_series =
vo2/2 + Z*y + X + 1

fx >>|

The code can be adapted to calculate the second-order Taylor polynomial of other two-
variable functions. For instance, in order to calculate the second order Taylor polynomial
of f(x,y) = €*In(1 + y) centered at (0, 0) change the 6th, 7th and 8th line of the code to:

exp (x) *log(l 4+ v) ;
a=20;
0;

o
Il

Second order Taylor polynomial of f(x,y) = e¢*In(l + y) centered at (0, 0) is shown
in Fig. 5.10.

Fig.5.10 Output for Command Window
fx,y)=¢€"In(1+y)

taylor_series =
(¥*(2*x =y + 2))J/2

fx |
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Interpolation, Extrapolation, and Curve
Fitting

6.1 Introduction

Interpolation, extrapolation, and curve fitting are techniques used to estimate values of a
function at points where data is not explicitly given.

Interpolation involves estimating values within the range of known data points, while
extrapolation estimates values outside this range. Curve fitting, on the other hand, aims to
find a mathematical function that best approximates the given data points, which can be
used for both interpolation and extrapolation. These techniques are widely used in various
fields, including engineering, science, and statistics, to analyze data, make predictions, and
gain insights into underlying trends.

This chapter starts with a review of interpolation, extrapolation, and curve fitting. The
second part demonstrates MATLLAB’s application to the problems discussed.

6.2 Linear Interpolation

Interpolation is a method of estimating unknown values that lie between known data
points. It involves constructing a function that passes through the given data points and
then using that function to estimate values at intermediate points.

Different types of interpolation exist. Linear interpolation is a simple yet effec-
tive method for estimating values between two known data points. It assumes a linear
relationship between the data points and constructs a straight line to approximate the
function.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 207
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Let’s see how linear interpolation works. Two data points (x1, y1) and (xp, y2) are given
(Fig. 6.1). We want to interpolate value y for an arbitrary x3 between x; and xp (Fig. 6.2).

Fig.6.1 Data points A and B
Yobh — — —— — B
Vif- - 4A !
' [
! I
X1 X2
Fig.6.2 x3 falls between xy ﬂ\
and x» y B
2 ———- ~
A
Val- - 4 |
: |
' |
X9 X 3 X

Figure 6.3 illustrates the line passing through points A and B. According to Fig. 6.3,

we have:

y3 =W Y2 — Y3
= = y3X2 — V3X3 — y1X2 + Y1X3
X3 — X1 Xy — X3

2 (X3 —x1) —y1 (3 —x2)
= y2X3 — y2X1 — ¥3x3 + y3xX1 = y3 = Y Y

Xy — X1

1
Y1

Fig.6.3 Line connects

-
|2

to
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. . 1] 3
Let’s study a numeric example. For instance, value of yz for A = ‘ 7J, B = |: i|
and x3 = 1.5 equals to: )

y2(x3 —x1) —y1(03 —x3) 11x(15-1)—7x(1.5-3) 5.5+ 10.5
y3 = =y = = =8
X — x| 3-1 2

6.3 Linear Extrapolation

Linear extrapolation is a method used to estimate values outside the range of known data
by extending a straight line beyond the existing data points.

Let’s see how linear extrapolation works. Two data points (x1, y1) and (xp, y2) are given
(Fig. 6.4). xp > x1. We want to extrapolate value y for an arbitrary x3 > xp (Fig. 6.5).

Fig.6.4 Data points A and B
YZ _____ - B
Yq}- - 'YA :
; I
! I
X1 X2
Fig.6.5 x3 falls outside of
[x1, x5] interval (x3 > x7) B
Vol — — — —
2 =
y A !
Ir——--¢ i
: I
! I
X1 Xy X3

Figure 6.6 illustrates the line passing through points A and B. According to Fig. 6.6,
we have:

2 — V1 3= )2 2 — V1
2oH BT =>Y3=y y(x3—x2)+Y2
X2 — X1 X3 — X2 X2 —X
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A
hal

Fig.6.6 Line connects

X2
| %2

to

Let’s study the x3 < x1 case (Fig. 6.7), as well. In this case y3 equals to:

2 — V1 33— V1 2 — V1
oo _»nr) :>Y3=y y(X3—X1)+Y1
X2 — X1 X3 — X1 X2 — X1

Fig.6.7 x3 falls outside of
[x1, %7 ] interval (x3 < xq1) y
2

Let’s study some numeric examples.

,B = and x3 = 3.2 equals to:

e
Example 6.1 Value of y3 for A = {7 T

_ 11-7
=2 = —— (32— 411 =114
X2 — X1 3-1

131 and x3 = 0.75 equals to:

Example 6.2 value of y3 for A = ‘ ;:|, B=

_ 11—7
— T G A sy = — 075 -1)+7 =65
X2 — X1 3-—-1

y3
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6.4 Fitting a Polynomial to a Data

In this section, we will explore the process of fitting a polynomial function to a given
dataset. Let’s study a numeric example.

Example 6.3 Fit the data points (1, 16.5), (1.7, 34.57), (3.2, 81.12), (4.9, 153.33) and
(6.1, 214.33) to the quadratic equation y = ax?® + bx + c.

The given data points are substituted in the given quadratic equation:

a+b+c=165 1 11
2.89a + 1.7b 4+ ¢ = 34.57 289171 |[a
1 1024a +32h+c=81.12 = | 1024321 || b
24.01a + 4.9 + ¢ = 153.33 24.014.9 1 c|
37.21a + 6.1b + ¢ = 214.33 37.216.1 1
© 165 1 11 C 165
34.57 4| 2891.71 34.57
—| 81.12 |=Albp|=dAa=]| 1024321 |,d=| 8112
153.33 |c| 24.014.9 1 153.33
|_ 214.33 | 3721611 | 214.33 |

The resulting system of equations is overdetermined. Overdetermined systems are sys-
tems of equations where there are more equations than unknowns. Typically, such systems
don’t have an exact solution that satisfies all equations simultaneously.

The optimization approach is employed to find the best possible solution, often in the
sense of minimizing the error between the predicted and actual values. The minimization
of the sum of squared errors is a widely employed technique for obtaining approximate
solutions to overdetermined systems of equations. This method aims to find the solution
that minimizes the sum of the squares of the differences between the observed values and
the predicted values. So, we want to minimize the following cost function:

fla,b,c) = (@+b+c—16.5%+ (2.89a+ 1.7b + ¢ — 34.57)°
+ (10.24a + 3.2b + ¢ — 81.12)% + (24.01a + 4.9b + ¢ — 153.33)?
+ (37.21a + 6.1b + ¢ — 214.33)?

The approximate solution (in the least squares sense) can be calculated using the
following formula:
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H_‘ (AT A) AT g
I_{;_I < )

According to the results presented in Fig. 6.8, the quadratic equation y = 3.1965x% +
16.0700x — 2.5187 provides the best fit to the given data set.

Command Window ®
>> A=[1 1 1;2.89 1.7 1;10.24 3.2 1;24.01 4.9 1;37.21 6.1 1];
3 d=[16.5:;34.57;81.12:153.33;214.33] ;
>> inv (A'*A) *A'*d

ans =
3.1965
16.0700
-2.5187
Jx >>

Fig.6.8 Calculation of best quadratic polynomial for given data set

Exercise: Find the optimum point of the cost function f(a, b, ¢) by setting its partial
derivatives to zero. Compare this result with the solution obtained using the formula
(AT.A)7" AT .q.

6.5  Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

Example 6.4 Figure 6.9 shows the code for interpolating between the points and

7 atx = 1.5.
11




®
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Fig.6.9 Interpolating between Command Window ®
the points ; and 171 at >> x=[1 3];

_ e >> y=[7 11];

x=15 L
>> yi=interpl(x,y,1.5)

vi =

fx >>|

Example 6.5 Figure 6.10 shows the code for extrapolating at x = 3.2 using the points

and 7 .

Fig.6.10 Extrapolating at Command Window ®

>> x=[1 3];
>> y=[7 11];
>> yi=interpl(x,y,3.2,'linear"', 'extrap"')

x = 3.2 using the points

and 7
11

vi =

11.4000

fx>> |

Example 6.6 Figure 6.11 shows the code for extrapolating at x = 0.75 using the points

A [0]
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Fig.6.11 Extrapolating at Command Window ®

>> x=[1 3];
>> y=[7 11];
>> yi=interpl(x,y,0.75,'linear"', 'extrap"')

x = 0.75 using the points

and 7
I:]]

yi =
6.5000

fi > |

Example 6.7 In this example, we will fit a 4th order polynomial to the data provided in
Table 6.1.

Table 6.1 Data for Example
6.7

>

6.1

— 82

— 131
52.6
290.9
844.6
1897.3
3673.40
6438.09
10,497.4

C | X (NN || W N =

—_
<

Input the data into MATLAB (Fig. 6.12).

Command Window

>> x=[1 23456789 10];
>> y=[6.10 -8.20 -13.10 52.60 290.9 844.60 1897.30 3673.40 6438.09 10497.4];
Jx >>

Fig.6.12 Given data points

Use the cftool command (Fig. 6.13) to run the Curve Fitting Toolbox® (Fig. 6.14).
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Command Window

>> x=[123456789 10]);
>> y=[6.10 -8.20-13.10 S2.60 290.9 844.60 1897.30 3673.40 6438.09 10497.4];
>> cftool

4\ Curve Fitter = u] X

‘CURVE FITTER

3 open Update Fit
| ':D:' & Exclusion Rules a @
2 - - ®
New & Save Select (7 valigation Data ||| POYnomial | Exponential uto Colormap
~ [0 Duplicate | Data O Manual
1 FILE DATA FIT TYPE FIT VISUALIZATION PREFERENCES | EXPORT =
[ untitled fit 1 X £ ~ Fit Options i
Polynomial
Degree \'1 v \
Robust (off v|
Center and scale O

» Advanced Options

Read about fit options

Select data to fit curves or surfaces.

~ Results

Fit Name: untiled fit @

Table of Fits
d Fitstate [ifitname  [iData [iFitype  [iRsquare  [issE  [SDFE  [dAdjRsq  ERMSE
|ummea it 1 ] |po|y1 [ | | | ]
4 »

i

4]

Fig.6.14 Curve fitter window
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Ensure that Auto is selected (Fig. 6.15).

Fig.6.15 Auto radio button

Update Fit

Polynomial | Exponential v @ Auto
O Manual
FIT TYPE FIT

Select the polynomial regression (Fig. 6.16).

L N
4\ Curve Fitter
CURVE FITTER
':l' :j | Open . Update Fit
. \&6] Exclusion Rules @ @ @
Save ~ . ; B i v Auto
Select Validation Data Polynomial | Exponential Logarithmic Fourier
- @ Duplicate | Data L ) O Manual
FILE DATA FIT TYPE FIT

Fig.6.16 Polynomial regression

To view a comprehensive list of regression models supported by the toolbox, click on the
“Show More” button (Fig. 6.17). Supported models are shown in Fig. 6.18.

4\ Curve Fitter

CURVE FITTER

E:jj 3 Open . % Exclusion Rules ‘ [@ sl

- Save - . — - . ~ | @ Auto
Select Validation Data Polynomial | Exponential Logarithmic Fourier
- [—C] Duplicate | Data O Manual
FILE DATA FIT TYPE FIT

Fig.6.17 Show more button
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4\ Curve Fitter
CURVE FITTER
# ’\: €3 Open = @ X
. \%} Exclusion Rules | O\\ = |oo
Save -
Select Validation Data | REGRESSION MODELS v
v C] Duplicate | Data
FILE DATA B @
= untitled fit 1 X Polynomial | Exponential Logarithmic Fourier
%
Gaussian Power Rational Sum of Sine
Weibull Sigmoidal
INTERPOLATION a4
Interpolant
SMOOTHING a4
Smoothing
Spline
CUSTOM -
Custom Linear Fitting
Equation

Fig.6.18 Supported regression models

Proceed by clicking the “Select Data” button (Fig. 6.19).

Fig.6.19 Select data button |
i 4\ Curve Fitter

I CURVE FITTER
E: \’:, 8 Open ‘
!&?J Exclusion Rules

. Save
| New Select Validation Data
~ [ Duplicate || Data

FILE DATA

Select “x” for X Data and “y” for Y Data (Fig. 6.20).
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Fig.6.20 Select fitting data [4 Select Fitting Data = (] X

window
Fit name
\} xen [ 7]
N r—r
weighs 2

Select “4” for Degree (Fig. 6.21).

Fig.6.21 Selection of desired — @) X
polynomial degree

Colormap | Export
None 2 ] v
N PREFERENCES | EXPORT
~ Fit Options

Polynomial

>l

Degree L4 v |
Robust [Off v |
Center and scale ]

» Advanced Options

Read about fit options
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The toolbox now displays the polynomial fit that minimizes the sum of squared errors
between the fitted curve and the original data points (Figs. 6.22 and 6.23). According to
Fig. 6.23 the solution is f (x) = 1.7000x* — 6.8007x> 4 3.0046x% — 1.2116x 4 9.4083. The
“R-squared” value, as depicted in Fig. 6.23, quantifies the goodness-of-fit of the model
to the data. Higher values closer to 1 signify a better fit, while lower values closer to 0
indicate a poorer fit.

4\ Curve Fitter ——

X

CCF' €3 Open &] B D C Update Fit (8] Residuals Plot @ <

Save ~

S )
| New & Select [ vaiidation Data omial | Exponential Logarithmic  Fourier ©huto Colormap! | Bxport
~ [ puplicate | Data O Manual Prediction Bounds | None  ~ | =
e DATA AT TYPE T VISUALIZATION PREFERENCES | EXPORT
untitled fit 1 X : Fit Options
3 »| Polynomial
Fit Plot
I I Degree (2 v
10000 Robust (o v
Center and scale m}
2000 » Advanced Options
Read about fit options
- Resuls
6000 ="
> Polynomial Curve Fit (poly4)
f(x) = p17X™ + P2'XA3 + P3'XA2 + p4™X + P5.
4000 and 05% Confidence Bounds
Value Lower | Upper
p1 17000 1.7000 1.7001
2000 p2 -68007|  -6.8021|  -6.7902
p3 3.0046 2.9939 3.0154
o p4 12116  -1.2428]  -1.1805
f | | . \ \ . . . . p5 04083 03807  0.4300)
1 2 3 4 5 6 7 8 9 10
x Goodness of Fit
- Value
Tabie of Fits ;
T SSE 0.0001
 FitState |1 Fitname ipata |EEFittype \55 Resquare Jizsse i DFE ‘EEAdJ Rsq [i:rmsE [i# Coett ‘zevm
1 l R-square, 1.0000
@  |untiedfits yvs.x |poly [1 |52014e05 |5 ‘1 00032531 |5 ‘
- DFE 5.0000
AdjR-sq 1.0000)
RMSE 00033
. >
- 4 )

Fig.6.22 A 4th order polynomial is fitted to given data
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+ Results

Polynomial Curve Fit (poly4)
f(X) = p1*x74 + p2*X"3 + p3*x2 + p4*X + p5

Coefficients and 05% Confidence Bounds

Value Lower Upper
p1 1.7000 1.7000 1.7001
p2 -6.8007 -6.8021 -6.7992
p3 3.0046 2.9939 3.0154
pé -1.2116 -1.2428 -1.1805
p5 9.4083 9.3807 9.4360

Goodness of Fit

Value
SSE 0.0001
R-square 1.0000
DFE 5.0000
Adj R-sq 1.0000
RMSE 0.0033

M)
Fig.6.23 Calculated coefficients

Employ the “Export to Workspace” (Fig. 6.24) to export the calculated model into the
MATILAB workspace. Upon clicking the “Export to Workspace” button, the “Save Fit to
MATLAB Workspace” window (Fig. 6.25) will be displayed.
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Residuals Plot @ Qf

Colormap || Export

Prediction Bounds| None N ] N/

% Export to Figure
Export plot(s) of the currently selected fit to figure

% Generate Code
Generate MATLAB code for the currently selected fit v |

Export to Workspace 6 v |
Export currently selected fit to the workspace

[% Create Simulink Lookup Table

Create a Simulink Lookup Table from the selected fit Squares
Fig.6.24 'The export button
| "4 Save Fit to MATLAB Workspace — X
Save fit to MATLAB object named: fittedmodel

Save goodness of fit to MATLAB struct named: | goodness
Save fit output to MATLAB struct named: output

Cancel

Fig.6.25 'The save fit to MATLLAB workspace window
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Upon clicking the “OK” button in Fig. 6.25, three new variables will be added to the
MATLAB Workspace (Fig. 6.26).

Workspace ®
Name « Value

| fittedmodel 1x1 cfit

£| goodness Ix1 struct

£l output 1x1 struct

1 x [1,2,3,4,56,789,1..

Hy [6.1000,-8.2000,-..

Fig.6.26 New variables are added to the workspace

The fitted coefficients are stored in the fittedmodel variable (Fig. 6.27). Employ
the dot operator to retrieve specific coefficients from the fittedmodel structure
(Fig. 6.28).

Command Window ®

>> fittedmodel
fittedmodel =
Linear model Poly4:

fittedmodel (x) = pl*x~4 + p2*x~3 + p3*x"2 + pd*x + p5
Coefficients (with 95% confidence bounds) :

pl = I=d (l=dp 1)

p2 = -6.801 (-6.802, -6.799)
p3 = 3.005 '(2.994, 3.015)
pd = -1.242, (-1.243, ~-1.18)
pS = 9.408 (9.381, 9.436)

Jx >>

Fig.6.27 fittedmodel structure
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Fig.6.28 Calculated Command Window )
coefficients p1, p2, p3, p4 and )
5 >> fittedmodel.pl
P
ans =
1.7000

>> fittedmodel.p2
ans =
-6.8007
>> fittedmodel.p3
ans =
3.0046
>> fittedmodel.p4
ans =
-1.2116
>> fittedmodel.p5
ans =
9.4083

Jx >>

The fittedmodel variable can be employed to evaluate the fitted model at any
desired input value. For instance, Fig. 6.29 demonstrates the evaluation of the model at
x=87.
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Fig.6.29 Value of calculated Command Window @
polynomial at x = 8.7 -

>> fittedmodel(8.7)
ans =

5.4873e+03
Jx >>

Example 6.8 In this example we will fit the data presented in Table 6.2 to I =

3906V
Is( e 1 — 1>. Model parameters are I; and n. Given model can be written as I =
32.00V

Is(e T 1) =a(e?V —1) wherea = Iy and b = %.

:23 Iceufr.:nt 1;/([)?2: lérif)(iiev oliaee Diode voltage (V) Diode current (A)
0.50 0.50x 1073
0.53 0.97 x 1073
0.55 1.44 %1073
0.57 1.93x1073
0.58 242x 1073
0.60 3.40x 1073
0.61 438x1073
0.62 537x1073
0.63 6.36x 107
0.64 7.34% 1073
0.68 17.00 x 1073
0.70 24.00 x 1073
0.72 34.00 x 1073
0.73 39.00 x 1073

Input the data into MATLAB. Then use the cftool command to run the toolbox
(Fig. 6.30).
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Command Window
>> V=[0.50 0.53 0.55 0.57 0.58 0.60 0.61 0.62 0.63 0.64 0.68 0.70 0.72 0.73];

>> I=1e-3*[0.50 0.97 1.44 1.93 2.42 3.40 4.38 5.37 6.36 7.34 17.00 24.00 34.00 39.00];
>> cftool

Fig.6.30 Given data points

Proceed by clicking the “Select Data” button (Fig. 6.31).

4\ Curve Fitter

| CURVE FITTER

; 3 Open
[ -

S v
New ave Select

v {rj Duplicate || Data
i FILE DATA

s

Exclusion Rules
Validation Data

Fig.6.31 Select data button

Select “V” for X Data and “I” for Y Data (Fig. 6.32).

[ Select Fitting Data = O

\Fn e )
Yoaa  [1 [v]
Zdata v
Weights )\ / \

|/ Help [ Close

Fig.6.32 Select fitting data window

Click on the “Show More” button (Fig. 6.33). Then select the “Custom Equation”
(Fig. 6.34).
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| 4\ Curve Fitter

CURVE FITTER

EE: 8 Open . \% Exclusion Rules

. Save : i i
Select Validation Data Interpolant Smoovthmg Custqm Linear Fitting

= @ Duplicate | Data Spline Equation

FILE DATA FIT TYPE

Fig.6.33 Show more button

4\ Curve Fitter
[ Open = |oo
ED:' . &] Exclusion Rules || Q| = led
@ SavE R Validation Data  REGRESSION MODELS v
v Duplicate | Data
FILE DATA @
2 untitled fit 1 X Polynomial | Exponential Logarithmic Fourier
0.04F T Gaussian Power Rational Sum of Sine
0.035 @
Weibull Sigmoidal
0.03 -
INTERPOLATION 2 3
0.025 -
Interpolant
— 0.02 |-
SMOOTHING 4
0.015
Smoothing
0.01 Spline
CUSTOM <
0.005 - ———
2% 5%
oF ° bl Custom Linear Fitting
1 L Equation

nAK n
Fig.6.34 Custom equation button

Type the equation (Fig. 6.35).
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Fig.6.35 Inputting the
equation

= O X
uals Plot Qf
) Colormap | Export
1 Bounds [ None v b
JALIZATION PREFERENCES | EXPORT A
: Fit Options :
Custom Equation

[ [y )

a*(exp(b*V)-1)|

» Advanced Options

Read about fit options

~ Results

The estimated values of the parameters a¢ and b are displayed in Fig. 6.36. The value
of a is very small and difficult to read in Fig. 6.36.
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Fig.6.36 Calculated values

for a and bb ~ Results

Fit Name: untitled fit 1

Custom Curve Fit
f(V) = a*(exp(b*V)-1)

Coefficients and 95% Confidence Bounds

Value Lower Upper

a 0.0000 0.0000 0.0000

b 17.2486 16.4268 18.0705

Goodness of Fit

Value
SSE 0.0000
R-square 0.9977
DFE 12.0000
Adj R-sq 0.9976
RMSE 0.0006

Export the calculated model to MATLLAB Workspace (Fig. 6.37).
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Residuals Plot Q/

| Colormap ||Export
Prediction Bounds[None Y ! v

>l

% Export to Figure
Export plot(s) of the currently selected fit to figure

Generate Code
Generate MATLAB code for the currently selected fit )

=l Export to Workspace
Export currently selected fit to the workspace

% Create Simulink Lookup Table

Create a Simulink Lookup Table from the selected fit

Fig.6.37 The export button

The values of @ and b are shown in Fig. 6.38. According to Fig. 6.38, I =
o~ - o . G I e R p— 3906 . -
a(e?V — 1) = 1.339 x 107 {728V _ i} = 1339 x i0 7(eﬂmv - 1) = I =

1.339 x 1077, 5 = 2.2645.
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Command Window

Variables have been created in the base workspace.
>> fittedmodel.a

ans =
1.3390e-07

>> fittedmodel.b

ans =

17.2486

fx >> |

Fig.6.38 Calculated values for ¢ and b

References for Further Study
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2. Calculus (8™ edition), James Stewart, Cengage Learning, 2015.

3. Applied Numerical Analysis with MATLAB®/Simulink®: For Engineers and Scientists, Farzin
Asadi, Springer, 2023.
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Partial Fraction Decomposition 7

7.1 Introduction

Partial fraction decomposition is a technique used in algebra and calculus to break down
a complex rational expression into simpler fractions. This process involves expressing
a rational function, which is a fraction where both the numerator and denominator are
polynomials, as a sum of simpler fractions with simpler denominators.

By breaking down a complex rational expression into these simpler components, it
becomes easier to integrate, differentiate, or analyze the function. This chapter starts with
a review of partial fraction decomposition. The second part demonstrates MATLAB’s
application to the problems discussed.

7.2 Addition of Rational Expressions
This section reviews the addition of rational expressions with a few examples.

stL g 544

+3554+6  s+5

Example 7.1 Add the expression —

s+1 s+4_(s+1)(s+5)+(s+4)(s2+5s+6)
s2+5s+6+s—|—5_ (s2+55+6)(s+5)
DG+ + (5 +4)(s? + 55 +6)
a (s> + 55+ 6)(s +5)
5% 4 10s% + 325 429
T ¥ 11021315+ 30
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Example 7.2 Add the expression (s+§:“[;+3) to (s+§;L(?+5)'
s+1 s+4 G HDE+DFEHDE+) | 252 +125+ 13
S+ +3)  G+36E+5 (s+2D(s+3(s+5) T 8341052 4315430
Example 7.3 Add the expression ﬁj to ﬁg.
5 6  Ss+15+6s+12  1ls+27

_|_ = i~ —]
s+2  s+3 (s+2(+3) 245546

7.3 Partial Fraction Decomposition

Partial fraction decomposition is a technique used in algebra to break down a complex
rational expression into simpler fractions. Let’s study some numeric examples.

Example 7.4 Decompose the rational function x27x_23 into partial fractions.

—7x+10

+7+/77 —41)(10)  7+£3

=2&5
2 2

X =Tx+10=0=x12 =

Tx —23 . Tx —23 _ A n B
W2=Tx+10 @-=-2)x—=5 *x-2) x-9

Cover the (x —2) term with your finger and substitute x = 2 (the root of covered

seciion) into ihe remaining expression (Fig. 7.1). The value of A is 7&:%? , = 7(X22__5§3 =
x=

3.

Fig.7.1 (x —2) term is 7x — 23
covered
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Now cover the (x — 5) term with your finger and substitute x = 5 (the root of covered

seciion) inio the remaining expression (Fig. 7.2). The value oi B is 7&:%3 = Dx3=83 s
A=

4.

(5=2)

Fig.7.2 (x—5) term is 7x — 23
covered ( X — 2)

- Tx=23  _ 3
Therefore, Tomtlo = =2 + .

452 =21x+17

Example 7.5 Decompose the rational function Ty

into partial fractions.

When the degree of the numerator is greater than or equal to the degree of the denom-
inator, we have an improper rational function. To apply partial fraction decomposition,
we first need to perform poiynomial division to divide the numerator by the denominator.

422417 402 —Tx 410+ -2 Tx-23 34
2Tk 10 2 Tx+10 [ 2 U T R S

%7 0,2 . . .
Example 7.6 Decompose the rational function ’%ﬁx“ into partiai fractions.

2 2
x3+2x2+x+1 x(x2+1)+2x2+1 x(x +1)+2(\x +1)—1 s -1
= = =X —_
x2 41 ¥ +1 ¥ +1 X241

Example 7.7 Decompose the rational function m into partial fractions.

1 A B C
R B
P2x+D 12 ox x+1
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Cover the x? term with your finger and substitute x = 0 (the root of covered section)

into the remaining expression (Fig. 7.3). The value of A is ﬁ-f‘ = U}J =L
x=

Fig.7.3 2 term is covered 1
(x+1)
b
We’'ll need to use derivatives to find the value of B. B = j—x( L )| =
\x+1- 1x=0
__1 =1
G+ g
Now cover the x 4+ 1 term with your finger and substitute x = —1 (the root of covered
section) into the remaining expression (Fig. 7.4). The value of C is ;17! = % =1.
e —
Fig.7.4 (x+ 1) term is 1
covered >
X -
)

1 1 -1 1
Therefore, m = =z + < + T+1-

2+l into partial fractions.

Example 7.8 Decompose the rational function STy
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2x +1 A B C

= + +
C+DE+2?2 @+2? x+2 x+1

Cover the (x +2)% term with your finger and substitute x = —2 (the root of cov-
ered section) into the remaining expression (Fig. 7.5). The value of A is (2;:11) ., =
2x =241 _ 3 =

—2+1 — 7"

Fig.7.5 (x + 2)? term is 2x + 1

covered (x+1)

\ >

We’ll need to use derivatives to find the value of B:

b d(2x+1) 204+ D - 12x+ 1D _2(—2+1)—1(—4+1)_1
A\ x+1 /|, (x+1)? — (=2 +1)2 B
Now cover the (x 4+ 1) term with your finger and substitute x = —1 (the root of

covered section) into the remaining expression (Fig. 7.6). The value of C is (iﬁ; T =

o1 =

(—1+27 —

Fig.7.6 (x+ 1) termis 2x + 1

covered

O\ (x + 2)2
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24l 3 4 1 -l
TG a2? T 2 U x2 T xr

Therefore

Example 7.9 Decompose the rational function %25)’;—1 into partial fractions.
—2x% —5x—1 A B C
3 = 7 T 7+
x+2) x+2) x4+ 2) x+2)
Cover the (x+ 2)3 term with your finger and substitute x = —2 (the root

of covered section) into the remaining expression (Fig. 7.7). The value of A is
22 = Sx—1|__, = -2(=2?+10-1=1.

Fig.7.7 (x+2)° term is —2x?—-5x—1
covered

We'll need to use derivatives to find the value of B and C:

= —4x— 5[, =—4(-2) —5=3

x==2

B= %(—M —5x—1)

Ld* :

x==2
. . x+1 . . .
Example 7.10 Decompose the rational function P [y rw) into partial fractions.

x+1 _A+B+C+D+E+F
G+ +3D2004+4)  @+273  x+22 x4+2) @+33»H2 0 G+3) 0 x+4b

Cover the (x + 2)3 term with your finger and substitute x = —2 (the root of covered
. . o . . . . x+1 I _
section) into the remaining expression (Fig. 7.8). The value of A is G |,y =
-1
T.
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x+1
(x+3)2(x+4)

Fig.7.8 (x + 2)? term is
covered

We’ll need to use derivatives to find the value of B and C:

d [/ x+1 \I 7
dx\ (x+3)2(x+4)/ T4
142/ x+1

2dx2 \(x+3)2(x+4)}

B =
x=-2

27
8

(;':

x=-2

Cover the (x + 3)2 term with your finger and substitute x = —3 (the root of covered
|

. . .o . . . . x+1 _
sectlon) into the remaining expression (Fig. 7.9). The value of D is T s

=2

—15><1

Fig.7.9 (x+ 3)2 term is
covered

We’ll need to use derivatives to find the value of E:

d x+1
F=—=—(——_
dx ((x+2)3(x+4))

x=-3
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Cover the (x +4) term with your finger and substitute x = —4 (the root of covered

section) into the remaining expression (Fig. 7.10). The value of F is mj VT
x=—1

— _ 3
—3<1 — §-
Fig.7.10 (x + 4) term is x+1
covered (x+2)*(x + 3)* (

- 7 ~27 3
o1 _ 1 = 2 3 £
Therefore, o = o T oeor T T e T T o

552 45+4

Example 7.11 Decompose the rational function T+ (714)

into partial fractions.

5 +s+4 55 +54+4 _A B C
+D(2+4)  G+HE+H26—2) s+4 s+2  s-2j

Cover the (s +4) term with your finger and substitute s = —4 (the root of covered

section) into the remaining expression (Fig. 7.11). The value of A is (—54:;]))“—(_—?3]') =4,

Fig.7.11 (s + 4) term is 5s2+s+4
rovered O\ (s +2)(s —2)
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Cover the (s + 2j) term with your finger and substitute s = —2; (the root of covered
section) into the remaining expression (Fig. 7.12). The value of B is % =

—16-2j

516 = 0.5 —0.75j.
Fig.7.12 (s + 2j) term is 5s2+s+4
covered

Cover the (s — 2j) term with your finger and substitute s = +2;j (the root of covered

. . . . . v S22 42+4
Sef;io;l) into the remaining expression (Fig. 7.13). The value of C is ANt T
1642 )
=516 = 0-5+0.75;.

Fig.7.13 (s — 2j) term is 5s?+s+4

covered (s+dH(s+2))

524544 _ 4 0.5-0.75j 054075 4

Therefore, [y gy = el = + = = =+

(05-0T5)(s=2)+O.5+0.75)(5+2)) _ 4y (05-0T5)(s=2)+O.5+0.75)(s+2) _ 4 s=3

(s=2j)(s+2)) st s2+4 G R
Alternatively, you can solve this problem as follows;

S +s+4 A +Bs+C
+H(2+4) s+4 2 +4

Cover the (s +4) term with your finger and substitute s = —4 (the root of covered
5(=4y’—4+4 _

section) into the remaining expression (Fig. 7.14). The value of A is 4714
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Fig.7.14 (s +4) term is 5s2+s+4

covered

() (s2+4)

Value of B and C can be found as follows:

S%+s+4 4 Bs+C 55° +5+4 4
(s+4)(s2+4)_s+4+(s2+4):>(s+4)(s2+4)_s+4
_ Bs+C s?4+s5—12  Bs+C _s+s—12
_(s2+4):>(s+4)(s2+4)_(s2+4):> (s+4)
:Bs+C:>w:Bs+C:>s—3
s+4

=Bs+C=B=1,C=-3

3
5574 4 5—3
[herefore, T () — 5+ + CEyE

Example 7.12 Decompose the rational function m into partial fractions.

Y

k
k A B b a-b

GraGLh) Gta T Gtbh Gta G+b

PRI

3 7 N
G-DGE—=5 -1 -5

cae 4x _ 2 -1
Exercise: Show that Tl — Tt ey + 71
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7.4 Polynomial Division

This section provides a review of polynomial division with a few examples.

35210

Example 7.13 Perform polynomial division on P aitd

337 —10 32— 1x 41241201210 . 120422

2 —dx+4 X2 —dx+4 Y i

You can use the method shown in Fig. 7.15 as well.

Fig.7.15 Long division of 3x2 -101 x2—-4x + 4
3x2 — 10 by x* —4x + 4 =
3x2 - 12x + 12| 3

12x + 22

N

e 3y
Example 7.14 Perform polynomial division on ==%+.

3 .
According to Fig. 7.16, £ = x? 4 x +2 4 e

Fig.7.16 lLong division of 3+xlx—1

X+ xbyx—1 _
x3—x?|x24+x+2
x2 +x

Cx2—x
2x

C 2x—2
2

. . N 4_ 4_ 02
Exercise: Perform polynomial division on "32"2—# (Ans, 22 tdetl — ] 4
x°—x—x+1 X2 —x4—x+1
4x
xg—xz—x+1)'
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7.5  Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

Example 7.15 The codeinFig.7.17 performs a partial fraction decomposition of the rational

: 7x-23 : I 7x-23  _ 3 4
function Tt 10" According to the result shown in Fig. 7.17, Tti0 — =2 T3

Fig.7.17 Partial fraction Command Window ®
o Tx—23
decomposition of === >> [r,p,kl=residue([7 -231,[1 -7 10])
g =
4
3
a5
5
2
E =
[]
Jx >>

Example 7.16 The code in Fig. 7.18 performs a partial fraction decomposition of the ratio-

. x+1 3 2 _ .6 5 4
nal function eyl Note that (x +2)°(x +3)“(x +4) = x° 4+ 16x° 4 105%™ +

362x% + 692x% + 696x + 288 (Fig. 7.19). According to the result shown in Fig. 7.18,

x+1 _ 0375 3 2 —3.375 1.75 —0.5
2P (432 (x4 T (H4) Tt (x+3)2 + v + r2)3

012 T 2
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Fig.7.18 Partial fraction

decomposition of
x+1
(r+2)? (r43)% (x+4)

Fig.7.19 Expansion of
x4+ 23 +3)2(x +4)

Command Window ®
>> [r,p,kl=residue([1 1],[1 16 105 362 692 696 288])

0.3750
3.0000
2.0000
-3.3750
1.7500
-0.5000

-4.0000
-3.0000
-3.0000
-2.0000
-2.0000
-2.0000

S>> |

>> syms x
>> expand((x+2) *3*% (x+3) ~2*% (x+4))

ans =
X*6 + 16*x"5 + 105*x~4 + 362*%x"3 + 692*x"2 + 696*x + 288

fx_>>|

Example 7.17 The code in Fig. 7.20 performs a partial fraction decomposition of the

. . x_|.'/ . . .
rational function T According to the result shown in Fig. 7.20,

x4-7
X+4x%+13x

05385 |, —02692+0.0128 | —0.2692—0.0128 —0269240.0128) | —0.2692-0.0128]
Y T T =23 =3 - Note that ——=m= + — =53
673 1442

_TRTTSE 053845411536 qa x47 05385 _ 0.5384s41.1536
T i (g 7.21). Therefore, e = =5 P13
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Command Window (O]

>> [r,p,k]l=residue([1 7],([1 4 13 0]

-0.2692 + 0.0128i
-0.2692 - 0.0128i
0.5385 + 0.0000i

-2.0000 + 3.0000i
-2.0000 - 3.0000i
0.0000 + 0.0000i

x >>|

Fig.7.20 Partial fraction decomposition of m

Command Window ()
>> syms X
>> simplify((-.2692+0.01281i)/ (x+2-31)+(-.2692-0.01281i)/(x+2+31i))
ans =
-(673*x + 1442)/(1250* (x"~2 + 4*x + 13))
>> pretty(ans)
673 x + 1442

(x # 4 x + 13y 1250

Jx >> |

—0.2692+4-0.0128; + —0.2692—-0.0128;
x—(—2+3j) x—(—2-3))

Fig.7.21 Simplification of
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Example 7.18 The code in Fig. 7.22, divides x> 4+ x by x — 1. According to the result shown
inFig. 722, +x = (> +x+2)(x — 1) + 2.

Fig.7.22 Dividing x> + x by
x—1

Command Window

>> dividend=(1 0 1 0];
>> divisor=[1 -1];
>> [quotient, remainder]
quotient =

1 1 2
remainder =

0 0 0 2

Jx >>

= deconv(dividend, divisor)

Example 7.19 The code in Fig. 7.23, divides x* —2x? +-4x+1by x> —x? —x+1. According
to the result shown in Fig. 7.23, x* — 2x2 +4x + 1 = (x + D(x® —x% —x + 1) + 4.

Fig.7.23 Dividing
x472x2+4x+1by

o x4+

Command Window
>> dividend=[1 0 -2 4 1];
>> divisor=[1 -1 -1 1];
>> [quotient, remainder]

quotient =
i« 1
remainder =
0 0 0 4
Jx >>

= deconv (dividend, divisor)

Example 7.20 The code in Fig. 7.24 evaluates the function y =

x+1 _
e =17



246 7 Partial Fraction Decomposition

Fig.7.24 Evaluation of Command Window ®
_ x+1 _
Y= 3R atx =17 >> syms x

>> y=(x+1)/ (x+3) ~2/ (x+4) ;
>> subs(y,17)

ans =

3/1400

>> eval (ans)

ans =

0.0021

fi >> |

Example 7.21 The code in Fig. 7.25 computes % ( %)

Command Window ®
>> syms x
>> dydx=diff ((x+1)/ (x+3) "2/ (x+4),X)
dydx =
I/((x + 3)22%(x + 4)) — (x + 130 (% + 3)92%(x + 4)42) = (2%(x + 1))/ (& + 3)23%(x + 9))
>> simplify (dydx)

ans =

-(2%x%2 + *x - 1)/ ({x + 3)*3*(x + 4)*2)

Jx >>

. : a x+1
Fig.7.25 Calculation of dx(\()c+3)2()c+4))

Example 7.22 The code in Fig. 7.26 computes % <(x+%(]x+4') atx = =2,
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Fig.7.26 Calculation of Command Window ®
d(___xf1 =_ 3
dx((x+3)2(x+4)> atx 2 >> syms X

>> dydx=diff ((x+1)/ (x+3)*2/(x+4),x);
>> subs (dydx, x,-2)

ans =

7/4

Jx >>

References for Further Study

1. Advanced Engineering Mathematics (10th edition), Erwin Kreyszig, Wiley, 2011.

2. Calculus (8™ edition), James Stewart, Cengage Learning, 2015.
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Asadi, Springer, 2023.
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Complex Analysis

8.1 Introduction

Complex analysis is a branch of mathematics that studies functions of complex numbers.
It delves into concepts like complex differentiation, integration, and power series.

This chapter begins with a review of key complex analysis topics. The second part
demonstrates MATLAB’s application to the problems discussed.

8.2 Complex Numbers

In mathematics, a complex number is an element of a number system that extends the real
numbers with a specific element denoted i, called the imaginary unit and satisfying the
2— 1. Every complex numbers can be expressed in the form a + bi, where a
and b are real numbers.

equation i

For the complex number a + bi, a is called the real part, and b is called the imaginary
part. The set of complex numbers is denoted by the symbol C.
Two complex numbers z; = a + bi and zp = ¢ + di are equal when ¢ = ¢ and b = d.

8.3 Complex Numbers as Roots of Second Order Equations

Roots of ax?2+bx+c =0 equation are x;» = _bi‘f"\ where A = b2 —4gc. When A < 0

roots are complex. For instance, for 2 42x+10=0the A =22 —4(1)(10) = —36 and
the roots are:
-2+ /2 —4)10)  —2£/-36 2+36y/—1 246

_ = 143
1.2 2 2 2 2 J

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 249
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Note that /—1 = j. Mathematicians generally use i for /—1. Engineers prefer the j
notation to avoid conflict with the notation for electrical current. ¢ 4 jb and a + bj are the
same.

8.4 The Geometric View of Complex Numbers

Figure 8.1 shows how points A = 1 4 2j and B = —1 — 3j can be shown on the complex
plane.

Fig.8.1 PointsA =1+ 2j Imaginary
and B=—-1-3j axis
gle o _’A
I
|
T |
I
] ! 1 l | ]
I T I I T 1
| Real axis
I 2
|
I
I —=<1
I
|
Bé — -t

8.5 Euler’s Formula

Euler’s formula states that, for any real number x, one has:

¥ = cos(x) + jsin(x)

For instance,

(1) &% = cos(Z) +jsin(Z) =

(2) e7T = cos(—%) +jsin(—%j =4 ;L
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(3) V373903 = (/5c0s(7.3903) + sin(7.3903) = 1 + 2
4) 1Y = e2e¥ = e?(cos(3) +jsin(3)) = €2(—0.9900 +0.1411) = —7.3151 +
j1.0427

Sometimes the complex number re”* = r(cos(x) 4+ jsin(x)) = r cos(x)+jr sin(x) is shown
as r<tx. For instance, V36773993 can be shown as +/5<17.3903.

. x —jx . X _,—jx
Exercise: Show that cos(x) = 6]++ and sin(x) = dz—f.

8.6 Magnitude of a Complex Number

Magnitude of a complex number @ +jb is shown as |a + jb| and equals to ~/a2 + b2. For
instance, |1 + /2| = V12 +22 = /5 = 2.2361. Magnitude of z = re/’ equals to r. For
T =1 Magnitude of division of two complex numbers can be calculated
_31%1 |1+21|_«/W «/—_0447

instance,

B3+4 — 3 v _Jz

8.7 The Principle Argument of a Complex Number

The principal argument of a complex number z is the angle ¢ formed between the positive
real axis and the line representing the complex number in the complex plane. It is typically
measured in radians and is defined within the range (—m, 7r]. The principal argument is
often denoted as Arg(z).

Argument of a complex number z is shown with arg(z) and arg(z) = {Arg(z) +
2nn|n € Z}.

For a complex number z = x + yi, the principal argument can be calculated using the
arctangent function. However, special care must be taken depending on the quadrant in
which the complex number lies.

Let’s study some numeric examples. The principle argument of A = 1 4+ 2j is ¢ =
tan=1(2) = 1.1071rad (Fig. 8.2). Argument of A is 1.1071 + 27n, n € Z.
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Fig.8.2 PointA =1+ 2j

The principle argument of B = —1+2jis ¢ = Z+tan~!(}) = Z+0.463 = 2.034rad
(Fig. 8.3). Argument of B is 2.034 + 2xwn, n € Z.

Fig.8.3 Point B = —1+2j
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The principle argument of C =1 —2jis ¢ = —tan_l(%) = —1.1071rad (Fig. 8.4).
Note that the principle argument of C is NOT 5.1761rad (Fig. 8.5) since 5.1761 ¢
(—m, ]. Argument of C is —1.1071 + 2nwn, n € Z.

Fig.8.4 Point C =1 —2j

l
@ |
|
1 |
|
|
+ - 3C
Fig.8.5 Wrong measurement
of principle argument
5.1761 rad
— CN’ —
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The principle argument of D = —1 —2j is ¢ = —5 — tan_l(%) = -5 —0463 =

—2.034rad (Fig. 8.6). Note that the principle argument of D is NOT 4.2492rad (Fig. 8.7)
since 4.2492 ¢ (—m, 7). Argument of D is —2.034 + 27n, n € Z.

Fig.8.6 Point D = —1—2j \

Fig.8.7 Wrong measurement
of principle argument

4.2492 rad \/

1 Il
T T
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Additionally, if z lies on the positive real axis, the principle argument is 0. If z lies on
the negative real axis, the principle argument is 5. The principle argument is not defined
for z = 0. Note that:

{21\

Argl =2 | = Arg(z1) — Arg(z2)
\22/

Arg(z1.22) = Arg(z1) + Arg(22)

If the resulting sum Arg(z;) + Arg(zp) or subtraction Arg(z;) — Arg(zp) exceeds the
(—m, 7] range, you may need to adjust the result by adding or subtracting 27 to bring it
back into the principal range. For instance,

21 = —1+2j = Arg(z1) = 2.0344rad
2 =—-2+j=Arg(z) = 2.6779%rad
Arg(z1.22) = 2.0344 +2.6779 =4.7123 ¢ (—m, 7]
47123 — 21 = —1.5709 € (—m, 7]

Arg(z1.22) = Arg((—1 + 2))(—-2 +))) = Arg(—5j) = —— ~ —1.5709

(ST

8.8 Polar Form of Complex Numbers

A complex number z = a + bj can be shown in the form of z = rd@t27k ¢ 7.
r and ¢ show the modulus (magnitude) and the principle argument, respectively. Note
that the polar form of a complex number is not unique since re/ @T2k7) = pal¢ @2k —
ré!® (cos(2km) +jsin(2kw)) = re’ (1 +j0) = re/?, k e Z. For instance, /5611071
I LL0TIH2T) 513903 /R(LI071=27) _ /5, —j5.1761 gpq /FaH(11071420m) _
/561939390 a1 represent 1 4 2j.

Let’s study a numeric example. Polar form of z = -1 — 2j is
V(CDZ 1 (2)26l(—2.03442km) — | /5,1(=203442k7) | < 7, (Fig. 8.6).

Example 8.1 Convert 1 + 2j to polar form.

1142 =V/1+4=+5

Arg(1+2j) = 1.1071



256 8 Complex Analysis

142j = /35K — 01,23,

Example 8.2 Convert —1 — 2j to polar form.

-1-2j| =/I+4=+5
Arg(—1 —2j) = —2.034

—1 —2j = /5eFBEAkTE — (1,23, .

8.9 Representation of Polar Form on the Complex Plane

Figure 8.8 shows how points A = 2.83¢F and B = 2¢77% can be shown on the complex
plane.

Fig.8.8 Points A = 283 Imaginary
and B = 2¢ 77 axis
A 4
2.83 1 -
1 } ; 3 t t f
90" Real axis
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8.10 Basic Operations on Complex Numbers
Following examples reviews the basic operations on complex numbers.

(1) (142)B+4) =1 x3+1x4j+2 x3+2 x4j=3+4j+6/ —8 = =5+ 10j
) U2 (+2)G3-4) _ 3-yres 1142
(3+4j) — (B+45)(3—4)) — 32442 - 25

G g=gh="d=-¢
4 (1+2])+(3+4])—(1+3)+(2+4)]—4+61
(5) 1+2) - G+4) =1 -3+ Q2 —4j=-2-2j

(6) 2 = 39 = Lo = 0.5635 - 0.1510)

(7) 76T x 1265 =7 x 126 F+5) = 84/ = _21.7408 + 81.1378;

(]) 7e/T +126/5 = (cos(Z) +jsin(Z)) +12(cos(Z) + jsin(Z)) = 4.9497+4.9497; +
6.0000 + 10.3923 = 10.9497 + 15.3420i

8.11 Complex Conjugate of a Complex Number

A complex conjugate of a complex number is another complex number that has the same
real part as the original complex number and the imaginary part has the same magnitude
but opposite sign. The product of a complex number and its complex conjugate is a real
number. Complex conjugate of a + jb is @ — jb. The notation for the complex conjugate
of z is either 7 or z*. In this book we use the Z. Following properties are important:

(a —I:ib): a — jb. For instance, (1 _;2_]'): 1-2j.

(a+jb) (@+jb) = (a+jb)(a—jb) = a* + b?. For instance, (1 + 2j)(1 — 2j) =
12 42% =5

z=re) =7 =re79. For instance, z = 2¢/7 = 7 = 2¢7/7.

|z| = [Z]. For instance, |1 —j2|= |14+ /2| = V12 +22 = /5.

v z1 +21 1-2;
(%)= &. For instance, (337)= 1=7:-

8.12 Geometric Interpretation of Complex Conjugation

Complex conjugation represents a reflection about the real axis. For instance, in Fig. 8.9
point A = 1 4 2j and its complex conjugate A = 1 — 2j are shown.
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Fig.8.9 Point A and its
complex conjugate

8.13 The Complex Conjugate Root Theorem

In mathematics, the complex conjugate root theorem states that if £(x) is a polynomial in
one variable with real coefficients, and a+jb is a root of P(x), then its complex conjugate
a — jb is also a root of P(x).

For instance, P(x) = x> 4 3x? + 7x + 5 = 0 is polynomial in one variable with real
coefficients. Its roots are, —1, —1 4+j2 and —1 — ;2.

8.14 Complex Exponential Function

Value of complex exponential functions can be calculated with the aid of following
formula:

Tl = % x e = ¢ x (cos(b) +j sin(h))

Here are two examples:

(1) MY = el (cos(2) +jsin@2)) = e!(—0.4161 4 j0.9093) = —1.1312 + 2.4717j
2) % = COS(%) +J sin(%) = “/T§ _;_j%

If ¢ < O then lim ¢**%* = 0 (note that j shows the imaginary unit). For instance,
X—> 00

lim e 73 H% Jim (737 o lim e

X—>00 X—>00 X—>00

equals to zero.
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If a > 0 then lim ¢“1/¥ =0 (note that j shows the imaginary unit). For instance,
X—>—00

lim 2% lim ¢ 72% or lim ¢'?* equals to zero.
X—>—00 X—>—00 X—>—00

8.15 Polar Form of Complex Numbers

A complex number z = a + bj can be shown in the form of z = re/’. Note that the polar
form of a complex number is not unique since:

rel OF2K7) — ol 2KT — pel? (cos(2km) + jsin(km)) = ré? (1 +j0) = ré? k € Z

For instance, /35¢/11071 (/Be/(110T142m) _ /573903 [5i(11071-27) _ /551761
and /5e/ 1 1071420m) — (/5,/63-9390 q)] represent 1 + 2j.

8.16 Some of Important Equations in Complex Plane

|z —zo| = R shows a circle with center of zp and radius of R. For instance, equation of
a circle with center of A = 1 4 2j and radius of 1 (Fig. 8.10) is [z — (1 +2j)| = 1.

Fig.8.10 Plot of
= (1+2)=1

Equation of a circle with center of origin and radius of 1.2 (Fig. 8.11) is
lz—O4+0)|=120r |z| =1.2.
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Fig.8.11 Plotof |z]| =1.2 /\

|z —z0| < R shows points fall inside a circle with center of zp and radius of R.
|z —z0| < R shows points fall inside and on a circle with center of zo and radius of R.
For instance, |z| < 1.2 includes points inside a circle with center of origin and radius of
1.2 (Fig. 8.12). |z| < 1.2 includes points inside and on a circle with center of origin and
radius of 1.2 (Fig. 8.13).

Fig.8.12 Plotof [z| < 1.2 /\\
Py
4 \
F 4 L1
! i [ ) .
T 11 I T "
5 ’
w 7
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Fig.8.13 Plotof |z| <12 /\

\4

|z —z0| > R shows points fall outside a circle with center of zo and radius of R.
|z —zo| > R shows points fall outside and on a circle with center of zo and radius of R.
For instance, |z — (1 4+2j)| > 1 includes points outside and on a circle with center of
1 +2j and radius of 1 (Fig. 8.14).

Fig.8.14 Plot of
k—1+2)] =1

In mathematics, an annulus (pl.: annuli or annuluses) is the region between two con-
centric circles. r; < |z —zp| < rp shows the region between two concentric circles with
center of zg and radiuses r; and r. For instance, points satisfy 1 < |z —1—2j| < 1.5
are shown in Fig. 8.15.
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Fig.8.15 Plot of
1<]z—1-2|<15

8.17 Complex Trigonometric Functions

The sine and cosine of a complex variable z are defined as follows:

) P QP 4
sin(z) = %

er 4 —jz

cos(z) = Te

Following formulas help to calculate the value of complex trigonometric functions eas-
ily. In the following formulas sinh, cosh, tanh, coth, sech and csch denotes the hyperbolic
sine, cosine, tangent, cotangent, secant and cosecant, respectively.

(1) sin(a + bj) = sin(a)cosh(h) + j cos(a) sinh(h)

(2) cos(a + bj) = cos(a)cosh(h) — jsin(a) sinh(h)
sin(2a) sinh(2b)

(3) tan(a +bj) = o5 tooshaB) T/ cos2a)teosh(2b)
. N cat(a).cathz(b)—cat(a) -—catz(a).cath(b)—cath(b)
4) cot(a+bj) = cof® (a)+coth? (b) cof? (a)+coth® (b)
1 _ cos(a)cosh(b)4j sin(a)sinh(b)

(5) secla +bj) = Ty = 052 (a)cosh? (b)+sin? (@)sink (b)

sin(a)cosh(b)—j cos(a)sinh(b)
sin? (a)cosh? (b)+cos? (a)sinh? (b)

(6) cscla +hj) = sin(al+bj) -



8.18 Complex Root Function 263

For purely imaginary arguments, i.e., arguments with zero real part,

(1) sin(jb) = jsinh(h)
(2) cos(jb) = cosh(h)
(3) tan(jb) = jtanh(h)
4) cot(jb) = —jcoth(b)
(5) sec(jb) = sech(h)
(6) csc(jb) = —jesch(b)

8.18 Complex Root Function

For any non-zero complex number z and any positive integer #, the equation w” = z has
exactly n distinct complex solutions wp, wi, ..., W,_1.

Procedure for calculation of complex root is shown with an example. Assume that we
want to calculate the third root of —1 —3j, i.e., \3/(—1 — 3j). Given Cartesian form needs
to be converted into the polar form. (—1 — 3j) lies in second quadrant (Fig. 8.16).

Fig.8.16 PointA = —1 + 3j
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1
@ = Arg(—1 +3j) = 90 + tan™! <§> — 90 + 18.4349 = 108.4349° = 1.8925Rad

—143j = \/(—1)2 +(=3)? =3.1623¢ PR =0 11, 42,43,

1.89254 2k

V=143 = V316237 5 ) = 1.4678¢

1.89254 2k
(==5)

1.892540)

k=0 =z = 1.4678¢ (1) _ 1.4678¢/%63%8 — 11853 4 0.8657]

( 1.8925427 \

k=1=17 =14678¢\" ° J =14678¢>7%2 = —1.3424 4 0.5937]

( 1.8925447 \

k=2=>z3=14678¢\" ° J =1.4678¢*%1% = (0.1571 — 1.4594;j

1.1853 + 0.8657
Therefore, /—1 +3j = § —1.3424 + 0.5937; .
0.1571 — 1.4594;

8.19 Complex Logarithmic Function

For z = |z|e/@8@+2%kT)} ¢ 7,

Ln(z) = In(|z]) 4+ jArg(z)

In(z) = Ln(z) + j2knk € Z

In(z) is a multi-valued function with infinitely many possible values. Ln(z) is the principle
value of In(z). Ln(z) is a single-valued function with a unique value for each complex
number within its domain. The domain of the principal complex logarithm is the set of all
complex numbers except for the non-positive real numbers. In mathematical notation, this
is represented as: C\(—o0, 0]. (—o0, 0] denotes the set of all non-positive real numbers,
including O.

For instance, let’s find the domain of Ln(1 + z2).
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1+2 =02 =-1=7=4j

1 2_ 2 O
1+2 =1+ @+ =1+22 = + 20y = =2+x 0 i
Xy =
2xy:0:>x2007'y:0
whenx=0=14+x" -y =1-y<0=1<y" = =y>+1
y<-

wheny =0 = 1+212 —y> =1 +x% < 0 = impossible since x € R.
Therefore, at (0, vy > +1) and (0,y < —1), the Ln(l + z2) is not defined (Fig. 8.17).

Fig.8.17 Ln(l +72)is
defined everywhere except the
blue line -

Let’s study a numeric example to see how complex logarithm can be calculated. For
example, let’s calculate In(1 4 2j) and Ln(l 4 2j). z = 1 + 2j lies in the first quadrant
(Fig. 8.18).
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Fig.8.18 PointA =1+ 2f

Let’s obtain the polar form of 1 + 2;.
2
¢ = tan™" (—\) = 1.1071Rad
\1/

142 = VT 4d 0tk — [5010T42km ) — 41 42, 43, ..
Now the In function can be calculated easily:
In(1 +2j) = ln<x/§€j(1'1071+2k”)> —In (ﬁ) 4 (1.1071 + 2kx) = 0.8047
+j(1.1071 4+ 2km), k € Z

As seen, In(z) is a multi-valued function with infinitely many possible values. k = 0
gives Ln(1 4 2j).

In(1 +2j) = 0.8047 + j(1.1071 + 2k7) = La(1 + 2j) = 0.8047 + j1.1071

Note that for z € C\(—oq, 0], M;Q = %
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8.20 Complex Power Function

71% can be calculated with the aid of z;%2 = ¢ Let’s study two numeric examples.

(1) (1 42)3+4) = (G142 — GHDOSMTHLION)  _ ,=2.0143+/6.5401
201 (c0s(6.5401) + j sin(6.5401)) = 0.1290 + j0.0339
Q) j = el = g"“'(é“ ) @95 =75 = 0.2079

8.21 Analyticity

A function f (z) is said to be analytic in a domain D if f (z) is defined and differentiable
at all points of D. The function f(z) is said to be analytic at a point z = zg in D if f(2)
is analytic in neighborhood of zg. Also, by an analytic function we mean a function that
is analytic in some domain.

For instance, z”, Z?:o ci7, e%, sin(z) and cos(z) are analytic everywhere. Rational
functions are not analytic at roots of denominator. For instance, % is analytic everywhere
except of z = 2, i.e., C\{2}. Log,(2) is analytic everywhere except for the non-positive

real numbers, i.e., C\(—o0, 0].

8.22 Complex Integrals

This section studies the important complex integrals and methods to calculate them.

8.23 Simply Connected Domain

In complex analysis, a simply connected domain is a region in the complex plane that is
both connected and has no “holes.” This means that any closed curve within the domain
can be continuously deformed to a point without leaving the domain.

For instance, the open unit disk (Jz] < 1) or the upper half plane (Im(z) > 0) are
simply connected domains. The annulus (1 < |z| < 2) or the complex plane with the
origin removed (C\{0}) are examples of domains that are not simply connected.

8.24 Cauchy’s Integral Theorem

If f (z) is analytic in a simply connected domain D, then for every simple closed path C
in D, §-f (z)dz = 0 (Fig. 8.19).
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Fig.8.19 Cauchy’s integral
theorem

For instance, let C be any closed path. Then f ~¢%dz, f ~cos(z)dz and { z"dz where
n=20,1,2,3,... are all O for any closed path C since these functions are all analytic for
all z.

8.25 Cauchy’s Integral Formula

Let f(z) be analytic in a simply connected domain D. Then for any point zop in D, and

any simple closed path C in D that encloses 2o, C;ﬂ%dz =2mi x f(z0) (Fig. 8.20).

Fig.8.20 Cauchy’s integral
formula

0%y

Let’s study some examples.
. g va
Example 8.3 Let C be a contour enclosing zo = 2. Calculate C;Tzdz.
By the Cauchy integral formula

fooét
?) dz = 2mi x e
cz—2

Example 8.4 Calculate ¢ C%dz where C is a circuit around the origin with radius of 1.

Zp = %i falls inside the C. Therefore,

3 3 N3
77 —6 57 —3 1(1 1 .
_dz:f 2 dz:Znix(— — —3\:——6711
¢ ¢z \2\2) 3

Jc2z—1i
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Example 8.5 Integrate f(z) = = % around each of the paths shown in
Figs. 8.21, 8.22, 8.23 and 8.24.
Fig.8.21 Path C;
C1 \
Fig.8.22 Path C)
Ch
Fig.8.23 Path Cs
i
Fig.8.24 Path C4
Cq
} Cj ;
241 241 i i
(a) f(z) = 21 = GEDG=T) s not analytic at z = +1 and z = —1. C; encloses both

z =+1 and z = —1. Therefore,

Z4+1 2142

-1 1

=530 ="5

Py o g s Rk P s S P
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dz

z+1 (-1 J o J o z+ Joz—1

fj ldz =0
e

-1
dz =2mi x —1 = —2mi
¢zt

rfé a4 — 4! )dz:og 1dz+q§ _—]1dz+q§
4 Cp

¢
/

1
dz =2mi x +1 = 42mi
Clz_l

é 1dz+<£ —d+ ¢

JCl Clz_

dz =04+ (=27i) +27i =0

—1 1
) fo, 1+ 3 + GElde = fe e+ f o, Frde + f, 2yde

% ldz =0
C;

-1
j£ dz =0
2+ 1

dz =2mix +1 =+42xi

dZ—O—I—O—l—Zm—Zm

-1 1 —1 1
© fo,(1+ o T = Feldz+ § o rde+ § o, 7dz

(}g ldz =0
J C3

—1
J C3Z+l

dz = —2mi

dz =2nix+1=0

Jc32—1
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q§ 1dz—|—g§

J C3

dz—0+( 270 +0 = —2m7i

@) fo,(0+F5+7ip)dz=0+040=0

8.26 Derivatives of an Analytic Function
If £ (z) is analytic in a domain D, then it has derivatives of all order in D, which are then

also analytic functions in D. The values of these derivatives at a point zo in D can be
calculated with following formulas:

q§ L)z =2mi x f/(zo)

J c(z—z0)

r "

O P AL

J c(z—z20)

and in general
) (#) )
f A N S i S P
¢ (z —zo)"*? nt

here C is any simple closed path in D that encloses zp and whose full interior belongs to
D; and we integrate counterclockwise around C (Fig. 8.25).

Fig.8.25 Path C encloses zg

Let’s study some examples.

Example 8.6 1et C be a contour enclosing zg = i, oriented counterclockwise. Calculate
Los(z)
fc (Z m)

?g &Z?zdz = —2mi x sin(wwi) = 27 x sinh(7)
c(z —mi)

#3246

e dz. C is any counterclockwise contour enclosing the

Example 8.7 Calculate § -
point — i.
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4 a2
é Z3—Z+6dz:m'>< (24—3224-6)//‘
c

T _=mix (1222 —6)| __, = —18xi

7= 7=—1i

Example 8.8 Calculate -.ﬁcr‘—l)gﬁ
inside and £2i lies outside.

ét (Z2€i4) &N\
—dz:é ————dz = 2mi x (— i’
?gc(z— D22 +4) c(z—1)? 2+4)
[ (2 +4) — et x2
:27”\6 (Z + ) ezx z\
(22 +4)

dz. C is any counterclockwise contour which 1 lies

z=1
6me

= —i=2.05i
251 05i

z=1

8.27 Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

Example 8.9 Define the complex number z; = 1 + 2i in MATLAB.

You can use either of the methods shown in Figs. 8.26 or 8.27.

Fig.8.26 Defining z1 as Command Window (¥
142 -
>> z1=1+2i;
Jx >>
Fig.8.27 Defining z1 as Command Window &)

1+2i

>> z1=142j;

Jx >> |

Example 8.10 Define the complex number z; = 3¢/% in MATLAB.

You can use the command shown in Fig. 8.28. According to Fig. 8.28, 20 = 365 =
1.5 4 2.5981; as well.
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Figlj.18.28 Defining z2 as Command Window
343 —_—
>> z2=3%*exp (j*pi/3)
z2 =
1.5000 + 2.59811
Jx >>
Example 8.11 Visualize the complex numbers z; = 1 +2i,z0 = —1 — 3jand z3 = 36%

on the complex plane using MATLAB.

The MATLAB code in Fig. 8.29 visualizes the complex numbers zj, zp and z3 as small
red circles on the complex plane. Output of this code is shown in Fig. 8.30.

Command Window ®
>> z1=1+3;
>> z2=-1-33;
>> z3=3%*exp(j*pi/6):;
>> plot(real([zl z2 z31),imag([zl z2 z31),'ro'):
>> x1lim([-2 31);
>> ylim([-3.5 2]);
>> grid

fi >> |

Fig.8.29 Visualizationof 71 =1+ 2i,zp = —1 —3iand z3 = 3¢S on the complex plane

Fig.8.30 Output of the code
shown in Fig. 8.29 15} o
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Example 8.12 Visualize the complex numbers z; = ¢ %, 79 = 2¢ T and 73 = 3.4¢ 7 on
the complex plane using MATLAB.

The polarplot command can be used to visualize complex numbers given in polar
format. The MATLAB code in Fig. 8.31 visualizes the complex numbers z1, zo and z3 as
small x markers on the complex plane. The output of this code is shown in Fig. 8.32.

Command Window

>> polarplot([pi/3 pi/4 pi/2]1,[1 2 3.4],'cx")

Jx >> |

Fig.8.31 Visualization of z; = dF J2p = 2% and 3 = 3.4¢/7 on the complex plane

Fig.8.32 Output of the code 90°
shown in Fig. 8.31 120° T 60°
3
150° 2 30°
X
1 X
180° 0 0°
210° 330°
240° 300°
270°

Example 8.13 Use MATLAB to calculate the real part and imaginary part of zp = 3¢/ 4

The commands shown in Fig. 8.33 calculates the real part and imaginary part of 7o =
365,
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Fig.8.33 Real and imaginary
S TT
part of zp = 363

fe >> |

Command Window ®

>> z2=3*%exp (j*pi/3)
z2 =

1.5000 + 2.5981i
>> real (z2)
ans =

1.5000
>> imag(z2)
ans =

2.5981

Example 8.14 Givenz; = 1+2iandzp = 3+4i,use MATLAB to calculate z1 - 22, % .21+

and z1 — 22.

Figure 8.34 shows the MATLAB code for calculating z1 - 22, %, 71 +22 and 71 — 22.

Fig.8.34 Calculation of
122, %,21 +zpandz; — 22
forzy =142iandzp =3 +4i

fx >> |

Command Window ®

>> z1=1+273;
>> z2=3+47j;

>> zl*g2
ans =

-5.0000 +10.0000i1
>5 zlfz2
ans =
0.4400 + 0.08001
>> zl+z2
ans =
4.0000 + 6.00001
>> z1-z2
ans =
-2.0000 - 2.00001
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Example 8.15 Determine the modulus and principal argument of the complex number z; =
1 — 2i using MATLAB.

Figures 8.35 and 8.36 present two approaches to determine the modulus and principal
argument of z; = 1 — 2i. According to Figs. 8.35 and 8.36, |z;| = 2.2361 and Arg(z1) =
—1.1071.

Fig.8.35 Modulus and Command Window &

principle argument of >> z1=1-25;
=1-2i ’
“a ! >> abs(zl)
ans =
2.2361
>> angle(zl)
ans =
-1.1071
Jx >>
Fig. 8.36 Modulus and Command Window @
principle argument of
aq=1-2i >> [theta,r]=cart2pol(l,-2)
theta =
-1..1071
r =
2.2361
fe >> |

Example 8.16 Use MATLAB to determine the Cartesian form of z = 2.2361¢ 711071

You can use either of the methods shown in Figs. 8.37 or 8.38. According to Figs. 8.37
and 8.38, z = 2.2361¢ 7711971 = 1.0001 — 2.0000j.



®

8.27 Problem Solving with MATLAB 277
Fig.8.37 Conversion of Command Window ®
7 =2.2361e=/11071 1o % o
Cartesian coordinates i
ans =
1.0001 - 2.00001
fx >> |
Fig.8.38 Conversion of Command Window ®
7 =2.2361e /11071 ¢ ~
Cartesian coordinates )>{>_ [x,y]=pol2cart(-1.1071,2.2361)
1.0001
y =
-2.0000
fe >> |

Example 8.17 Use MATLAB to calculate the complex conjugate of z; = 1 4+ 2j and
7 =3¢ %

Figure 8.39 shows the MATL.AB code for calculating the complex conjugates of z; =
1+2jand 2o = 3¢5

Fig.8.39 Calculation of Command Window ®
complex conjugate of

=142 andz =37 >> z1=142j;

>> conj(zl)
ans =

1.0000 - 2.00001
>> z2=3*exp (j*pi/3):;
>> conj(z2)
ans =

1.5000 - 2.5981i

S>> |
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Example 8.18 Given z1 = 1 + 2i, wuse MATLAB to calculate
sin(z1), cos(z1), tan(zy), cot(zy), sec(zy) and cosec(zy).

Figure 8.40 shows the MATLAB code for calculating
sin(z1), cos(z1), tan(zy), cot(zy), sec(zr) and cosec(zy).

Fig.8.40 Calculation of Command Window ®
trigonometric ratios for .
71=1+2i >> z1=1+27;

>> sin(zl)
ans =

3.1658 + 1.9596i
>> cos{zl)
ans =

2.0327 - 3.0519i
>> tan(zl)
ans =

0.0338 + 1.0148i
>> cot(zl)
ans =

0.0328 - 0.9843i
>> sec(zl)
ans =

0.1512 + 0.22701.
>> €sC(z1)
ans =

0.2284 - 0.1414i
Jx >>

Example 8.19 Givenz; = 1 + 2i and zp = 3 + 4i, use MATLAB to calculate z1%2, Ln(z1)
and €.

Figure 8.41 shows the MATL.AB code for calculating z1%2, Ln(z;) and ¢!,
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Fig.8.41 Calculation of
21%2, Ln(z1) and ¢*! for .
q=1+2iandzg =3 +4i >> z1=14273;

>> z2=3+41;
>> z14z2

Command Window ®

ans =
0.1290 + 0.0339i
>> log(zl)

ans =

0.8047 + 1.1071i
>> exp(zl)

ans =
=il .A312 + 2.4717.

fe >> |

Example 8.20 Given z = —1 + 3i, use MATLAB to calculate &/Z.

1.1853 + 0.8657j
As shown in Sect. 8.18, &/—T+3j = 1 —1.3424 4+ 0.5937j . The MATLAB command

- 0.1571 — 1.4594/
shown in Fig. 8.42 calculates one of the roots only. The remaining two roots can be

obtained by multiplying the initial root by ¢ % and &% (Fig. 8.43).

Fig.8.42 Calculating one of Command Window
the three cube roots of —1 + 3;

>> rl=(-1+3j)~(1/3)

rl =

1.1853 + 0.86581
Jx >>
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Fig.8.43 Determining the
three complex third roots of
z=—-1+3

Command Window

>> rl=(-1+3j)~(1/3)
rl =

1.1853 + 0.8658i
>> r2=rl*exp(j*2*pi/3)
r2 =

-1.3424 + 0.59361
>> r3=rl*exp(j*4*pi/3)

r3 =
0.1571 - 1.4594i
Jx >>

®

Example 8.21 Given z = —1 + 3i, use MATLAB to calculate /Z.

Figure 8.44 shows the MATLAB code for calculating the 5 roots of /z.

Fig.8.44 Determining the
five complex fifth roots of
=143

Command Window
>> rl=(-1+3j) ~(1/5)
rl =
1.1698 + 0.4652i
>> r2=rl*exp(j*2*pi/5)
r2 =
-0.0810 + 1.2563i
>> r3=rl*exp(j*2*2*pi/5)
r3 =
-1.2198 + 0.3112i
>> rd=rl*exp(j*3*2*pi/5)
r4 =
-0.6730 - 1.0640i1
>> rS5=rl*exp(j*4*2*pi/5)
r5 =
0.8039 - 0.9688i

f:g>>|
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Differential Equations

9.1 Introduction

A differential equation is an equation that relates an unknown function to its derivatives. In
essence, it describes the relationship between a function and its rate of change. Differential
equations are widely used in various fields, including physics, engineering, biology, and
economics, to model real-world phenomena. They help us understand and analyze how
systems change over time.

This chapter begins with a review of ordinary differential equation solving techniques.
The second part demonstrates MATLLAB’s application to the problems discussed.

9.2 Dot Notation

Dot notation is a common notation for derivatives, particularly in physics and engineering,
where the variable of differentiation is often time. A single dot above a variable indicates
its first derivative with respect to time. y(t) = % means “the rate of change of y with
respect to time;’. Two dots above a variable indicate its second derivative with respect to
time. (1) = Z;iitéﬁ means “the rate of change of the rate of change of y with respect to
time”. For instance, the differential equation % 4+ ay(t) = 0 can be written as v(f) +
ay(r) = 0. For conciseness, we can represent the differential equation y(f) +av(f) =0 as

y+ay=0.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 283
F. Asadi, Engineering Mathematics with MATLAB® and Simulink®,
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9.3 First Order Differential Equations with Constant
Stimulation

v+ ay = b Where a, b € R can be solved as follows:
b —at
Ata=0=2>r=—-a=y(t)=—+4 Cie
a
A 4+ a is the characteristic equation associated with the given differential equation.

Example 9.1 Find the general solution of y + 3y = 0.

A+3=0=r=-3=y0) =Ce ™
Example 9.2 Find the solutionof y — Sy = 0,y(0) = 7.
A=5=0=r=5=y({) =Ce”’
VO =7 =30 = e = =T =y =7
Example 9.3 Find the general solution of ¥ + 4y = 8, y(0) = 5.

8
Ad+d=0=h=—-4=y() = C1€_4t + 7 = C1€_3t +2

YO =5=y(0)=Cle 0 +2=5=C=5-2=3=y@) =3¢ +2

9.4 First Order Differential Equations with Polynomial
Stimulation

In this section we want to find the general solution of ¥ 4+ ay = p(¢) where p(t) =
knt™ 4 ky—1t"V + kp_ot""? + ... + ko and a € R. General solution of this equation is
y(t) = Cre ™ + Apt" +Ap_1t" 1+ A,ot" 2+ -+ Ag. Value of Ay, Ay—1, Ap—a, ..., Ao
must be determined. Given initial value determines the value of Cj. Let’s study a numeric
example.

Example 9.4 Find the solution of ¥ + 3y = 12 + 5, y(0) = 5.

AF3=0=2h=-3=y0) =Cre " +yp, = Cre™ + 4> + Ait + Ao
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Vp 3y = 2+ 5 = 2A0r + Ap + 347 + 3411+ 340
=12 4 5= 340 + BA1 + 240t + (BAg + Ap)

= +5
|3A2:1 (0037|[Ay 11 [ 4o
Y3a, 424, =0 = 032 || A | =|0] =4
|3A0+A1:5 1310 As 51 |4
-1
{003"‘ P" lez‘z‘—;
032 Ay =
il 1) et
1 2 47
H=Cle '+ 2P+ -4+ —
YO =Cre ™+ 3t 4 gt oo
7 47 88
1 47
—3f 2
H=— P+ =
Y =gem gty

9.5 First Order Differential Equations with Exponential

Stimulation

In this section we want to solve the y + ay = ke*

where a, « € R. We study two cases:
When « # —a and when o = —a.

Case I: When o # —a
y+ay =ke ™
At+a=0=>r=—
y(t) = Cre ™™ +Ae™ = Cre™ +v,(1)
Vp(1) = Ae™ = 1, (1) = Aae™

Vp +ayy = ke* = Aae™ + aAe™ = ke™ = Ao +aA

k k
:k:}A:—:} 1) = el)fl‘
ira 0=
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k
¥t = Cre™ +
a
Let’s study a numeric example.

Example 9.5 Find the solution of y + 3y = 5e¢%, y(0) = 6.

A+3=0=)1=-3
¥ = Cre™ 4 Ae® = Cre™ +y,(1)

o+ 3y = 5¢% = 24¢” +346* =567 = 5A=5=A
=1l=y®= e

V(1) = Cre " + ¢
Y0 =6=y0)=C+1=6=C =5

y(t) = 5¢7 + ¢

Casell: When o« = —a

at

v+ay =ke”
A+ta=0=>r=—a

y(t) = Cre™ + Ate™ = Cre™ +y,(n)

Vp(1) = Ate™ = y,(1) = Ae™ — Aate™

Vp +ay, = ke™ = Ae™" — Aate™™ + aAte™ =ke™" = A
=k =y, (1) = kte™

y(t) = Cre™ 4+ kte™®

Let’s study a numeric example for this case.
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Example 9.6 Find the solution of ¥ + 3y = 5¢ =/, y(0) = 9.

)\,—|—3:()—_>)\,:—3
Y1) = Cre™ + Ate™ = Cre™ +y,(1)
Vp(t) = Ate™ = 3, (1) = Ae™' — 3Ate™

Vp 43y =5¢7 = A7 —3Are™ 434 =57 = A
=5=y,() =5t

y(t) = Cre 3 4 517

Y(O0) =9 = C; =9 = y(t) = 9 + 5te™ = (9 + 5n)e™

9.6 First Order Differential Equations with Sinusoidal
Stimulation

In this section we want to solve the v+ ay = k sin(wof + ¢o).a, k, wo, po € R.

v+ ay = k sin(wot 4 ¢o)

Ata=0=xi=—a

y(t) = Cre ™ + ‘

S|
xksin(a)ot—l—(po +Arg<_ ))
Joo +a,

, /1
xksin(wot—l—(po—l—Arg( - ))
\Joo +a,

\ a)(z) +a? ;

joo +a

y(t) = Cre™* +

When stimulation is a cosine function, i.e., y+ay = k cos(wot + @), @, k, @o, wo € R:

V4 ay = k cos(wot + ¢o)

Ata=0=xi=—a
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\\

y(t) = Cre ™ + ‘ :

X k coskwot + @o —I—Argk

Joo +a joo+a)
—at 1 \\
y() = Cre™" + ———= X kcos| wot + ¢o + Arg
Joi + a? a)0+a//
y

When stimulation has two terms, ie., v + ay = kocos(wof +¢p) +
ky sin(w1t + ¢1), a, ko, ki, @0, @1, o, o1 € R:

v+ ay = ko cos(wot + @o) + ky sin(o1f + ¢1)

Y = Cre™ +

/ 1
. cos(on—(po +Arg( - ))
\ w3+ a? \J@o +a

k1

1
+7S1n(wlt+(p1+Arg( ))
‘v/a)_nz_—l-az \ jor+a

Let’s study some numeric examples.

Example 9.7 Find the general solution of y + 6y = 20 sin(7¢ + ).

AL+6=0=Ai=-—6

1
N =Cre %4+ —=20 (7; A ( ))
y(t) 1€ m sin +4—|- rg\ 7756

O\I\l

L
my<ﬂ+6) Arg(1) —Arg(j7+6) =0 — tan_l(

= —0.8622Rad

V() = Cre™ +2.1693 sin (7t + % _ O.8622> = Cre®
+2.1693 sin (77 — 0.0768)

Example 9.8 Find the general solution of y 4+ 6y = 30 sin(47 + ).

AL+6=0=A=—-6
3Os1n(4t—|- 3 —I—Arg( \)\)

Y — Aro(]) —Are(i4+6) =0 —t 2} = —0.5880Rad
rg(\j4 5 ) rg(1) — Arg(j4 +6) MG a

y(t) = Cre™® +

1
V4246
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—6t . T
¥(t) = Cre™® +4.1603 sin (4r + 3 0.5880>
= Cre™% +4.1603 sin (4t + 0.4592)

Example 9.9 Find the general solution of y 4 6y = 20 sin(7¢ + %) + 30 sin(47 + 5).

AL+6=0=Ai=-6
y(1) = Cre™® 4+ 3,0

V@) = yp1(0) + yp2(F)

yp1(f) and ypo(f) are particular solutions of ¥y + 6y = 20 sin(7t—|— }) and v +
6y = 30 sin(4t—|— %), respectively. According to previous examples yp1(f) =
2.1693 sin(7t — 0.0768) and y,» (1) = 4.1603 sin(4r + 0.4592). Therefore,

¥(t) = Cre™® + 2.1693 sin(7t — 0.0768) + 4.1603 sin (4¢ + 0.4592)

Example 9.10 Find the general solution of y 4+ 4y = 12 cos(3r + ).

y(t) = Cre™ 4+ —— x 1200s(3t+ z +Arg(;))
V32 +42 3 \j3 +4
arg( =) = are1) CArg(B3+4) =0 —tan{ 2) = —0.6435Rad
“\j3+4) \4/ ’

() = Cre™¥ 4+ 2.4 cos <3z n % - 0.6435> — Cre™ 4+ 2.4cos(31 + 0.4037)

Example 9.11 Find the general solution of ¥ 4 4y = 24 cos(3 + ).

A+4=0=)1=-4

y() = Cre™ 4+ 3,0

Particular solution of this example is two times bigger than previous example: y, (1) =
2 x 2.4¢cos(3t + 0.4037) = 4.8cos(3t + 0.4037). Therefore,

y(t) = Cre ™ + 4.8 cos(3r + 0.4037)
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9.7 Second Order Differential Equations with Constant
Stimulation

V4 ay—+by=c. Where a £ 0,b # 0, c € R can be solved as follows:

—a+ a2 —4b

)»2+Cl)»+b202>)»172: >

Three different cases must be studied.
Casel:a? —4b > 0

In this case characteristic equation has two separate real roots A1 and A;. General solution
of given differential equation is:

c
y(1) = CreM' + Cre™ + 5

Case2: a2 —4b =0

In this case characteristic equation has repeated real roots A1 = Az = —35. General
solution of given differential equation is:

v(i) = Cre 3 + Core™ 3" +

Aol

Case3: a2 —4b <0

In this case characteristic equation has two complex roots A1 = « + Bj and Ay = o — fj.
General solution of given differential equation is:

¥(t) = €™ (Creos(B1) + Casin(B1)) + %

Let’s study some numeric examples.

Example 9.12 Find the solution of ¥ — 3y 4+ 2y = 0, y(0) = 3, ¥(0) = 5.

A2 —3A42=0= A1, k=2 = y(1) = Cre' + Cre*
yO)=3=C+(C =3

y=Cre +2Ge" = 3(0) = C1 +2C, =5



9.7 Second Order Differential Equations with Constant Stimulation 291
11 3 G 11] 3
= =1 =
12| & 5 G 12 5
1 2 1|3 [Cl_ [2x3—1x5 _
= =
- CZ_

3
CIx2—-1x1|-11 —1Ix3+1x5
=>C=1,0=2=y0=¢ +2¥

| circ=3
'|c1+2c2:5T>

_Cl_
| C

=

5

2

Example 9.13 Find the general solution of y — 6y 4+ 9y = 0.
oA +9=0L—-37 =01 =i =3
y(t) = Cre* + Cote™
Example 9.14 Find the general solution of y + 2y 4+ 5y = 0.
RH2L+5=0= 0 =—142j,k=—1-2j
y(t) = e (Cy cos(2t) + Casin(21))
Special case I

When g = 0 differential equation y 4+ ay + by = ¢ simplifies to ¥ + by = c. Differential
equation ¥ 4+ by = ¢ with b > 0 can be solved as:

Wb =0= 0 =+jvh ho = —jvb
y({) = Clsin<x/5t> + Czcos<x/5t> + %
Solution of y + by = ¢ with b < 0 is:
MHb=0=r =+V=b,hy = —/—b
y(t) = C1€“/__bt + Cze_“/__bt + %
Let’s study some numeric examples.

Example 9.15 Find the general solution of y + 24—5y =0.

A2+i:0:>?»1=+zj,?»2:—%'
25 5 5
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b2

vy = Clcos(

) +C2s1n( )

J

Example 9.16 Find the general solution of y + 24—5y =8.

x2+_4 0= A +2" 2
= — = -] . Ay = ——
2 1 5‘1 2 5]
£2 ) (2 (2) ,(2\
1 =Cicos{ =t )+ Cysinl = —_C cos| =t ) +Cysinl =11+ 50
v =G k ) 2 \5 ) Leost 5t 2sin{ 37}

Example 9.17 Find the general solution of y — %y =0.

Kz—i_()_>)»1 +z,)»2:——
25 5 5

2 -
y() =Cre3” 4+ Cre™ 3
Example 9.18 Find the general solution of y — 24—5y =8.

Kz—i_()_>)»1 +z,)»2:——
25 5 5

2, 2 8 2, _2
y() = Cie3' + Cae™5' + —5 = Cre5' + Cre™5' = 50
235

Special case 11
When b = 0 differential equation ¥ 4+ ay + by = ¢ simplifies to ¥ + ay = c. Differential
equation ¥ + ay = ¢ can be solved as:

Mtar=0=0 =01 =—
¥(6) = Cr 4 Cre™ + 2t
Let’s study some numeric examples.
Example 9.19 Find the general solution of y + 24—5y' =0.

4
Mt —A =02 =0,k = ——
+25 = Al 2 3

y(t) =Ci + Cpe™ !
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Example 9.20 Find the solution of ¥ + 2V = 8, y(0) = 1, %(0) = 2.

xz+ix:0:>x1:0,x2:—i
25 25

8
¥(1) = C1+ Cae™ 5 + G1=C+ Coe™ 5" 4 501
25

It is time to apply the given initial condition:
yO =1=C+CG=1

4 4
V(1) = Cy 4+ Coe™ 75" 4 501 = (1) = —2—5c2e—%f 150

4 4
=30) = —7C+50=2= —C =250

= (2 =300
O+G=1=C+30=1= C =-29

V(1) = —299 + 300e~ 5" 4 501

9.8 Second Order Differential Equations with Polynomial
Stimulation

General solution of differential equation ¥ + ay + by = p(f) with b # 0,a € R and
PO =kt 4+ k1" "2+ kg s

YO = yu(0) +Vp () = Yp() + Apt" + Ay 11" £ Ay 21"
4+ Ao

Value of A, An—1,An—2,...,A0 must be determined. y;(f) shows the homogenous
solution and can take three forms based on the roots of characteristic equations:

yp(t) = Cle)”lt + Cze)”zt
yi(t) = Cre*! + Cate*!!

yp(t) = e* (Cy cos(Bt) + Cy sin(B1))
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Therefore, general solution of differential equation y+ay+by = p(t) withb #0,a € R
and p(t) = knt" 4 kn—11""" + ky—2t""2 + - + ko is one of the following three forms:

y(t) = C1e 4+ Cre®? + At + Ay 1" N+ Apaf 4+ A
Y1) = CreM 4 Cate™! + A" + Ayt F A" 4+ A

y(t) = e*(Cy cos(Bt) + Co sin(B0) + Apt" + Ap_1t"7!
+ A" 4+ Ag

Let’s study a numeric example.

Example 9.21 Find the solution of ¥ 4+ 2y 4+y = 61 + 7, y(0) = 5, ¥(0) = 3.

M+2+1=0=04+1D2=0= o =—1
y(t) = Cre ™ + Cote ™ + A1t + Ag = Cre™ + Cate ™ + y,(1)
(1) = A1t + Ao = ¥p(t) = A1, ¥ (t) =0
Vo) + 29,0 +yp (1) =61 +7 =0+ 241 + At + Ao =61 +7

IA()-|-2141:7::> IA():—

5
|41 =6 |a—g =00 =0-5

y(t) =Cre™ + Cate™ + 6t -5
() = —Cre™" + Cre™ — Cate™ +6
YO =5=C-5=5=C=10
YO =3=-C1+CG—-04+6=3=—-10+C=-3=0C=7

y(t) =10e™ +Tte™ + 6t -5
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Special case I

Differential equation ¥ +ay + by = p(¢) with b =0, a € R and p(t) = kut" + ko171 +
kn_ot""2 4 - - + ko simplifies to ¥ + ay = p(f). General solution of differential equation
y4ay =pt) with a € R and p(t) = kyt" + kn1""" + kyot" 2 + - + ko is:

R4+ar=0=r+a)=0=21 =0, =—a
y(© =) + @) = C1 + Cre™
1 X (A" F At " A" - Ag)
Let’s study a numeric example.
Example 9.22 Find the solution of y —y =2 — 1, y(0) = 1, y(0) = 2.

MW =0=A =0,y =1
V(1) = C1 + Cae' +1(A1t +Ag) = C1 + Cre + A2 + Aot = C1 + Cre' +,(1)
Vp (1) = A11? + Aot = V(1) = 2A11 +Ag = ¥, (1) = 24,

|2A1—A0:—1:>|A0:—1

241 =241t —Ag =2 — 1=
LT | 24, =2 | 41 = -1

=) = 1> —1
yit) = C1 4+ Coel — 12 —1¢
V() = Cre' =2t — 1

Iy(O):1:>y(O):C1+C2:1:>|C1:—2
|y =2=C-1=2 | ¢ =3

y(t) =243 =12 —1

Special case 11
Differential equation ¥ + ay + by = p(t) with b =0, a = 0 and p(t) = kut" + k,_1" "1 +
kn_ot""24- - -+ko simplifies to ¥ = p(¢). General solution of differential equation ¥ = p(¢)
is y(t) = [ fpD)dt.

Let’s study a numeric example.
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Example 9.23 Find the general solution of y = 2¢ — 1.

y:zz—l:>y:f(2t—1)dz:t2—z+cl:>y:f(t2—z+c1)dz
£ 7

:F*E-FCN-FCZ

9.9 Second Order Differential Equations with Sinusoidal
Excitation

V4 ay 4+ by = ky sin(ewt) + ky cos(wt) can be solved as follows (either of k; or k> can be
ZEero):

Casel:a =0
In this case the particular solution has the following form:
yp(t) = Asin(et) + Bcos(wt)

The values of coefficients A and B must be determined.
Case2:a=0and b # Jw

This case is similar to the first case. In this case the particular solution has the following
form:

yp () = Asin(of) + Bcos(or)
The values of coefficients A and B must be determined.
Case3:a=0and b = Jw
In this case the particular solution has the following form:
yp(t) =1 x (Asin(er) + Bcos(ot))

The values of coefficients A and B must be determined.
Let’s study some numeric examples.

Example 9.24 Find the general solution of ¥ + 4y + 3y = 2 cos(21).

4+ VP —1x3
WA 43 =02 Ay, = Jl X2 1,3
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() = Cre™ + Coe™
Vp +49p + 3y, =2c0s(20)
yp(1) = Asin(21) + Bcos(2t)
Vp(1) = 2A cos(2r) — 2B sin(2r)

Vp(1) = —4Asin(2r) — 4B cos(21)
Substitution in the given differential equation:

— 4Asin(2f) — 4B cos(2t) + 8A cos(2r) — 8B sin(2r)
+ 3Asin(2t) + 3B cos(2t) = 2 cos(21)

(—A — 8B) sin(2t) + (—B + 84) cos(2t) = 2 cos(21)

L -a-ss=0 _[—1=s|[a]_[o
|8A B=2 8 —1||B 2
- - - __1_ - - - -
Al | -1-8 ol 1 -1 8 1|0
Bl |8 -1] |2 1-(-6H|-8-1]|2
1 16 16 -2
65| = 65 65

16 -2
yp() = s1n(2t) + 3 cos(2f)

16
V(O = () + ¥, () = Cre™ + Cre ™ + = — sin(2r)

-2
+ 3 cos(2t)

Example 9.25 Find the general solution of ¥ + 9y = sin(41) — cos(41).

ME9=0=>1=-9=r==3
yp(t) = Cycos(31) + Cysin(31)

$p + 9yp = sin(4t) — cos(4r)

297



298 9 Differential Equations

yp (1) = Asin(4r) + Bcos(41)

Vo () = 4Acos(4r) — 4B sin(4r)

Vo (1) = —16Asin(4r) — 16B cos(41)
Substitution in the given differential equation:

— 16Asin(4t) — 16B cos(4t) + 9A sin(4t) + 9B cos(4t)

= snian oy = | 14T
A 1 1 4 -
= T’B =3 = Ypt) = 7(cos( 1) — sin(4r))

y(t) = Cycos(3t) + Co sin(31) + %(cos(4t) — sin(4t))

Example 9.26 Find the general solution of ¥y + 9y = sin(3r) — cos(31).

)\,2+9:():>}\,2:—9:>)\,:i3j

yp(t) = Cycos(31) + Cosin(31)
Given differential equation falls in third case, i.e, a =0 and b = /o.

Vp + 9yp = sin(31) — cos(3r)
yp (1) = t(Asin(3r) + Bcos(31))
Vo (1) = Asin(31) + B cos(3t) + 1(3A cos(31) — 3B sin(31))

Vp(1) = 3Acos(31) — 3B sin(31) + 3A cos(3t) — 3B sin(31)
+ t(—9B cos(31) — 9A sin(31))

Vo (1) = (A —3B1) sin(31) + (B + 3At) cos(31)

§,(1) = (6A — 9Br) cos(31) — (9A1) sin(3t)
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299
Substitution in the given differential equation:

(6A — 9Bt) cos(31) — (6B + 9A1) sin(3¢) + 9At sin(31)
+ 9Bt cos(3t) = sin(3t) — cos(3¢)

(6A) cos(3t) — (6B) sin(3t) = sin(31) — cos(31)
-1
= I 5 =0 = —z(sin(3t) + cos(31))
| B=# 6

v(6) = yp(®) + ¥ (1) = y(1) = C1cos(3t) + C25in(31) — é—(sin(3t) + cos(31))
or

I\ ok
y@) = C1 — = )cosBn) + | C2 — = }sin(3r)
1 6/ : 6/

9.10 Second Order Differential Equations with Exponential
Input

General solution of ¥ + ay + by = kje® where a, b, ki, @ € R can be found using the
following technique.

—a+ a2 —4b
)»2+a)»+b:03)»172:—

2
, —a+va*—4b
= ~l -
I hy = —a—+/a*—4b

2
Case 1: A; and A; are real numbers and o« # A1 and & # Ay
In this case y, (1) = Ae® . A is unknown and its value must be found. Therefore,
V() = Aae™
¥, (1) = Aa?e™

Yp +av, + by, = kie™ = Ac?e™ + aAae™ + bAe™ = kye™

ki
(az+aa+b)A:k1 :>A: m :}yp(t)
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T 24 awa+b

of

Case 2: A1 and A; are real numbers and &« = 1| but o # A,

In this case y,(f) = Ate® . A is unknown and its value must be found. Therefore,

¥p(1) = Ae™ + Aate™
¥p (1) = Awe™ 4 Aae™ + Ad*te™

p +avy + by, = kie™ = Ace™ + Aae® + Ac’te™ 4 Aae™
+ Aaate™ + Abte®™ = ke
AQu + a)e™ + A(e? + aa + byre®™ = kye™
Note that )»% +ar +b=0. a = A therefore, & + ax + b = 0, t00. So,

> +aa+b=0=AQa+a)e” =kie” = AQa +a)

k1
1= 20+ a
k] ot
1) = 1
() 2a+ae

k1
H=C At C At f ot
v(t) 16" + Cre™" + Youta Ta e

Case3:a = —20 and b = o

In this case @ = A1 = Ay and particular solution is y, (f) = Ar%e® . Therefore,

Vp(t) = 24te™ + Aat®e™
(1) = 24e™ 4 2Aate™ + 2Aate™ + Ad*t?e™

p +ayp + by, = kie™ = 2Ae™ + 2Aate™ 4 2Aate™ + Aa’1*e™
+ 2Aate™ + Aaar®e® + bAPPe™ = ke

2Ae™ +2AQa + a)te™ + A(e?® + aa + b)*e™ = ke
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| 20 +a=20—2a=0
Iaz—l—aa—l—b:aZ—Z(xz—l—az:O

24" +2AQa + a)te™ + A(e? + aa + b)*e™

k
— ke = 246" = ke = A = 7‘

k1

2 ot
1) = —t
Vo (D) 3 €

k
y(t) = Cre™ + Cyte™ + 71126‘”

a

Let’s study some numeric examples.

Example 9.27 Find the general solution of y 4+ 5y + 6y = 3e™¥.

M4Sh+6=0=A+2)(A+3)=0= 1 = -2,
A= -3=y0) = Cre™ + Cre™ +y,(0)

Yp + 59, + 6y, = 3¢~ ¥

In this case o # A1 and o # Ay therefore, y, (1) = Ae™¥ Therefore,

p(t) = —dAe™
(1) = 164e™¥

Vp + 59 + 6y, = 3¢ = 164 —20Ae™ + 64e™H

3
:3e—4f:>2A:3:>A:E

3 —4t
Yy = —
yp() 23

3
y(t) = Cre ™ + Cre ' + Ee_‘”

Example 9.28 Tind the general solution of y + 5y 4+ 6y = 7e 2.

RH5A4+6=0=GK+2)A+3)=0= 1 = -2,
r=-3=y0) =Cle? + Ce M +y,0
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Yp + 59 + 6y, = T
In this case o = Ay but @ # A therefore, y,(#) = Afe ™%,

Ip(t) = Ae™* —2Are™
V(1) = —24e72 — 2467 + 4Ate™ = —4Ae™% + 4Are™
Yp

Vp + 5ip + 6y, = Te 2 = —4Ae™ + dAre™ 4 5Ae™Y
— 10Ate™" + 6Ate™ = 7e~%

A4+ 52+ A4 —104+6)te ™ =T = A=

o E 7 = v, (1) = Tte™

y(t) = Cre % 4+ Cre™ + Te™

Example 9.29 Find the general solution of y 4+ 5y + 6y = Te ™% + 3¢™#.

M AHSA+6=0=A+2Rr+3)=0=1i = -2,
ro =3 =) =Cre 4+ Cre™

V(O = V1O +3p1 (0 +3p2(t) = Cre™ + Cre™ + 31 (0) + 3 (1)
ypl + 557[71 + 6yp1 = 76_2t = Yp1 = 7[g_2t

_ 3
Vp2 + 5¥p2 + 6y = 3e RN Y2 = Ee 4t

3
y(t) = Cre 2 4+ Cre ™ + Tre™ + ;e_‘”

£

Example 9.30 Find the general solution of ¥+ + 1y = %e_ft.

1 1 1
AZ+A+Z:():A1:—E,AZ:—§:>y(t)

= Cre™ 7 + Cote™ 3 4 y,(1)

. ) 1 _1
Yp +YP+ZYP = Ze !
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In this case a = A1 = Ay therefore, v, (1) = Atze_%t.

A
¥p (1) = 2Ate™3 — Etze_%t

Vp(1) = 2Ae™ 2" — Ate™2" — Ate™ 2 +Zt e 2
— 2Ae™3 — DA~ 4 %tze_%t

.- 3 1 1 —ll‘ —ll‘ —lt A ) _lt
Yot Vp gy =g€7 = 2Ae” 2! —2Ate”2 + e

1 A 1 A 1 1 _1
2At —jl‘ _ _tz —71‘ _t2 —jl‘ . —71‘
+ 4 2 € —l—‘4 e 46

2ne 3 1 2a(—1+ Dt a1 - L Db
4 2714
L T N
3¢ —3747R
(1) = —f2e 2!

1
Y1) = Cre™¥ 4 Cote™¥ + e

9.11 Transfer Functions

In the Laplace domain, the transfer function, H (s), is defined as the ratio of the Laplace
transform of the output signal, Y (s), to the Laplace transform of the input signal, U(s),
assuming zero initial conditions: H(s) = %i—{

Y(s) _ 1

For instance, for ¥(r) + 4y(®) 4+ 3y() = u(t) = Uty = P43
block diagram representation of given differential equation.

Figure 9.1 shows the

Fig.9.1 Block diagram of
given differential equation U ( S ) 1

Y(s)}
s2+4s+3
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The transfer function can help us to calculate the system response to sinusoidal inputs
easily. For instance, transfer function associated with ¥(@)+av(#)+by(t) = u(t) is H(s) =

Yo 1 Agqume that input u(t) is sinusoidal: ¥(£)+ay(t)+bv(t) = Asin(wot+@p).

U(s) = s24as+b-
The particular solution of this equation can be written as y,(f) = | H (jwo)| X A Xsin(wot +

: : 1 1
@0 + Arg(H (jx))). Note that H (joo) = o——r I s v re Sl e

Let’s study a numeric example.

Example 9.31 Find the general solution of ¥ + 4y 4+ 3y = 2cos(21).
Homogenous solution can be found easily:

RH4r+3=0=> M =1,k = =3 = y,(t) = Cre" + Cote™
Now we find the particular solution with the aid of transfer function:

Y1) +49(0) +3y(1) = u(t) = (s> +45+3)Y (s)

) Y(s) 1
=Y = Uls) s2+4s+3
1 B 1 B 1 1
P45 +30y (22 +4x Q) +3 —A+8+3 —148
=l -7
—1+8j V65

Principle argument %+8j can be calculated with the aid of Fig. 9.2:

LN Ix(=1=8)
A’g(—1+8j) _Arg(<—1 F8) % (—1 - 8))

—1-8 /—1 -8 ™ if &)Y
=A —Argl —+—-2)=—(=+tan [ &
rg( 5 ) rg\65+ 65) (2+mu 383)

= —1.6952Rad € (—m, 7]
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Fig.9.2 Principle argument of \
1 _ 1 8
I8 T T8 T s

You can use the following method and Fig. 9.3 to calculate the principle argument as
well.

)= 3 =0— (% 4t
Arg(—l+8j/’ =Arg(l) —Arg(—-14+8j) =0 (2+tan (8))

= —1.6952Rad € (—=, 7]
() = —— x 2e08(2f — 1.6952)
= ——— X ZLCOS — 1.
W= Tes

1
V() = yu(t) +yp () = Cre™" + Cate™ + T x 2cos(2t — 1.6952)
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Fig.9.3 Principle argument of
—1+8j

Arg(—1+8j)

Example 9.32 Find the general solution of y 4 6y = 30 sin(4¢ + %).

A+6=0=1=—6=y,(t) =Cle™™

y'(t)+6y(t):u(t):>(s+6)Y(s):U(s):>%§)):Sj_6
L)
§+6]y 4+6
‘ 1 ‘_ 1 1
64| e+ R V%

The principle argument of gj—éh. can be calculated with the aid of Fig. 9.4:

1 4
Arg<m> = Arg(l) —Arg(6+4j) =0 — <tan—1 <6>) = —0.5880Rad

1 T
(1) = —— X 30sin{4f + — — 0.5880 ) = 4.1603sin(4r + 0.4592
Yo (0 NG X s1n< + 3 > sin(4t 4+ )

V() = yu(t) +vp (1) = Cre™ 4 4.1603sin(4t + 0.4592)
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Fig.9.4 Principle argument of
6+ 4j T

Arg(6 + 4j)

! 1 !
! ! 1 I ] T I

Example 9.33 Find the general solution of ¥ + 4y = 6¢cos(2¢).

?+4=0=5=+v—4=142 =y, = Cj cos(2) + C3 sin(21)

50450 =0 > (76 = v » L
Uis) 244
1 -1 -1 __ly
P4l (224 4440

Therefore, the transfer function method can’t be used here. Let’s assume the following
form for particular solution:

Yp =1 x (Acos(2t) + Bsin(21))
Vp = Acos(21) + Bsin(2f) + 1(—2Asin(2t) + 2Bcos(2t))
¥p = —2Asin(21) + 2Bcos(2r) — 2Asin(21) + 2Bcos(2r) + 1(—4Acos(2t) — 4Bsin(2r))
= —4Asin(2t) + 4Bcos(2r) — 4t(Acos(2t) + Bsin(2t))
Substitution in the given differential equation:

Vp + 4y, = 6c0s(2t) = —4Asin(2r) + 4Bcos(2r)
— 4t(Acos(21) + Bsin(2t)) + 41(A cos(2t) + Bsin(2¢1))
= —4Asin(2t) + 4Bcos(2t)

— 4Asin(2f) + 4Bcos(2t) = 6¢cos(2t) = A =0,B
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—6—14—' —3t'(2t)
- —=15= vy, = —tsin
4 > 2

3
Yy =yp+ ¥ = Crcos2n) + Csin(2r) + Etsin(Zt)

9.12 Matrix Exponential

Matrix exponentiation is a powerful tool for solving systems of linear differential equa-
tions. It provides a systematic and efficient method to find solutions, especially for systems
with constant coefficients.

The matrix exponential of a square matrix A is defined as the infinite series:

@an? un® o

At _
e =TI+ Ar+ 2 + 3l
Let’s study some numeric examples.
; 16 At
Example 9.34 A = 5 3 . Calculate ¢*.
= i &F I - -
A= N m—rr=o= || 10y 10
2 3 23 01
—-1-A
. O o Cl—nB-n-12=0= 22—
2 3-A

—15=0=2A1=5,Ap =-3

1
Eigen vectors associated with Ay = Sand A, = —3 are V| = |: 1} for A1 = 5 and

Vo = B for Ap = —3. Define the matrix P as the concatenation of the eigenvectors V7
and Vs:
2 3 =
p=[viv]=
1 V2 11

Note that the use of unit eigenvectors is not required in forming the matrix P. Calculate
the invers of P:
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Note that order of matrix multiplication is not important, i.e., (AxXB) xC = Ax (B x (),

since:

-a b- _ -e O-
0f |

cd

wwsmee=([0 ][ <[] [ ]

A=

’

-aeg—l-bﬁ aeh+bﬁ-
_ceg+dﬁ ceh—l—dﬁ_

Ax (BxC)= ab y e 0 » gh \_ ab eg eh
XAEXEIE 0f ij/’_cdxﬁﬁ
_aeg—l—bﬁaeh—l-bﬁ_
_ceg—l—dﬁceh—l—dﬁ_

In general, for n x n square matrices A, Band C, (A x B) x C = A x (B x ().

20

Example 9.35 A = . Calculate ¢*'.

2—x 0
0 3-—-A

-AO-
0 A

=2 -NB-MN=0=r =2, =3

Eigen vector associated with A1 = 2 is:
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acsmzo- (3] L[]
- ([l

01
For instance, we can select Vi =

Eigenvector associated with A, = 3 is:

e (5] B

= 10 xl- = = -—x=0
0 0|/|x 0 !
For instance, we can select V, = ‘ (1) . Similar to the previous example,
p_ 10
01
et 10|
01
- . o -1 - - - - - - e -
Ar &t 0 10 e 0 10 e 0
e =P . = X 4 | X = 3
0 et 01 0 e 01 0 e |
32 o
Example 9.36 A = 41 . Calculate ¢*'.
F. o ohs
= 32 =>A-M|=0=> 3 —A 0
4 —1 4 —1 01

30 -2
4 —1-2

—(B—M(=1—2) (=8 =0

S A2 24 4+5=0= A =142/, =1-2j

Eigen vectors associated with A1 = 1 + 2j and A» = 1 — 2j can be calculated as:
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Ly
x1:1+2j:>( ) ‘—(1+2)[ )vl
0 32 1+2]
= =
0 |41 1+2]
0 31-2 -
— = —_
0 | 4 —1—1—2]
Mm=1-2= 3 - _—(1—2) v, e -
1= 4 -1 01" 0
32 '1—2]' o |\ xl-
= - i
4 -1 0 1-2|/|
0] 3142 -2 Nla] (o]
0 4 —1-142 X2 0
2427 =2 N\[a] [o _
= = = 24+2)x1 —2x =0
( 4 —2+2;') Y 0‘ G20 =20

>xn=04+)x1 =V=

14+j
Similar to the previous example,
o
1—j1+]
bl _ | 05-0.5 05 | _ 5_1—1 j
0.5+0.5/ —=0.5j | I+
- - _1 - K —
A=p et 0 = ! ! % e 0 .| x 0.5 b=/
0 e | 1—j 1+ 0 el=2 14—
o5 ] 1 1 B (1 _j)e(1+2]:)t je(1+2j).t )
L—j14j || (14jet=2) —je=2)
0 i (1 = je+20t 4 (1 4 jye1=2i je1+2it _ j(1=2))1
- K — 220 (1 4 2200 (1 — jeTH2 — j(1 4 j)ed—2) )

Remember that z +Z = 2Re{z}. Therefore,

A 05 (1 — e g (1 4 je=r o2t _ jo1=21

i (1 _j)26(1+2j)t + (1 +j)2€(1_2j)tj(1 _j)e(1+2j)l _J(l +j)e(1—2j)l_

311
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o[ 2reta ety agegjet sy
2Re{(1 — e 1201 2Re{j(1 — jrel+2

Re{(1 _j)e(1+2j)t} Re{je(1+2j)t}
| Re{(1 = )21 Re{(1 + j)el1+2)1)

Let’s calculate the real part of each element:

Re{(l —j)e<1+2f>f} - e’Re{(l —j)ezﬂ} — ¢'Re{(1 — j)(cos(2f) + jsin(21))}
= ¢'(cos(21) + sin(2f))

Re{je(sz”} = etRe{jejzt} = ¢'Refj(cos(2t) + jsin(21))} = —e'sin(2r)
Re{(1 — )2eM2)) = Re{—2je ™21y = —¢'Re{2j(cos(2f) + jsin(21))} = 2¢'sin(2r)

Re{(l 4 j)e(+2 ] _ efRe{(l n ;)eﬂf} — ¢'Re{(1 + ) (cos(21) + jsin(20))} = €' (cos(21)

— sin(2t))
Therefore,
s _ | Re((1 = e} Refje+21)
| Re{(1 — j)*e12)) Refj(1 — je1+2)1) |
_ [ cos2) +sin(2)  —sin(20)
B 2sin(2t) cos(2t) — sin(2t)
71 Py
Example 9.37 A = 43 . Calculate ¢*'.
A=" Mo u-u=os || 77 = 10
43 43 01
T s T=MNG =2 +4=0=212—10x
4 31

+25:():>)\,1:5’)\,2:5

Eigen vectors associated with A1 = Ay = 5:

A-2DV =0= ( 1_1
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T T2-11[x )
=0 = Y= > —-y=0=2>y=2%
0 42|y 0
For instance, we can select V| = ‘ ; . The generalized eigenvector is:

(7 -1 (10 ]\[ wi |

A—ADw =V, = _s| Lo} m
: 4 3 01 W

- 1 N 2 —1 || w o 1 g —wy = 1
2 4 =2 || wa 2

= wy =2w; — 1

For instance, we can select w; = . Therefore, given matrix has an ordinary

eigenvector and a generalized eigenvector.”
Define the matrix P as the concatenation of the eigenvectors Vi and wy:
11

P:[VIWI]: 21

The invers of P is:

-11
2 -1

pl =

Given matrix has one eigenvalue and one eigenvector. Therefore, we need to use the
following formula to calculate the ¢4’:

-1

A = (P 1t P )
01
iR R e B R R N e B R B T a
211(01 2 -1 21 2 -1 4t 1 =7t

Matrix exponentials provide a powerful tool for solving systems of linear differential
equations. Let’s study a numeric example.

O =1
¥y =7 |

| 26y = 3x) — 2y(0)

Example 9.38 Solve I 50 = 4x(0) — y(0)




314 9 Differential Equations

[i0)=3x0 -0 _ [0 ] _[32][x0|_, [0
| 0 =4x-yey |30 | [4-1]] 0 ROJ
0 | _ [ %O | _ [ cos@n+sin@n  —sin@n || 1)
yo| |y o | 2sin(2¢) cos(2) —sin(20) || 7

cos(2t) + sin(2¢r) — 7sin(21)
2sin(2t) + 7 cos(2t) — 7sin(2¢)

t

1 [ cos@n —6sin2n) )
| Teos(2r) — Ssin(21)

x(0) )
=
o,
| x() = ¢ (cos2r) — 6sin(21))
| y(t) = €' (7 cos(2r) — 5sin(21)

_ i e’ (cos(2f) — 6sin(21)) )
N | (Tcos(2t) — 5sin(20))

(Note that e?! is calculated in Example 9.36.)

An alternative approach would be to employ the Laplace transform. For the sake of
brevity, we will represent the Laplace transform of x(¢) and y(f) by X and Y, respectively.

|40 =3x0) —2v() _ | L) = LGx(0) — L2y ()
| v =4x() —y) | LOW®) = LEx@®) — Ly(1)

[sx —x=3x —2v _ |sx—1=3x-2r
| s¥ =y =4x -y | s¥ -7=4X —Y

[ s-3x+2v=1 _[s-3 2 X-_-l-:>-X
| 4x +s+DY =7 —4 s+1||Y 7 Y
- -1 - - i
| s=3 2 I 1 s+1 =2 1
| A s+l 7] G-RDEHED-QEH| 4 s-3]| 7]
ot [serewa] s-13 ] _[+55s
P25 +5| 4476 -3 | L -25+5|75-17 | | 5L
I = 2s—13
—2545
:>|V_s7sz?7L
T 22545
Therefore,

_ -1 o s=13 N et s—1 2
X0 =L7X) =L (s2—2s+5) =L \s—1)2+22 6(s—1)2+22)
= e'cos(2t) — 6ef sin(2f)
| y(t) = L7V(Y) = 5—1( 75—17 ) B I [ VIR )

$2=25+5 \ (s—1)2 422 (s—1)%+22
= T7e'cos(2t) — 5S¢’ sin(2t)

The result obtained is identical to the preceding one.
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Example 9.39 Solve | £ =7x0) v O =1]
| v =40 +3y0 | y0) =2
[« =70 —yo _ [sw ] _[7-1][x0]_, [+
| v =4x+3y0 |y | |43 |[y0 ] |y
(1) _ ECI EZS U Y :e,'l' [ x) = ¢
() v 41— |2 2] v =26

(Note that is e calculated in Example 9.37.)

An alternative approach would be to employ the Laplace transform. For the sake of
brevity, we will represent the Laplace transform of x(¢) and y(f) by X and Y, respectively.

[ £ =7x0 —y0) _ | LG0) = Lx0) = LOo®)
| 7() = 4x(0) +3y0) | LG W) = Lidx(0) + LBy (1)

| X —x)=7X-Y | sXx—-1=7x-vY

| s¥ =y =4x +3y 7 | sy —2=4X +3Y

| w-nx+v=1 _[s—7 1 |[x]_[1]
| 4x +6s -3y =2"| 4 s-3||¥v| |2

:>-X-_-s—7 ][] 1 53 -1 |[1
v |7 4s-3] (2] G- -] 4 s-7]|2
B 5 B ] 1] ' 1
_ 1 s=5 |_ 1 s=s | &L lx =
So10s+25[25-10| -3 |26-9] |Z]| |r==
Therefore,

| x0 = £ = £ () =

| v =710 = £71(F5) =2¢f

The result obtained is identical to the preceding one.
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9.13 Converting a Higher-Order Differential Equation
to a First-Order System

The following example illustrates the technique for converting a higher-order differential
equation to a first-order system.

Example 9.40 Convert y(t) 4+ 5v({) + 6y(t) = e, y(0) = 1,3(0) = 0 to a system of
first-order differential equations.

[ x1(0) = ()
| 2200 = 30
X2(f) = ¥(¢). Given differential equation can be written as: y(f) = —6v(1) —5y(f)+e¢™>" =
H2(f) = —6x1(f) — Sxa(t) + e~ Therefore, ¥(£) +59(1) +6y(t) = e, y(0) = 1,7(0) =0
can be written as:

We define x1(f) and xp(f) as . Therefore, x1(f) = y(f) = x»(f) and

~5t

[ 510) = 1200, 11 (0) = 1
| x2() = —6x1() — 5x2(0) + €7 x2(0) =0

Example 9.41 Convert ¥(t) +2y(¢) + 3y(t) = 4u+ Su to a system of first-order differential
equations. y(f) and u(r) represent the output and input, respectively.

[ 1) =y

| 220 = ¥(0) — 5ur)
Su(t) and x2(r) = V() — Su(t) = =2y() — 3y +4u(t) = —2(x2() + Su(®)) —3x1 () +
4u(t). Therefore, ip(f) = —3x1(t) — 2x2(t) — 6u(t).

We define x1(f) and x2(¢) as . Therefore, X1 (f) = y(t) = x2(t) +

$(t) +29(t) + 3y(t) = 4du + Sit

() _ o0 1 |[moe] [ 'u(t)
X (1) =3 =2 || x2(t) —6
O R IR
_ X1
= [1 O] | x2(0) |
5t

For instance, when input is u(f) = e¢™>*:

V() + 29(0) 4+ 3y(1) = 4e™> +5x —5¢7 = —217

[ () _ o0 1 |[uw] |5 _(,—SI
X (1) =3 =2 || () —6
7. rooffao] R
X1
=10
|y [ ]_xz(l)_
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Example 9.42 Find the transfer function associated with

u@o | [ 01 x1 (1) 5
AR A A T
x1(f) ‘
=(10
y() [ ]mm

(1) -3 -2 x5 (1) —6
_ x1(0)
o =[1o] 20

lnm:mm+mm
= 7 ) = =3x1() — 2x2(t) — 6u(t)
y() = x1(0)
p | sX1(8) = Xo(s) + 5U ()
=1 5Xo(s) = -3X1(5) —2Xp(s) —6U(s)
Y(s) = X1(8)

| sX1(5) — Xa () = 5Us)

| 3%1 () + (5 + )Xo (5) = —6U (s)
-1

s 1 |[xe | _[sve | [xe] _[s -1 5 v
3542 || Xo(s) —6U (s) X5 (s) 3542 —6
3 S5s5+4 1 i i ) ) i ) ) ) )
= | T2 UG
_ 5242543 _
Y(s) = X1 (5) = %U@ = T(s) = %
B 55+ 4
2 4+25+3

In general, the transfer function of a system described by the state-space equations:

Ix:Ax—l-Bu
Iy:Cx—l—Du

is given by (I shows the identity matrix):

Ts)=CsI—A)'B+D

5
—6

0 1
__3 _2_

,C = [1 O} and D = 0. Therefore,

’

In this example, A =
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o] [o 1]\ |5
T(s :CsI—A_lB—l-D:[lO]( +0
) ( : 01 -3 -2 —6_
- .._1 - - - -
-1 5 1 s+21 5
~[10] . Y ——
[ 3s5+2 [—6_‘ s24+25+3] =3 s || -6
1 (s+21][ 5 1 | ss+10-6
:—X[lO] :—X[
s24+25+3 -3 s || -6 $24+25+3 —15 — 65
1 [ sst4 55 + 4
242543 —15—6s 242543
The result obtained matches the result from the previous calculation.
Example 9.43 Use the Laplace transform to solve the

| (1) = x200), x1(0) =1
| x20) = —=6x1(1) = 5x20) + €7, x2(0) =0

For the sake of brevity, we will represent the Laplace transtorm of x1(¢) and x»(f) by
X1 and X», respectively.

|X1(t) =x0),x10) =1
| x2() = —6x1.(8) — 5x02(1) + €7, x2(0) = 0

L sx—xo =
| sXo — xp(0) = —6X1 —5X; + =
:>|SX1—1=X2 sX1 —Xp =1
| sX2 —0 = —6X%1 — 5X2 + = 6X1 + (s +5X2 = 3
- - = = B 1 B -1 7
s —1 X 1 X1 s —1 1
— 1 = = 1
65+5|| X2 3] X [65+5] | a5
X 1 s+ 1 1 [x
= e -
X, 2+ 55+6| —6 5 || 73 X
- { ™ sES L
B 1 \‘s +5+ 43 245546 | (545)(s24+55+6) —‘
=5 g = -6 5
$7+55+6| -6+ —= ] _ 45546 | (545) (5245516 -

5s+5 + 1
(S+2 (s+3) (S+5)(S+2)(S+3)

ey T e

Using partial fraction decomposition, we have:
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x| |
X

545 + 1
(s+2)(s+3) (s+5)(s+2)(s+3)

+ N
(s+2)(s+3) (S+5)(S+2)(S+3)

1 10 19
3 _6_ 5
_ | 52 s+3+s+2+s-};3+ | = s+2+"{—'§+ 53
=6 6 % —6
§s+2 + s+3 + S+2 + S+3 + _ s+2 + 53 543 + s+5
Therefore,
- - - 10 >3 - -
= 10 e—2t 5 e 3t 1 —5t
n® | _ | g —T’g + s+5 N + T3
- 1 () - _Z; | 20 i + 1B 15 e~ 3 — 5 et
- = _5+2 + s+3 + s+5

9.14 4th Order Runge-Kutta Method

The most commonly used Runge—Kutta method to find the solution of a differential equa-

tion is the 4th order Runge—Kutta method. Only the first-order ODEs can be solved using
the 4th order Runge—Kutta method.

‘f‘ = f(x,¥),y(x0) = yo is the given differential equation. The formula for 4th order
Runge—Kutta method is given as,

1
Yol = Yn + g(kl + 2ky + 2k3 + kq)

whereas

k1 = h X f(Xn, Yn)

kzzhxf(xn ,yn

m|(*

)
)

Id
k4:hxf(\xn ,yn+k3)

1_

r)|w

k3:hxf(xn =, Vn+

Example 9.44 Consider an ordinary differential equatlon = (1+4x)./y,y0) = 1.Find
v(1.5) using the 4th order Runge—Kutta method with 1 = 0.5.

First iteration (n = 0)
h=0.5x=0,y0=1and f(x,y) = (1 +4x)./3.

ki =h xf(xo,v0) = k1 =0.5x (0, 1)
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=05x(1+4x0)v/1=05

h ki 0.5 0.5
ky=nh Xf(xo+ - Yo+ E-,) = ky=0.5 Xf(0+ —, 1+ —)

2 2 2
=0.5x £(0.25,1.25) = 0.5 x (1 +4 x 0.25+/1.25 = 1.1180
1.1180)

h ky
5’y0+ ):>k3—05xf(0+ A+ —

= 0.5 x £(0.25, 1.5590) = 0.5 x (1 +4 x 0.25)v/1.5590 = 1.2485

k3:hxf(xo+

ks =hxf(xo-+hvo+ks) = ks = 0.5 x f(0+0.5, 1 +1.2485)
= 0.5 x £(0.5,2.2485) = 0.5 x (1 +4 x 0.5)+/2.2485 = 2.2492

1 1
Vutl = Yn + g(kl +2k) +2ks +ky) = v =vo + g(kl 4+ 2ky 4+ 2k3 + ky)

1
=1+ 6(0.5 +2 x 1.1180 + 2 x 1.2485 4+ 2.2492) =2.2470

Second iteration (n = 1)
h=0.5x =05y =22470 and f (x,y) = (1 +4x). /7.

ki =hx f(x1,y1) = ki = 0.5 x £(0.5,2.2470) = 2.2484

o h k
kthXj(xl-i-;,yl-F:l'):>k2:0.5

( 5 2.2484
x 0.5+ ==,2.2470 + T) = 0.5 x £(0.75, 3.3712)

=3.6721

h
ks =hxf X1+my1+ 2>='>k3:0.5

5 3.6721
xf(O S5+ —,2.2470 4+ T) = 0.5 xf(0.75,4.083)

= 4.0413

ks =h % f(x1 + Ry 4+ k3) = kg = 0.5 x £(0.54 0.5, 2.2470 + 4.0413)
= 0.5 x £(0.75, 6.2883) = 6.2691
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1
Yn+1 =Y+ g(kl + 2ky + 2k3 4+ ka) = 2
1
=v+ g(kl + 2kp + 2k3 + kg) = 2.2470

1
+ 6(2.2484 +2 x3.6721 4+ 2 x 4.0413 4+ 6.2691) = 2.2470
+3.9907 = 6.2377

Third iteration (n = 2)
h=0.5x =1,y =62377 and f (x,y) = (1 +4x) /3.

ki =h xf (o, v2) = ki = 0.5 x f(1,6.2377) = 6.2438

h k;) 0.5 6.2438
ky=nh ( -, — k =0.5 14+ —, 62377 + ——
2 Xf\xz+2yz+2,:>2 Xf(+2 + 5

= 0.5 xf(1.25,9.3596) = 9.1780

h
2
=0.5 x f(1.25,10.8267) = 9.8711

k 0.5 9.1780
’y2+72) :>k3:O,5xf(l+—,6.2377+T)

-
i

k3:hxf(xz+

ks =hxf(x2+hvo+ks) = ks = 0.5 x f(1 +0.5,6.2377 + 9.8711)
= 0.5 x (1.5, 16.1088) = 14.0475

1
Ynt1 = Yn + g(kl + 2k +2k3+ k) =>v3=wm

1 1
+ g(kl + 2ky + 2k3 + k4) = 6.2377 + 6(6.2438
+2 x9.1780 + 2 x 9.8711 4 14.0475) = 15.9692

Therefore, y(0) = 1, y(0.5) = 2.2470, y(1) = 6.2377 and v(1.5) = 15.9692.
Example 9.45 Write a MATLAB code to do the calculations of previous example.

Enter edit and press the Enter key on your keyboard (Fig. 9.5).
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Command Window &)

fx >> edit

Fig.9.5 edit command

Write the following code in the editor (Fig. 9.6).

function yout = oded (F,x0,h,xfinal,y0)

y = y0;

yout = y;

for x = x0 : h : xfinal-h
k1 h*F(x,v);
k2 = h*F(x+h/2, y+k1/2);

k3 h*F(x+h/2, y+k2/2);
k4 = h*F(x+h, y+k3);
vy =y + (kl + 2%k2 + 2*k3 + k4)/6;
yout = [yout; y];
end

& Editor - C:\Users\Farzin Asadi\Documents\MATLAB\untitled1.m

| untitled1.m |+ |

1G] function yout = ode4(F,x@,h,xfinal,y®)
2 y = ¥0;

3 yout = vy;

4] for x = x0 : h : xfinal-h

5 k1 = h*F(x,y);

6 k2 = h*F(x+h/2, y+k1/2);

7 K3 = h*F(x+h/2, y+k2/2);

8 k4 = h*F(x+h, y+k3);

9 y =y + (kl + 2%k2 + 2*k3 + k4)/6;
10 yout = [yout; y];

11 S end

117

Fig.9.6 Lntering the code into MATLLAB Editor

Press Ctrl + S to save the file as “ode4” (Fig. 9.7).
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1 4\ Select Frirlerfonr' SavreiArs 7 B o - h ' %
P > Documents > MATLAB v C Search MATLAB »
Organize ¥ New folder = . )
) Home Name B Date modified Type Size
E] Gallery

> @ Farzin - Personal

@l Desktop »
L Downloads #

File name: m &

Save as type: MATLAB Code files (UTF-8) (*.m) v

A Hide Folders Cancel

Fig.9.7 Select File for Save As window

Enter the commands shown in Fig. 9.8 to solve % = (1+4x)/y,y(0) = 1 using the
4th order Runge—Kutta method with the step size A = 0.5 up to x = 1.5. Obtained result
is the same as the result of hand analysis.

Fig.9.8 Solving Command Window ®
d
Z=(+40)/.50) =1 >> F=@(x,y) (1+4*x)*sqrt(y);
using the 4th order >> x0=0;y0=1;h=0.5;xfinal=1.5;
Runge—Kutta method (step size >> ode4 (F, x0,h, xfinal, y0)
=0.5)
ans =

1.0000

2.2471

6.2379

15.9697
Jx>> |
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Let’s decrease the step size to 1 = 0.05 and solve the equation up to x = 5. The code
shown in Fig. 9.9 does this job. Output of this code is shown in Fig. 9.10.

Command Window

>> F=Q@(x,y) (1+4*x)*sqrt(y);

>> x0=0;y0=1;h=0.05;xfinal=5;

>> y=ode4 (F,x0,h,xfinal,y0);

>> plot([x0:h:xfinal],y),grid on
Jx >>

Fig.9.9 Solving ?—x = (1 +4x),/¥, ¥(0) = 1 using the 4th order Runge—Kutta method (step size
= 0.05)

4\ Figure 1 = o X

File Edit View |Insert Tools Desktop Window Help ]

EECEEEILD-EE

900 T T T T T T T T

800 [

700

600 [

500

400 [

300 -

200

100 -

0 . . .
0 0.5 1 1.5 2 25 3 35 4 4.5 5

Fig.9.10 Output of the code shown in Fig. 9.9
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Example 9.46 4th order Runge—Kutta method can be used to solve ¥y + 2y +y =
sin(t), y(0) = 1,y(0) = 2 as well. However, we need to convert the given differential
equation to a system of linear equations.

VI=y=>Nn=y=3n=»
V=y=wn=y

y+2y+y=sin(t) >y = -2y —v+sint) > »n
= —2yy — v +sin(®)
1
2

Following code solves the obtained system of first order differential equations using
the 4th order Runge—Kutta method. Output of the code is shown in Fig. 9.11.

10
| 320) |

I_ Yo = =2y — y1 + sin(r)
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function runge kutta_example()
% Define the time span and initial conditions
t0 = 0; % Initial time
tfinal = 10; % Final time
h = 0.01; % Time step
t = tO0:h:tfinal; % Time vector

% Initial conditions

yl 0 =1; % Initial value of y (yl)

y2_ 0 = 2; % Initial value of y' (y2)

y = [yl _0; y2 0]; % Initial state vector

% Prepare to store results

results = zeros(length(t), 2):

results(l, :) = y; % Store the initial condition

o

% Runge-Kutta method
for 1 = 1l:length(t)-1

k1 = h * system _equations(t(i), y);

k2 = h * system equations(t(i) + h/2, y + k1/2);
k3 = h * system equations(t(i) + h/2, y + k2/2);
k4 = h * system _equations(t(i) + h, y + k3);

% Update the state vector

y =y + (kl + 2*¥k2 + 2*k3 + k4) / 6;

results(i+l,:) = y'; % Store the results
end

% Plot results
plot(t, results(:, 1)):
title('Solution of y'''' + 2y'' + y = sin(t)"');
xlabel ('Time t');
ylabel ('y(t) ")
grid on;
end

function dydt = system equations(t, y)

% System of equations

dydt = zeros (2, 1);

dydt (1) = y(2); % yl' = y2

dydt (2) sin(t) - 2*y(2) - y(1); % y2' = sin(t) - 2y2 - yl
end
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4\ Figure 1 = m] X
File Edit View Insert Tools Desktop Window Help ol

FEE R IEIEED:E

> Solution of y" + 2y' + y = sin(t)

y(t)
s

\
05 —
\ 7
\,\_‘ //
; X /
\ /
N, A
-05 : : — :
o 1 2 3 4 5 6 7 8 9 10
Time t

Fig.9.11 Solution of ¥ + 2y + y = sin(r), y(0) = 1, y(0) = 2 for [0, 10] interval

Analytic solution of ¥ + 2y 4y = sin(#), y(0) = 1, $(0) =2 is y(t) = %e_t + %te_t —
%cos(t) (why?). Graph of this function for [0, 10] interval is drawn with the aid of the
code shown in Fig. 9.12. Output is shown in Fig. 9.13. You can compare different points
of Fig. 9.11 with this figure in order to ensure that obtained result is correct.

Command Window

>> t=[0:0.01:10];
>> y=1.5%exp(-t)+3.5*t.*exp(-t)-0.5*cos(t);
>> plot{t,¥),grid on

Jx >>

Fig.9.12 Plotting y(¢) = %e_t + %te_t — %cos([) on [0, 10] interval
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4 Figure 1 = m} X

File Edit View Insert Tools Desktop Window Help ]

Dcde @ 06| R[E

05 \ e |

.05 L L L L L =] L L

Fig.9.13 Output of the code shown in Fig. 9.12

Example 9.47 Tn this example we will use the ode45 command to solve 6 (1) +0.26(f) +
19.620(r) =0,6(0) = 1”—8, 6(0) = 0. This equation models pendulum motion.

We need to convert the given second order differential equation to two first order
equations:

|a=60 |00 =0
|_ w=00 |00 =-02x0 —19.625in0x 1)’

0 0) = &
i x(0) =0

Now we can use the ode45 command to solve this system. Use the edit command
(Fig. 9.14) to open the Editor (Fig. 9.15).
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Command Window )

Jx >> edit

Fig.9.14 edit command

B4 Editor - untitled ® x
untitled | +
1 )

Fig.9.15 MATLAB Editor

Type the following code into the Editor (Fig. 9.16). After typing the code, press the
Ctrl + S and save the file with desired name.

function dydt = odefun(t,y)
dydt = [y(2):-0.2*y(2)-19.62*sin(y(1))1;
end

% Define the time span and initial condition
tspan = [0 10];
y0 = [pi/18;0];

% Solve the CODE
[t,y] = oded5(RQodefun, tspan, y0);

% Plot the soluticn
plot(t,y(:,1))
xlabel ('Time')
ylabel ('\theta(t)")
grid on
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BZ Editor - C:\Users\Farzin Asadi\Documents\MATLAB\pendulum.m

| pendulum.m \ + |
i function dydt = odefun(t,y)
2 T dydt = [y(2);-0.2*y(2)-19.62*sin(y(1))];
3 end
4
5 % Define the time span and initial condition
6 tspan = [0 10];
7% yo = [pi/18;0];
8
9 % Solve the ODE
10 [t,y]l = ode45(@odefun, tspan, y0);
11
12 % Plot the solution
13 plot(t,y(:,1))
14 xlabel('Time")
1153 ylabel("\theta(t)")
16 grid on

Fig.9.16 Entering the code into the Editor

Press the F5 key of your keyboard or click the run button (Fig. 9.17) to run the code.

b =] section Break
@ Run and Advance
Run

Section @ Run to End v
SECTION RUN

Step Stop

Fig.9.17 The Run button

Output of the code is shown in Fig. 9.18.
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{4\ Figure 1 = [m] X

Eile Edit View Insert Tools Desktop Window Help ~

Dédde @ 08H K E

0.2

0.15

0.1

-0.05
\V}

01 | / /

-0.15

-02

Time

Fig.9.18 Output of the code shown in Fig. 9.16

9.15 Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

Example 9.48 Figures 9.19, 920 and 9.21 illustrate various approaches to solve
I x+Ty=35
| x+3y=12"
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Fig.9.19 The code for
x+T7y=5

solving
—x+3y=12

Fig.9.20 The code for
x+7y=5

solving
—x+3y=12

Fig.9.21 The code for
x+7y=5

solving
—x+3y=12

Command Window
>> A=[1 7;-1 3];
>> b=[8;12];
>> A\b
ans =
-6
2

fx >> |

®

Command Window
>> A=[1 7;-1 3]
>> b=[8;12];
>> inv(A) *b
ans =

-6.0000
2.0000

Jx >> |

)

Command Window

>> A=[1 7;-1 31;
>> b=[8;12];

>> A~-1*Db
ans =
-6.0000
2.0000
Jx >> |

®

Example 9.49 The code shown in Fig. 9.22 solves y(t) 4+ 5y(¢) + 6y(¢) = 12.
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Fig.9.22 The code for Command Window ®
solving >> syms y(t)
F@) + 59(1) + 6y(r) = 12 >> ode=diff (y,t,2)+5*diff (y, t)+6%y==12;

>> sol=dsolve (ode)

sol =

Cl*exp(-3*t) + C2%*exp(-2*t) + 2

Jx>> |

Example 9.50 The code shown in Fig. 9.23 solves v(f) + 5v() + 6y(t) = 12,y(0) =
2, y(0) = 3.

Fig.9.23 The code for Command Window ®
solving ¥(¢) + 53(1r) + 6y(1) = >>
12,3(0) =2,y(0) =3

syms y(t)

>> ode=diff (y,t,2)+5*diff (y,t)+6*y==12;
>> ic=[y(0)==2, subs(diff(y,t),0)==3]1;
>> sol = dsolve (ode,ic)

sol =

3*exp (-2*t) - 3*exp(-3*t) + 2

fr >> |

Example 9.51 The code shown in Fig. 9.24 solves ¥(f) + 5v(t) + 6y(t) = 12,y(0) =
2, ¥(0) = 3 and evaluates the solution at t = 1.
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Command Window

>>
>>
>>
>>

>>

Jx >

sol

ans

syms y(t)

ode=diff (y,t,2)+5*diff (y,t)+6*y==12;
ic=[y(0)==2,subs(diff(y,t),0)==3];
sol=dsolve (ode, ic)

3*exp(-2*t) - 3*exp(-3*t) + 2

eval (subs (sol,t,1))

2.2566

Fig.9.24 Value of y(1) for ¥(¢) + 5y(¢t) + 6y(t) = 12, y(0) = 2, ¥(0) = 3

Example 9.52 The code shown in Fig. 9.25 solves v(f) + 4v(t) + 7y(t) = 10,y(0) =
1, y(0) = 1 and plots the solution over the interval [0, 4]. Output of this code is shown in

Fig. 9.26.

Command Window

>> syms y(t)
>> sol=dsolve (ode, ic)

sol =

>> ezplot(sol, [0,4]),
Jx >>

>> ode=diff (y, t,2)+4*diff (y, t)+7*y==10;
>> ic=[y(0)==1,subs (diff (y,t),0)==1];

grid on

(3~(1/2) *exp (-2*t) *sin (3~ (1/2) *t)) /21 - (3*exp(-2*t)*cos(3~(1/2)*t))/7 + 10/7

Fig.9.25 The code for plotting the solution of ¥(¢) + 4¥(¢) + 7y(r) = 10, y(0) = 1, »(0) = 1 on

[0, 4]
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| 4\ Figure 1 — (] X
File Edit View Insert Tools Desktop Window Help -
Dade @ 08 KE

(3"2 exp(-2 1) sin(3"2 t))/21 -...+ 10/7

146 [
144} \
142}

1.4

1.34
1.32
13}

1.28 /

126+ /

Fig.9.26 Output of the code shown in Fig. 9.25

Example 9.53 The code shown in Fig. 9.27 solves ¥(f) 4+ 2v(t) + y(t) = 6t + 7, y(0) =
5, y(0) =3.

Command Window ®

>> syms y(t)

>> ode=diff (y,t,2)+2*diff (y,t)+y==6*t+7;
>> ic=[y(0)==5, subs(diff(y,t),0)==3];
>> sol=dsolve (ode, ic)

sol =
6*t + 10*exp(-t) + 7*t*exp(-t) - 5

Jx >> |

Fig.9.27 The code for solving ¥(1) + 2y(t) + y(t) = 61 + 7, y(0) = 5, 3(0) =3
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Example 9.54 The code shown in Fig. 9.28 solves y(t) + 2y(t) + v(t) = 8(¢), y(0) =
0, ¥(0) = 0. 8(¢) shows the unit impulse function (see Sect. 10.3 in Chap. 10).

Fig.9.28 The code for Command Window ®
solving ¥(¢) 4+ 29(¢) + y(¥) = >> syms y(t)
8(,y(0) =0,30)=0 >> ode=diff (y,t,2) +2*diff (y, t)+y==dirac (t);

>> ic=[y(0)==0,subs(diff(y,t),0)==0];
>> dsolve (ode, ic)

ans =

(t*exp (-t) *sign(t))/2

fx>> |
I +1¢>0

Remember that sign(x) = 1 0 ¢ =0 . Therefore, for r > 0, teszﬂ = %
| —1t<0

Example 9.55 The code shown in Fig. 9.29 solves y(1) + 2v(t) + y(#) = 6H (), y(0) =
1, v(0) = 2. H(t) shows the Heaviside unit step function (see Sect. 10.2 in Chap. 10).

Command Window ®

>>
b &
>>
>>

>>

Jx >>

ans

-exp(-t) * (3*sign(t) - 3*exp(t) - 3*exp(t)*sign(t) + 3*t*sign(t) + 2)

ans

3*sign(t) - 2*exp(-t) - 3*exp(-t)*sign(t) - 3*t*exp(-t)*sign(t) + 3

syms y(t)

ode=diff (y,t,2)+2*diff (y,t)+ty==6*heaviside(t);
ic=[y(0)==1,subs (diff (y,t),0)==2];

dsolve (ode, ic)

expand (ans)

Fig.9.29 The code for solving y(t) + 2y(t) + y(t) = 6H (1), y(0) = 1, y(0) =2
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I. +1¢>0

sign(x) = 30 ¢=0. Therefore, for t > 0, 3sign(t) — 2¢~" — 3e~’sign(t) —
—1tr<0

3te~'sign(t) +3 =3 —2e~ —3e~ —3te™ +3=6— 5~ — 3.

Example 9.56 The code shown in Fig. 9.30 solves y'(t)2 + y(t)2 =1

Fig.9.30 The code for Command Window O]
solving y(f)z +y(t)2 =1 >> syms y(t)

>> ode=diff (y,t)~2+y"2==1;

>> sol=dsolve (ode)

sol =
-1
L |
(exp(C2*1i + t*1i)*(exp(- C2*2i - t*2i) + 1))/2
(exp(Cl*1i - t*1li)*(exp(- C1l*2i + t*2i) + 1))/2

>> simplify(expand(sol))

ans =

i

1

cosi(E2 + t)

cos(Cl - t)
fe >> |

Example 9.57 The code shown in Fig. 9.31 solves ¥(¢) + 5y(t) + 6v(t) = sin(5¢t), y(0) =
1, y(0) =2.

Command Windew ®

>> syms y(t)

>> ode=diff(y,t,2)+5*diff (y,t)+6*y==sin(5%t);
>> ic=[y(0)==1, subs(diff(y,t),0)==2];

>> sol = dsolve (ode,ic)

sol =

(150*exp (-2*t)) /29 - (l4l*exp(-3*t))/34 - (986~ (1/2)*cos(5*t - atan(19/25))) /986

S |

Fig.9.31 The code for solving y(t) + 5y(¢) + 6y(¢) = sin(51), y(0) = 1, (0) = 2
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The vpa function takes the symbolic expression as input and the desired number of
decimal places as the second argument. It then evaluates the expression numerically and
displays the result with the specified precision. By using vpa, you can ensure that the
numerical values in the solution are displayed with the desired level of accuracy.

To obtain a more precise numerical approximation, let’s apply the vpa function to the
calculated result (Fig. 9.32).

Command Window ®

>> syms y(t)

>> ode=diff (y,t,2)+5*diff (y,t)+6*y==sin(5*t);

>> ic=[y(0)==1, subs(diff(y,t),0)==2]1;

>> sol = dsolve (ode,ic)

sol =

(150*exp (-2*t)) /29 - (1l41l*exp(-3*t))/34 - (986~ (1/2)*cos(5*t - atan(19/25))) /986
>> vpa(sol,2)

ans =

5.2%exp(-2.0*t) - 0.032*cos(5.0*t - 0.65) - 4.1l*exp(-3.0*t)

fx >>|

Fig.9.32 Utilize the vpa command to numerically evaluate the symbolic expression

Example 9.58 The code shown in Fig. 9.33 solves ¥(t) + 6y(1) = 20sin(7r+ %) +
30sin(4r + ).

Command Window [C)

>> syms y(t)
>> ode=diff(y,t)+6*y==20%sin(7*t+pi/4)+30*sin(4*t+pi/3);
>> sol=dsolve (ode)

sol =

Cl*exp(-6*t) -~ (2*2~(1/2)*1707(1/2)*cos(7*t + atan(13)))/17 + cos(4*t - atan(((15*3~(1/2))/13 #

feo |

Fig.9.33 The code for solving y(1) + 6y(1) = 20sin(7r + §) + 30sin(4r + %)

The result in Fig. 9.33 is too long. We can use the vpa command to obtain a more
compact representation (Fig. 9.34).
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Command Window ®

>> syms y(t)

>> ode=diff (y,t)+6*y==20*sin (7*t+pi/4)+30*sin (4*t+pi/3);

>> sol=dsolve (ode)

sol =

Cl*exp(-6*t) - (2*2~(1/2)*170~(1/2)*cos(7*t + atan(13)))/17 + cos(4*t - atan(((15*3~(1/2))/13 H
>> soll=vpa(sol,5)

soll =

4.1603*cos(4.0*t - 1.1116) - 2.1693*cos(7.0*t + 1.494) + Cl*exp(-6.0*t)

foo |

Fig.9.34 Utilize the vpa command to numerically evaluate the symbolic expression

In Example 9.9, we derived the general solution to the differential equation ¥ 4+ 6y =
20sin(7t + ) + 30sin(4r + %), which is y(1) = Cre™® + 2.1693sin(7t — 0.0768) +
4.1603 sin(4r + 0.4592). We will now compare our solution to the solution obtained from
MATLAB (Fig. 9.34).

Remember that cos(x) = sin{x + F), — sin(x) = sin(x + ) and sin(x — 27) = sin(x).
Therefore,

Cre % +4.1603 cos(4t — 1.1116) — 2.1693 cos(7¢ + 1.494)
—6t . 7 . T
= (e +4.1603 s1n(4t — L1116 + E) —2.1693 s1n(\7t + 1.494 + E)

= Cre™% +4.1603 sin(4f — 1.1116 + 1.5708) — 2.1693 sin(7¢ + 1.494 + 1.5708)
= Cre~® 4 4.1603 sin (4 + 0.4592) — 2.1693 sin(7¢ + 3.0648)

= Cre™% + 4.1603 sin(4f + 0.4592) + 2.1693 sin(7¢ + 3.0648 + )

= Cre™% +4.1603 sin(4f + 0.4592) + 2.1693 sin(7t + 6.2064)

= Cre™% +4.1603 sin(4f + 0.4592) + 2.1693 sin(7t + 6.2064 — 277)

= Cre™® +4.1603 sin(4f + 0.4592) + 2.1693 sin(7¢ — 0.0768)

Therefore, we have verified that the MATLAB solution matches our solution.

A more visual approach would be to plot the difference between the two functions.
If the difference is negligible across the domain of interest, it provides strong evi-
dence that the two solutions are essentially identical. The code shown in Fig. 9.35 plots
the absolute difference between 4.1603 cos(4f — 1.1116) — 2.1693 cos(7t + 1.494) and
4.1603 sin(4f + 0.4592) + 2.1693 sin (7t — 0.0768) over the interval [0, 10x].
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Command Window

>> MatlabSolution=4.1603*cos(4.0*t-1.1116)-2.1693*cos(7.0*t+1.494);
>> bookSolution=2.1693*sin(7*t-0.0768)+4.1603*sin(4*t+0.4592);
>> ezplot (abs (bookSolution-MatlabSolution), [0,10*pi]), grid on

Jx >>

Fig.9.35 Visualizing the discrepancy between the book and MATLAB solutions

Figure 9.36 shows the output of the code shown in Fig. 9.35.

747/500))/100000:5(41603 cos(4 t - 2779/2500))/10000 + (21693 sin(7 t - 48/625))/10000 + (41603 :
25F T T T T T T

Fig.9.36 Output of the code shown in Fig. 9.35

Let’s try to find the maximum difference between the two functions. According to
Fig. 9.37, the maximum difference is around 2.3 x 107> which is sufficiently small to
conclude that the two solutions are virtually identical.
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747/500))/100000-5(41603 cos(4 t - 2779/2500))/10000 + (21693 sin(7 t - 48/625))/10000 + (41603 ¢
25F T T T T T —

X 24.2331
Y 2.32167e-05

|

05 J

Fig.9.37 Peak value is around 2.32 x 105

Example 9.59 The code shown in Fig. 9.38 solves y&) (1) + 10¥(1) +319(1) +30v(r) = e,
yO0) =1,30) =2,%0) =4.

Command Window ®

>> syms y(t)

>> ode=diff (y,t,3)+10*diff (y,t,2)+31*diff (y,t)+30*y==exp(-5*t):;
>> ic=[y(0)==1, subs(diff(y,t),0)==2, subs(diff(y,t,2),0)==4];
>> sol = dsolve (ode, ic)

sol =
(exp (-5*t) * (6*t — 513*exp(2*t) + 424*exp(3*t) + 125))/36

fe >> |

Fig.9.38 The code for solving y©3) (1) + 109(r) + 313(r) + 30y(r) = ™, y(0) = 1,7(0) =
2,9(0) =4
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Employ the pretty command to enhance the readability of the solution (Fig. 9.39).

Command Window ®

>> syms y(t)

>> ode=diff (y,t,3)+10*diff (y,t,2)+31*diff (y,t)+30*y==exp(-5*t);
>> ic=[y(0)==1, subs(diff(y,t),0)==2, subs(diff(y,t,2),0)==4];
>> sol = dsolve (ode, ic)

sol =
(exp (-5*t) * (6*t - 513*exp(2*t) + 424*exp(3*t) + 125))/36

>> pretty(sol)
exp(-5 t) (6 t — exp(2 t) 513 + exp(3 t) 424 + 125)

fx >> |

Fig.9.39 The pretty command enhances the readability of the solution

Example 9.60 The code shown in Fig. 9.40 solves y(¢f) + ty(t) = (t — 3)e ™.

Command Window ®

>> syms y(t)

>> ode=diff (y,t)+t*y==(t-3) *exp (-3*t);
>> sol=dsolve (ode)

sol =

Cl*exp(-t~2/2) + exp(-t~2/2)*exp(t~2/2 - 3*t)

fe >> |

Fig.9.40 The code for solving ¥(¢) + ty(t) = (t — 3)e™ '

The solution obtained in Fig. 9.40 is not in its simplest form. To simplify the
expression, we can utilize the simpli fy command (Fig. 9.41).
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Fig.9.41 Utilize the Command Window ®
simplify command to

>> syms y(t)
simplify the solution

>> ode=diff (y,t)+t*y==(t-3) *exp(-3*t);

>> sol=dsolve (ode)

sol =

Cl*exp (-t~2/2) + exp(-t~2/2)*exp(t"2/2 - 3*t)
>> simplify(sol)

ans =

exp (-3*t) + Cl*exp(-t~2/2)

S>> |
Example 9.61 The code in Fig. 9.42 evaluates T(s) = m at s = 2j. According to
: — 1 - _L_;8 __ — i
Fig. 942, T(s) = P = w e = 0.0154 — 0.1234;.
Fig.9.42 Lvaluates Command Window )
T(s) = — ats =2 -
s+4s+3 >> syms s

>> T=1/(572+4*s+3) ;
>> A=subs (T, 27)

A =
- 1/65 - 8i/65
>> eval (B)

ans =

-0.0154 - '0.1231i

Jx >> |

The code in Fig. 9.43 calculates the modulus and principle argument of 7(2j).
According to Fig. 9.43, T(2j) = 0.1240¢ 7716932
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Fig.9.43 Calculation of
modulus and principle
argument of 1'(s) = m
ats =2j

Example 9.62 The code in Fig. 9.44 calculates ¢

Command Window

>> syms s
>> T=1/(s"2+4%*s+3);
>> A=subs (T, 2j)
A =
- 1/65 - 8i/65
>> eval (R)
ans =

-0.0154 - 0.1231i
>> eval (abs (R))
ans =

0.1240

>> eval (angle (A))

ans =

-1.16952

Jx >> |

®

Bl

23

1
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Command Window ® |

>> syms ¢
>> expm([-1 6;2 3]*t)

ans =

[(3*exp(-3*t))/4 + exp(5*t)/4,
[ exp(5*t)/4 - exp(-3*t)/4,

fe >>

(3*exp(5*t))/4 - (3*exp(-3*t))/4]
exp(-3*t)/4 + (3*exp(5*t))/4]

'—16"
I

Fig.9.44 Calculation of ¢ 2 3

You can employ the pretty command to enhance the readability of the solution
(Fig. 9.45).

Command Window

ol

>> syms t
>> expm([-1 6;2 3]*t)

ans =

[(3*exp(-3*t))/4 + exp(5*t)/4,
[ exp (5*t)/4 - exp(-3*t)/4,

(3*exp(5*t))/4 - (3*exp(-3*t))/4]
exp(-3*t)/4 + (3*exp(5%t))/4]

>> pretty(ans)

/ exp(-3 t) 3 exp(5 t) exp(5 t) 3 exp(-3 t) 3\
\

R # ooy mmmmmmom o e |
| 4 4 4 4 |
| |
| exp(5 t) exp(-3 t) exp(-3 t) exp(S t) 3 |
| mmmmmmmm = e e [
\ 4 4 4 4 /

Fig.9.45 The pretty command enhances the readability of the solution
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s
23

t
atr = 1.2.

Example 9.63 The code in Fig. 9.46 calculates ¢

Command Window ®

>> syms t
>> A=[-1 6;2 3];
>> B=expm( A*t)

B =

[(3*exp(-3*t))/4 + exp(5*t)/4, (3*exp(5*t))/4 - (3*exp(-3*t)) /4]
[ exp (5*t)/4 - exp(-3*t)/4, exp(-3*t)/4 + (3*exp(5*t)) /4]

>> C=subs(B,t,1.2)

[exp(6)/4 + (3*exp(-18/5))/4, (3*exp(6))/4 - (3*exp(-18/5))/4]
[ exp(6)/4 - exp(-18/5)/4, (3*exp(6))/4 + exp(-18/5)/4]

Jx>> |

—16

t
Fig.9.46 Evaluation of i 2 3,

atr=1.2

You can use eval or vpa functions to compute the numerical value of symbolic
matrix C (Fig. 9.47).
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Command Window
>> syms t
>> A=[-1 6;2 3];
>> B=expm( A*t)

B =

[(3*exp(-3*t))/4 + exp(5*t)/4,
[ exp(5*t)/4 - exp(-3*t)/4,

>> C=subs(B,t,1.2)

[exp(6)/4 + (3*exp(-18/5))/4,
[ exp(6)/4 - exp(-18/5)/4,

>> eval (C)
ans =

100.8777
100.8504

302.5511
302.5784

>> vpa(cC,7)
ans =

[100.8777, 302.5511]
[100.8504, 302.5784]

fx >>|

(3*exp(5*t))/4 -

(3*exp(6))/4 -

(3*exp (-3*t)) /4]
exp(-3*t)/4 + (3*exp(5*t))/4]

(3*exp (-18/5)) /4]
(3*exp(6))/4 + exp(-18/5) /4]

_716}
L2 3] air=12

Fig.9.47 Numerical value of ¢
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o] [1]
| v(0) 7]

Command Window ®

[ 20 = 3x() — 2y(0)

Example 9.64 ‘The code in Fig. 9.48 solves | v0) = 4x) =y
y{t) = ax(0) =y

>> syms x(t) y(t)

>> eql=diff (x,t)==3*x-2*%y;

>> eq2=diff (y,t)==4*x-y;

>> ic=[x(0)==1,y(0)==71;

>> [xSol(t),ySol(t)]=dsolve([eql,eq2],ic)
xSol(t) =

cos (2*t) *exp (t) - 6*sin(2*t) *exp(t)

ySol(t) =

T*cos (2*t) *exp(t) - S5*sin(2*t) *exp(t)

‘)

| () = 720 =y ()
| 70) = 4x() + 3y ()

fe >> |

Fig.9.48 The code for solving [ M) = 3x(D) - 25() [X(O)il =

| 30 =4x0) =y | ¥O) |

Example 9.65 The code in Fig. 9.49 solves

:[;:.

[ x(0)
L y(©O)
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Command Window O]
>> syms x(t) y(t)
>> eql=diff (x,t)==7*x-y;
>> eq2=diff (y,t)==4*x+3%y;
>> ic=[x(0)==1,y(0)==2];
>> [xSol(t),ySol(t)]=dsolve([eql,eq2],ic)
xSol(t) =

exp (5*t)

ySol(t) =
2*exp (5*t)

Jx >>

(1) = Tx(t) — y(©)

Fig.9.49 'The code for solving {
Y1) = 4x(t) + 3y(1)

:]

[ x0) ]
ECI

Example 9.66 The following code numerically solves

[ 210 = x200) o | |1

| 2200 = —6x1(0) — Sy + e | x2(0) | | 0

over the [0, 3] interval using the ode45 function.

% Define the system of differential equations
function dydt = system(t,y)

dydt = [y(2);-6*y(1)-5*y(2)+exp(-5*t)];
end

% Initial conditions
y0 = [1; 0]; % Initial values for x and y

% Time span
tspan = [0 3];

% Solve the system numerically
[t,y] = oded5(@system, tspan, y0):

% Plot the solutions

plot(t, y{(:,1), 'b', £, y(:,2), 'r');
xlabel ('Time') ;

ylabel {'State Variables');
legend('x 1(t) ', 'x 2(t)');

grid on
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Use the edit command (Fig. 9.50) to open the Editor (Fig. 9.51).

Fig.9.50 edit command

Fig.9.51 MATLAB Editor

Command Window &

>> edit
Je >> |

BZ Editor - C:\Users\Farzin Asadi\Documents\MATLAB\untitledm & X
| untitled.m |+
i 0
Command Window ®
>> edit
Jx >>

Type the given code into the Editor (Fig. 9.52). Press the Ctrl 4 S to save it.

Fig.9.52 Entering the code
into MATLAB Editor

B Editor - untitled ® x
| untitled i

1 % Define the system of differential equations = (/]
2 function dydt = system(t,y)
dydt = [y(2);-6*y(1)-5*y(2)+exp(-5*t)];

end

% Initial conditions
yo = [1; @]; % Initial values for x and y

% Time span
tspan = [0 3];

3

4

5

6

7

8

9

10

11

12 % Solve the system numerically
13 [t,y] = ode45(@system, tspan, y0);
14

15

16

17

18

19

20

% Plot the solutions

plot(t, y(:,1), 'b', t, y(:,2), 'r'd;
xlabel('Time');

ylabel('State Variables');
legend('x_1(t)", "x_2(t)");

grid on

Press the F5 key of your keyboard or click the run button (Fig. 9.53) to run the code.
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E [Z] section Break l;

RN %RunandAdvance ‘ B Sy S
Section E}Runto End

SECTION RUN

Fig.9.53 The Run button

Output of the code is shown in Fig. 9.54.

X,

0.8 X,
06
0.4t
3
2 02
8
5 —
8 ——
o
o 4
n
x| 1 . )
0 0.5 1 1.5 2 25 3
Time
Fig.9.54 Output of the code shown in Fig. 9.52
Example 9.67 The code in Fig. 9.55 calculates the transfer function, i.c., T(s) = %%,
o] (o 1 |[xo] [ 5]
)ICI() - x1(0) + u(t)
. . X (1) =3 =21 220 -6 . .
associated with ¢ - e - - - - s . According to Fig. 9.55,
X1t
v =[10]| | 4 0wt
X2 (1)
_ Y(s) _ _5s5+4 B B
T®) = 715 = 252513
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Fig.9.55 Calculation of Command Window ®
transfer function associated >> A=[0 1;-3 -2];
with the given equation >> B=[5;-61;

>> C=[1 0];

>> D=0;

>> [num,den]=ss2tf(a,B,C,D);
>> T=tf (num, den)

s*2 ¥ 2s%3

Continuous-time transfer function.
Model Properties
fx >>

Example 9.68 The code in Fig. 9.56 simplifies Ffij;i—%

Fig.9.56 'The code for Command Window ®
2

; T 5742541

simplifying PI352425 >> syms s

>> H=(s"2+2*s+1) / (s*3+3*s5"2+2*s) ;
>> simplify (H)

ans =

(s + 1)/(s*(s % 2))

Jx>>

S . P T N ) S (e ) S X
Let’s verify the obtained result: P14 5(243512) — SGtL0FD) — sstD)”

Example 9.69 The code in Fig. 9.57 calculates the partial fraction decomposition of

242541
1352425
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Fig.9.57 Partial fraction Command Window ®
3
e S~ +25+1 >> [r,p,k]l=residue([1l 2 1],[1 3 2 0])
decomposition of F135242s
r =
0.5000
0
0.5000
p =
-2
-1
0
k =
(1
fi>> |

. . £42s+1 05 0 0.5
According to Fig. 9.57, porc o Pl + =T + =

Example 9.70 The code in Fig. 9.58 calculates the partial fraction decomposition of

12524575427
$4952+155+7°
Fig.9.58 Partial fraction Command Window ®
decomposition of >> [r,p,k]=residue([12 57 27],[1 9 15 7]
125°4-575427
$34952+155+7 r=
6.0000
6.0000
-3.0000
D=
-7.0000
-1.0000
~1.0000
k =

Jx >
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1224575427 6 6 ., =3
P92 +15547  sHT T s T e

According to Fig. 9.58,

Example 9.71 The code in Fig. 9.59 calculates —= S+7 H—il 5 +1)2 According to Fig. 9.59,
6 4 6 3 3y AstlsH9

TS T ) T T T R GHDE

Fig. 9 59 Calculatlon of Command Window ®
[} 6

Y7 S_-F (S+1)2 >> syms s

>> H=6/(s+7)+6/ (s+1) -3/ (s+1) *2;
>> simplify (H)

ans =
(3*(4*s~2 + 19*s + 9))/((s + 1)*2*(s + 7))
>> pretty (ans)

2
(4 s +19s +9) 3

(s + 1) (s +7)

Jx >>

Example 9.72 The code in Fig. 9.60 calculates the Laplace transform of t.H (r), where H (f)
denotes the unit step function.

Fig.9.60 Laplace transform Command Window ®

of 1.H (1) ——

>> F=laplace(t)

1/s%2

fx >> |

Example 9.73 The code in Fig. 9.61 calculates the Laplace transform of ¢ - sin(3¢) - H(f),
where H (¢) denotes the unit step function.
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Fig.9.61 Laplace transform Command Window ®
of r-sin(31) - H(?) >> syms t
>> F=laplace (t*sin(3*t))

B =

(6*s)/(s*2 + 9)~2

Jx >>

You can employ the pretty command to enhance the readability of the solution
(Fig. 9.62).

Fig.9.62 The Command Window ®
pretty command enhances

. . >> syms t
the readability of the solution

>> F=laplace(t*sin(3*t))

(6*s)/(s*2 + 9)~2

>> pretty (F)
6 s

Example 9.74 The code in Fig. 9.63 calculates the inverse Laplace transform of E:;Tizs'

Fig.9.63 Inverse Laplace Command Window ® I
543 =
transform of — e v, A

>> f=ilaplace ((s+3)/(5"°2+6*s+25))

cos (4*t) *exp(-3*t)

Jx >> |
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5+6
s24s54+1°

Example 9.75 The code in Fig. 9.64 calculates the inverse Laplace transform of

Command Window ® |

>> 5yms s
>> f=ilaplace((s+6)/(s"2+s5+1))

f =
exp(-t/2)*(cos ((3~(1/2)*t)/2) + (11*3~(1/2)*sin((3~(1/2)*t)/2))/3)

Jx >>

546
24541

Fig.9.64 Inverse Laplace transform of

Employ the vpa function to obtain a numerical approximation of the symbolic function
£ (Fig. 9.65).

Command Window ®

>> syms s
>> f=ilaplace((s+6)/ (5"2+s+1))

exp(-t/2)*(cos((3~(1/2)*t)/2) + (11*3~(1/2)*sin((3~(1/2)*t)/2))/3)
>> vpal(f, 4)
ans =

exp (-0.5*t) * (cos (0.866*t) + 6.351*sin(0.866*t))

Jx >>

Fig.9.65 Numerical value of inverse Laplace transform of Ei—%ﬁ—l

References for Further Study

1. Advanced Engineering Mathematics ( 10" edition), Erwin Kreyszig, Wiley, 2011.

2. Caleulus (81 edition), James Stewart, Cengage Learning, 2015.
3. Applied Numerical Analysis with MATLAB®/Simulink®: For Engineers and Scientists, Farzin
Asadi, Springer, 2023.
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The Laplace Transform 1 0

10.1 Introduction

The Laplace transform is a mathematical tool that converts a function of a real variable
(often representing time) into a function of a complex variable (often denoted as s). This
transformation is particularly useful for solving differential equations, as it transforms
differential equations into algebraic equations, which are often easier to solve.

This chapter begins with a review of the Laplace transform and its applications. The
second part demonstrates MATLLAB’s application to the problems discussed.

10.2 Unit Step Function

The unit step function (Fig. 10.1), also known as the Heaviside step function, is a
mathematical function that is zero for negative arguments and one for positive argu-
ments. It is often denoted by the symbol u(fr) or H(r). Here’s the formal definition:
1 t>=0

H( = I -
|o r<o0

Fig.10.1 Unit step function

1
t
Example 10.1 When O < a < b the function shown in Fig. 10.2 can be written as f (f) =
k(H(t —a) — H(t — b)).
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Fig.10.2 Function f (1) 4

10.3  Unit Impulse Function

The unit impulse function, also known as the Dirac delta function, is an idealized math-
ematical function that is zero everywhere except at zero, where it is infinitely high, and
its integral over the entire real line is equal to one. The Dirac delta function is typically
denoted by the symbol §(1).

The functions shown in Figs. 10.3 and 10.4 can be considered as approximations of
the Dirac delta function. While the true Dirac delta function is an idealized concept with
infinite height and zero width, these functions represent practical approximations with
finite height and width.

Fig.10.3 Rectangular pulse 1
approximation of Dirac delta 2A
function (A — 0)

A | A t
Fig.10.4 Triangular pulse 1
approximation of Dirac delta A
function (A — 0)

“ala e

Sifting property is the most important property of unit impulse function. When the
unit impulse function is multiplied by another function and integrated, it effectively “sifts
out” the value of the other function at the point where the impulse is located. The sifting
property of the Dirac delta function is mathematically expressed as:

+00
ff(t)S(t —a)ydt = f(a)

Sifting property is crucial in many applications. While the unit impulse function is an
idealized concept, it’s a powerful tool for analyzing systems and signals, particularly in
the context of linear systems theory.
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10.4 Laplace Transform

The Laplace transform is a mathematical tool that converts a function of a real variable
(often representing time) into a function of a complex variable (often representing fre-
quency). This transformation can be useful for solving differential equations, particularly
those that arise in engineering and physics.

The Laplace transform of a function f (¢) is typically denoted as F (s) or L(f (¢)). The
Laplace transform of a function f(¢) is defined as (note that s is a complex variable, i.e.,
s =0 +jo):

F(s) = LF@®) = f f(e dr
]

The inverse Laplace transform is the reverse operation of the Laplace transform. It
takes a function in the s-domain (the complex frequency domain) and transforms it back
into a function in the time domain. Fortunately, a Laplace transform table can be employed
to determine the inverse Laplace transform of most functions.

Example 10.2 Determine the Laplace transform of the Heaviside step function.

.
Hp =11 120
o r<0
o ~ st (o+jw)t
e e
H()=LH®) = fH(t)e*”dt = fe*”dt = ST A ko
—-51]0 —(o+jw)| 0
(0 1]
When o > 0, thm e~lotort = = thm :S—:}ILZI) = 0. Therefore,
—x —
e—(a+ja))t o0 B e—(a+ja))0 B 1 B 1
—(@+jo)| 0~ —(o+jo)  (o+jo) s

Example 10.3 Determine the Laplace transform of f (1) = tH (). Note that H (r) shows the
Heaviside step function.

5.9/

F(s)= LD = ftH(t)e‘”dt = fte‘”dt
1]

1]

Tabular integration (Fig. 10.5) can be used to calculate [ te™*dr.
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Fig.10.5 Calculation of t e

[ e~ \ oot
1

According to Fig. 10.5, [ te™dr = (- — ;lg)e_”. Therefore,

IS . ! 1y o 0 1y g _{r Iy ¢ 1
s =im(S-g) - (Soa) = m(S ) n

. t 1 1
lim | —— — —— —
=00, —sest s2€s[ y S2

— ' ’ ( 1 1
=) o _llgﬁlo\ﬁaE +s2

Remember that s is a complex variable, ie., s = o + jo. _When Re(s) = o > 0,

lim ( ts,) — lim (—zl—ﬂ) =0 —0 = 0. Note that lim (Ls,) = 0 since exponential
=00\ T5€ t—oo\§7€” =00\ T8¢

i A
function grows much faster than linear functions. lim ( ;% )} = 0 since numerator is a
f—00 ;

: !
tedt = | — — = 1™
/ ( /

—5 52

0

constant divided by infinity. Therefore,

F)=L{f®) = /te‘”dr = iz
J s
(1]

10.5 Commonly Used Laplace Transforms

Table 10.1 provides a compendium of common Laplace transtorm pairs, essential for
solving differential equations and analyzing linear systems.

10.6 Inverse Laplace Transform

Partial fraction decomposition (Chap. 7) and a table of Laplace transtform pairs
(Table 10.1) can help us to calculate the inverse Laplace transform of most functions
that appear in engineering. Let’s study some numeric examples.

Example 10.4 Determine the inverse Laplace transform of %.
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Table 10.1 Laplace transform

Signal t F
of commonly used functions e / Q ﬂ
Impulse 8(1) 1
Step function H() %
Ramp tH () slz
Exponential e " H (1) H_La
Damped ramp te " H (1) 1 .
(s+o)
Sine sin{wt)H (1) sz_‘:w
3 S
Cosine cochof)H(t) Tr?
Damped sine e~ sin(wt)H (1) W
o Q@
Damped cosine e ¥ cos(wn)H (1) (H_i‘;'ﬁ
S +s+4 4 5s—3 4 s -3

C+HE2+4  s+4 s2+4 s+4 s2+4 0 5244

552 4544 C 4 0 s -3
TR :L—l( ) ,c—l( ) ,c—l( )

((s+4)(s2+4)) s+4 * $2+4, * 52 +4
_1{ -1/ 2 A\

s—l—4)+ \sz 2 ‘\s2+4}‘

/
= 4L (
= (4e‘4f + cos(2f) — %sin(Zl)) CH(@

: : 10(s+2)
Example 10.5 Determine the inverse Laplace transform of 12510

06s+2) A Bs+C

s(24254+2) s 242542

10(s +2) 20
S2+2+2g 2
106s+2) 10 Bs+C % 10+2) 10 Bs+C

s(P+25+2) 5 242542 s(2+2542) 5 42542

10(s + 2) 10(s> +2s+2) —10s>—10s —10s—10  Bs+C

s(s2+25+2) s(s2+25+2)  s@ 42542 P2+25+2 242542

—10s —10=Bs+C =B =-10,C=-10

361
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362
10s+2) 10 n —10s—10 10 10+ 1
SG2+25+2) s 242542 s (s+DE+1
106s+2) |\ /1) v
- _L06+2) :ZHKE_IK_) k—lfigl——)::10(1—e—%oun)H@)
k_s(_s2+2s+2} s s+ D*+1
Example 10.6 Determine the inverse Laplace transform of —%
4 s+ 1 \—L_l( s—3+4)_ f  s=3
2_6s+13) (s =32 +4, \m—3ﬂ+4)
-1 2 3¢ 3t
+2L ————— ) = ¢ cos@NH (1) + 2esin (2f) - H(1)
(s—3)+4
= e¥(cos(2t) + 2sin (20)).H (¢)
: : 10(s42)
Example 10.7 Determine the inverse Laplace transform of S 127)
- 1/ 10(s +2) \5_ if 106s+2) \i—ﬁ_l(é) l/B(s+1)+C\
sZ+2+2/) \sG+ D2+ 1) \S/ NG+D+1/
10 2
— (S—+2)‘ - 10
s+ 1D+ 1l—

10(s +2) 10 10(s+2) 10(s? + 25 +2)
s(24+254+2) s s(s2 42542 s(s2+25+2)
10S+20—10S —20s — 20 —10s — 10s? —10 — 10s
s(s2 +254+2) TSP +25+42) 242542
-1 1
_ 06+ D+0 _p pc=0

s+ D41

{M\, = 5—1(2) = —1(Ltl)\ = (10 — 10ecos(tHH (t).
\s(s? +25+2)/ s, \Gs+D*+1/

£—1

10.7 Properties of Laplace Transform

The followings are the important properties of Laplace transform. Note that f(f) <
F($),f1(t) < F1(s), L(t) < Fa(s), H(f) shows the Heaviside step function, and k1, ky €

R.

1. kif () < kiF(s)
2. kifi(t) +kofo(t) < kiF1(8) + ka2 (s)
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. fora >0, f(at) < }F(Z‘)
L f(t—t0)H(t — to) <> e 5 F(s)
e () < F(s+a)
=L & 5Fs) —f0)
.. 2 .
) =G < SFE) 5 0) —f )
F)y =L & $F(s) = 21 (0) — 5 0) —f ©0)

}f(r)dr < @
0

NTRNE--BEN e NV R N

10. tf (1) e__%(F(s)) = —F'(s)
1. 40 o {:F(a)da
12. lir&f (t) = lim s.F (s)
f— §—>00
13. tlirglcf = lirr(l)s.F(s)

4. A L) = ifxfl(f)fz(l —0)dt < F1(5) - F2(s)

ST e 5 (t)dt
1—e—1s

15. if V= 0:ft+T)=f(1) = LEG) =

. [+1 0<t<1
Example 10.8 Determine the Laplace transform of f () = I | 1<t<2’ Su+2) =
— <t <
J (@) (Fig. 10.6).
Fig.10.6 Periodic function N
J© +1 ! \ 1 \
| | | | e
1 2 3 4 t
1 e

S8 e (at

FyVez0:ft+T) =) = LUN) = =5 ——F

Jhe S fdt  fhemd+ [T —edr

T=2=L{f®)=

1 —e2s 1 —e2s
ot | 1 s | 2
B + — —s —2s oS
R R e etk o e e

l—e2 1 —e2  (I—e)s

2
1 =275 7% l—¢* 1—e™*
L) = - ( ) = ( )

(1 —e2)s (I1—e)(1+e)s  (1+e)s
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Example 10.9 Determine the Laplace transform of f (¢) = sin(z).

T ,—st
fYe=0:f+T)=f@) = LF®) = f‘f,—f_@d’
. fZ” —Stsin(f)dt
f) =sin(@) =T =27 = LED) = W
l_e—Zns
_ s2+1 _ 1
S l—e? 24

10.8 Laplace Transform for Solving Differential Equations

The Laplace transform converts differential equations into algebraic equations. Initial con-
ditions are directly included in the transformed equation, making it easier to handle.
Memorizing the following two formulas is highly recommended, as they are instrumental
in solving a majority of problems.

fo= % < sF(s) — f(0)
2

Fay = —f > PF(s) — s 0 —F(0)

Let’s study some numeric examples.

Example 10.10 Cualculaic the inverse Laplace transform o X (s) =
1s—17
§2—25+5"
We use ihe pariial itaction decornposidon and Tabie 10.1 o caiculaie ihe given inverse

s=13 1 our _
T aep5 aud ¥ (s) =

Laplace transiorimns.

- —if _s=13 - 2 i
x() = £ = £ (55 ) = £71 (ks — 6deg) = ¢loos@n
—6¢'sin(2t)
| 0 = £ = £ (5 27s2s115> £ 1(¢ 7(1s>2222 - 5(s—1?2+22> = Te'cos(2n)
—5e'sin(2t)

Example 10.11 Solve the y(¢) +2v(t) + y(t) = 6H (t), y(0) = 1, y(0) = 2.
Taking the Laplace iransiform of boih sides:

L) +2L3) + LO@) = 6LH (1))
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LEF) =52Y (s) —sy(0) — ¥(0) = 7Y (s) —s —2
Ly®) =sY(s) —y(0) =sY(s) — 1

SZY(S)—S—2+2(SY(S)—1)—|—Y(S):g:}Y(S)

s+a+8 s+4 6

= = +
s24+25+1 (s+D? s+ 12

s+4 A B

= +
s+D% s+1 (s+1)2

B=(+4)|=1=-1+4=3

d
A= —(E+4) = 1= =1
ds s=—1
+4 _ 1 3
Therefore, (;Ll)z =51t G
6 A B ¢
—2:— + 2
s+DT s s+l G+
__6 =0 _ s
(S+1)2 s=0 1
6 6
C:_ :—:_6
S ls=—1 -1
d 6 6
= —\{— T __6
ds(s) =1 52 =y
6 __6_ 6__ _6
Therefore, SoHIE T s L G2
Y(s) = 7o 2~ 2y - 2
GHD? T s6HDT T HDT s skl D
s+143 6 6 6 ! >l
Y(S): - R o= 2: -+ 2+
G+D* s s+l +DT s+1L G+HDT s

-5 3 6

Vi) = — - 2
W= T G S

Using Table 10.1, y(t) = (=53¢~ — 3te™" + 6)H(¢).
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Example 10.12 Solve the y(¢t) +4y(t) = H(t) —H(t — 1), y(0) = y(0) = 0.

Taking the Laplace transform of both sides:

LyO)+ LE&y@) = LHED) — LH(1— 1))
L) +4L@) = LH®) — LHT - 1)

LY($) = 59(0) — 3(0) +4¥ (5) — 4y(0) =  — %e—s

s
Y (s) 1 L
5) = —~ z
s62+4)  s(2+4)
1 A Bs+C
s(s2+4) s 244
1 1
o244, 4
1 % Bs+C 1 %_B&+c:1—§W+4y_m+c
s(s2+4) s 244 T s(s244) 5 244 s(s2+4) s2+4
1—12 _ 1 _1
78 :BS+C:R:—1,C:0:> 1 _i+24s
s(s? +4) s2+4 s(s2+4) s 244
Y(s) = . e~ = 4 24 _ ie—s_‘_ 24 e~
s(s2+4)  s(s2+4) s $2+4 s s2+4
1 1, T 1 \
4 35 3 s
yi) :,:—l(i) —13_1{ R \—ﬁ_l(ie_s\ +13_1l./ = e_s\
\5/ \$7+4) \* \$7+4 )

1 1 1 1
vy = ZH(I) — Zcos(Zl)H(t) — ZH(t -+ Zcos(Z(t —1)H(¢ —1)
vy = %(1 —cosQ2t)H(t) — %(1 —cosQQt —1)H({E — 1)

| L1 = cos(20)) O<r<1

(1) =
i I }TCOS(ZI -2y — }Tcos(Zt) t>1

Example 10.13 Solve the y(¢) + v(1) + y(t) = 8(¢), y(0) = y(0) = 0.

Taking the Laplace transform of both sides:



10.8 Laplace Transform for Solving Differential Equations 367

LEW0) + LEO) + LOO) = LEB@)

(S2+S+1)Y(s):1:>Y(s):—1
(s24+s5+1)
1 I 1
= () <) e |
+ +1/ lz i 2 =\ £
\s2 45+ 1, \(s+3) +3/ (5 +14) +<12§> )

%g-e_%tsin(gt)H(t)

%e“%tsin(“gt)H(t) is the solution of this problem.

Y

Therefore, v(t) =
Example 10.14 Find the general solution of ¥(r) + 3y() + 2v(f) = sin(31).

Homogenous solution can be found easily:
2 H35+2=0=s5 =—1,50 = 2= (1) = Cre™" + Cre™

Let’s find the particular solution with undetermined coefficient method. According to
the method of undetermined coefficients, a particular solution to the differential equation
F(O+39()+2y(t) = sin(3t) can be assumed to have the form y, (1) = Asin(31)+Bcos(3t).
Therefore,

yp(t) = Asin(3t) + Bcos(3t)
Vo (1) = 3Acos(31) — 3Bsin(3r)

Vp (1) = —9Asin(31) — 9Bcos(3r)

Substitution in the ¥(¢) + 3y(¢) + 2y(¢) = sin(3¢) leads to:
—9Asin(3t) — 9Bcos(3t) 4+ 3(3Acos(3t) — 3Bsin(31)) + 2(Asin(3t) + Bcos(3t)) = sin(t)
which can be simplified to (—7A — 9B)sin(3t) + (9A — TB)cos(3t) = sin(3t). Therefore,

| —74—9B =1 29 -9
A= B=— =y =Asin(
| sa—78=0 ~ = 1307 = 13p = W =ASED

—7 -9
B = — i
+ Bcos(31) 30 sin(3f) + 30 cos(3t)
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Note that a x sin(wt) +b x cos(ot) = sign(a).v/a® + b2sin(wt +tan™! (%)). Therefore,

=9 —9 T A\
() = T30 sin(3¢) + T30 cos(3r) = —\/m sm(3t + tan (%

il 9
= —\/m sin (3t +tan”! <7>> = —0.0877 sin(3¢ 4 0.9098)
= 0.0877 sin(3f + 0.9098 — 7) = 0.0877 sin(3r — 2.2318)

The general solution of this equation is:
V(0 = () +yp (1) = Cre™" + Cre ' + 0.0877sin(3r — 2.2318)

Steady-state response (Vs (¢)) is the behavior of a dynamic system after a long enough
time, when all transient effects (solutions of homogenous equation) have died out. In sim-
pler terms, it’s the long-term behavior of the system. Steady-state response is commonly
studied with sinusoidal inputs. In this example, the first two terms go toward zero as f
increases. The steady-state response in this example is vy (#) = 0.877sin(3r — 2.2318)
since tl_l)l’rglc Cie '+ e 2 = 0.

Sometimes, the transient behavior of the system (solutions of the homogenous equa-
tion) is not important and we just look for the steady-state response of the system. The
Laplace transtform can be used to find the steady-state response. Let’s find the steady-state
response of this example using the Laplace transform.

Given differential equation ¥(#) + 3v() + 2y(r) = sin(3t) can be written as of ¥(f) +
3v(t) 4+ 2y(r) = u(t) where of u(r) shows the system input. In this example input is
sinusoidal, i.e., u(f) = sin(3¢). Transfer function of this system is:

L) + LGY0) + LRy@) = L) = L)
+3LGW) +2L00) = Lu()) = s2Y (s) + 35Y (s)
+2Y() = U@s) = (> +35+2)Y(s) = U(s) = T(s)

Y (s) 1
- U(s) T2 43542

Note that the initial conditions are assumed to be zero when calculating the transfer
function. The input is u(¢) = sin(3r), so we need to calculate T (3j):

1

T(S): = ) - = -
Bpe+3x3+2 —=T4+9)

— = TGj

s24+35+2 3
= 0.0877¢ 722318

Therefore, steady state solution (particular solution) of given differential equation is:

Vss(t) = yp(#) = 0.0877sin(3r — 2.2318)
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which is identical to the result obtained from the previous method.
Example 10.15 Find the general solution of $(¢) + 3y(t) + 2y(1) = sin(3r — ).

Homogenous solution can be found easily:
P H34+2=051=—1,5 = -2=y,(t) =Cre™" + Cre

In this example the input is up (1) = sin(3t — ) = sin(3(t — 5)). As seen in the previ-
ous example, for the input u1 (f) = sin(3¢), a particular solution is yp1 (f) = 0.0877sin(37 —
2.2318). Therefore, particular solution for (1) = wi(t — %) = sin(3¢ — ) =
sin(3t — T) must be ypo() = yu(t—3) = 0.0877sin(3(r — 55) — 2.2318)
0.0877sin(3r — £ —2.2318) = 0.0877sin(3¢ — 3.0172). Therefore, the general solution
of y(t) +3y(t) + 2y(t) = sin(3t — i) is:

YO = yu(0) +yp2 () = Cre™" + Cre™* +0.0877sin(3t — 3.0172)
Example 10.16 Find the general solution of ¥(£) + 3y(1) + 2y(1) = 6sin(5¢ + Z).

Homogenous solution can be found easily:

P H342=051=—1,5 =-2=y,(t) =Cre" + Cre™*

We found the transfer function in the previous example: T(s) = 58 =

is 6sin(5t + %) therefore, we need to calculate T (57).

1 1

TS = = =
© (5> +3x5/+2 —23+4155

_— T(5j
s2+3s+2$ 57)

= 0.0364¢ 723037

Ves(£) = yp(1) = 0.0364 x 6 x sin<5t 4 % _ 2.5637> — 0.2184sin(5¢ — 2.0401)

General solution of this equation is:

YO = () + 1 () = Cre™ + Cre™ + 0.2184sin(5¢ — 2.0401)
Example 10.17 Find the general solution of ¥(¢) + 3y(1) + 2y(1) = 9cos(7t + %).

Homogenous solution can be found easily:

P H34+2=051=—1,0=-2=v,(t) =Cre " + Cre %
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The transter function for ¥(¢) + 3v(f) + 2y() = u(@) is: T(s) = U(s)) = m Input
is 9c0s(7t + §) therefore, we need to calculate T (7j).
T(s) L =T) : !
52 +3s+2 / TN?+3x7+2 —47+2]1j

= 0.0194¢ 72714

V() = yp(1) = 0.019 x 9 x cos(7r + % . 2.7214)
— 0.1746sin(7r — 1.6742)

General solution of this equation is:

V() = () + v () = Cre™" + Cre ™ +0.1746sin(7¢ — 1.6742)

Example 10.18 Find the general solution of y(¢) + 3y(t) + 2y(r) = 9c0s(7t + %) +
6sin(5t + Z).

Homogenous solution can be found easily:
P 4+354+2=0=>5=—1,50 = 2= y,(t) = Cle " + Cre™

We use the superposition principle to find the particular solution. According to pre-
vious examples, particular solution of ¥(t) + 3y(t) + 2y(r) = 9cos(Tt + %) is ypi (1) =
0.1746sin(7t — 1.6742). Particular solution of ¥(1) + 3y(1) + 2y(t) = 6sin(5t + %) is
yp (t) = 0.2184sin(5¢ — 2.0401). Therefore, particular solution of ¥(f) + 3y(t) +2y(1) =
9cos(Tt + %) + 6sin(5t + Z) is

yp(H) = ypl(t) + yp2 (1) = 0.1746sin(7r — 1.6742) + 0.2184sin(5¢ — 2.0401)
General solution of this equation is:

Y() = yr(t) + v, (1) = Cre™ + Cre™ +0.1746 5in (7t — 1.6742)
+ 0.2184sin(5¢ — 2.0401)

Example 10.19 Find the general solution of ¥(z) + 3y(#) + 2v(t) = Te ¥,

Homogenous solution can be found easily:

P H342=051=—1,5 =-2=v,() =Cre”" + Cre %
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The transter function for ¥(¢) + 3v () + 2v(#) = u(@) is: T(s) = 5(?) = m Input
is 7e~*. Therefore, we need to calculate T(—4).

T(s) = = T(—4) = | _ !

s2 43542 (—4213x 442 6

1 —4¢
() = g X Te ==

General solution of this equation is:
o, o
YO =) +yp(1) = Cre™ + Cre™ + &

Example 10.20 Find the general solution of ¥(z) + 3y() + 2v(f) = 5¢%.
Homogenous solution can be found easily:

P 4+354+2=0=>5=—1,5 = 2= y(t) = Cre™" + Cre™

The transter function for y(¢) + 3v(#) + 2v(#) = u(@) is: T(s) =

= U(s) = —s2+3s+2 Input
is 5¢*. Therefore, we need to calculate T (+4).
1 1 1
T )=——— T4 = ————— —
© s2+35+2 @ #?+3x4+2 30
(t) 1 5 4" ] 4t
= — X = -
W= ¢ T
General solution of this equation is:
—t -2t 1 At
¥ =yp(0) +yp () = Cre™" + Cre™™ + Ee
Example 10.21 Find the general solution of ¥(r) + 3y(#) + 2v(f) = ad
Homogenous solution can be found easily:
P H342=0=51=—1,5 = -2=y(t) =Cre™" + Cre %
The transter function for ¥(¢) + 3v(#) + 2v(#) = u() is: T(s) = 5(?) = m Input

is 7¢/* . Therefore, we need to calculate T (4j).

1 1
T =——-=T@ =
TR A (4)% +3x 4j+2
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1
=14 412j

V(1) = S S S (—0.2882 — j0.2471)e™

P 14+ 12) 14+ 12j ' o

0.3796¢ 24P ¥ = 0.3796¢ 243
Therefore, the general solution of this equation is:
V(1) = yp(t) +yp (1) = Cre™ + Cre ' +0.3796¢/ #2433

Let’s employ the undetermined coefficient method to see whether the obtained result
is correct.

Vp (t) = Ae¥
p () = jAA™

p (1) = —16A&™
Note that A € C, ie., A =a+ bj.

p (1) + 39, (D) + 2y, (1) = T = —16Ae™* + 3 x j4Ae™
+2xAdY = 7% = (—14 4+ 12))A = T = (=14 + 12))(a + b))
=740j = —l4a — 12b+ j(12a — 14b) =7+ 0j

Remember that two complex numbers are equal if and only if their real parts are equal
and their imaginary parts are equal. Therefore,

| —14a— 120 =7
| 12a-14p=0

=a=-0.2882,b = —0.2471
Particular solution is:

vp(t) = (—0.2882 — j0.2471)e¥ = 0.3796e >4 = (0.3796¢/ 42433
Therefore, the general solution is:

V() = y(t) +yp (1) = Cre™ + Cre™* +0.3796¢/ 472433

The result obtained is identical to the one from the previous method.
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Example 10.22 Find the general solution of ¥(f) + 3y(f) + 2y(t) = 3.

Homogenous solution can be found easily:

P H35+2=0=5=—1,5=-2= y,(t) = Cre™’ +Cze_ ’.

The transter function for ¥(¢) + 3v(#) + 2y(#) = u@) is: T(s) =
is 3¢ herefore, we need to calculate T (j4).

= U(S) m Input

1 1
T )= 77— = T 4 = =
W=7 2 e (9> +3xj4+2  —l4+12f
1 J . . :
= ———— x3¢ =0.0542e 7293 x 364 = (.1626¢ 42433
w0 = Ty < ¢ %

Therefore, the general solution of this equation is:

V() =) +y, () = Cre + Cre ' +0.1626¢/ #2439

Example 10.23 Find the general solution of (A) ¥(¢) + 3v(¢) +2y(t) = 3cos(4t) (B)y(r) +
3v(8) + 2v(#) = 3cos(4r).

Homogenous solution can be found easily:
P H34+2=051=—1,00=-2=v,(t) =Cre "+ Cre %

As demonstrated in the preceding example, a particular solution to the input u = 3¢/¥
is given by y,(1) = 0.1626¢/#=2433) The input in part (A) is ua(t) = 3cos(dr) =
R€{36j4t}. Therefore, particular solution of y(1) + 3y(r) + 2y(t) = 3cos(4r) is y,(t) =
Re|0.1626ei(4’_2'433)| = 0.1626cos(4t — 2.433). The general solution of part (A) is:
Yy =y, () + v, () = Cre™ + Cre™2" 4+ 0.1626c0s (41 — 2.433).

The input in part (B) is ug(t) = 3sin(4¢) = Im{3&/*}. Therefore, particular solution of
YO 4390 +2y(1) = 3sin(41) is v, (1) = Im{0.1626¢/ #2433} = 0.1626sin(4r — 2.433).
The general solution of part (B) is: y(t) =y,(1) + v,() = Cie ! + Cre? +
0.1626sin(4t — 2.433).

Example 10.24 Find the general solution of ¥(r) + 3y(t) + 2v(t) = 6.

Homogenous solution can be found easily:
P 4+354+2=0=>5=—1,50 = 2= y,(t) = Cle "+ Cre

The transter function for ¥(¢t) + 3v(#) + 2y(t) = u(@) is: T(s) =
is 6¢”. Therefore, we need to calculate T(0).

= U(S) m Input
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1 1
T (s)

= =>T)=—————— ==
s 43542 © 024+3x04+2 2

1 Fill;
yp(t) == x6e =3
2
Therefore, the general solution of this equation is:
YO = yu(t) +yp () = Cre™ + Cre™ +3

Example 10.25 Find the general solution of ¥(z) + 3y(#) + 2v(f) =4 + 7cos(3t + 1”—2).

Homogenous solution can be found easily:

P H342=0=51=—1,5 = =2=y(t) =Cre™" + Cre

The transfer function for ¥(£) + 3¥(1) + 2y(t) = u(r) is: T(s) = }]'E?) = o4 Input
is 44-7cos(3t + {5). Let’s use superposition to find the particular solution. For uy (1) = 4,
output is:

1 1
HDH=TO)xuy({t) =—— x4d==x%x4=2
0 =TO) x0(h) = e :

For uy (t) = Tcos(3t + {5), output is:

1

v (32 4+3x3+2 —T+j9

= 0.0877¢ 72218

yp2 (1) = 0.0877 x 7cos(.3t + % — 2.2318> = 0.6139¢cos(3r — 1.9700)

Therefore, the particular solution is

V() = yp1 (D) + yp2 () = 2 4 0.6139cos (3t — 1.9700)

Therefore, the general solution of this equation is:

V(&) = yn(0) + yp () = Cre™" + Coe™ + 2 + 0.6139cos(31 — 1.9700)

Exercise: Use the superposition principle to fine the particular solution of ¥(¢) + 3v(z) +
2y(t) = 3¢ = 3cos(4t) + j3sin(41).



10.9 Problem Solving with MATLAB® 375

| dxn) _
Example 10.26 Solve the differential equation I Ho 25(1) + 3y(0)
| 22 =xn) +4y(0)

.

with initial condi-
tions x(0) = 0 and y(0) = 1.

Applying the Laplace transform to the given equations:

| sX(s) =2X(s) +3Y(s)
| sY(9) = 1 =X () +47(s)

To simplify notation, let X (s) be denoted by X and Y (s) by Y

| sx =2x+43y |e-—sx+3v=0 [2-s5s 3 |[x
|s¥ —1=x+4y 7 | X+¢4-5=-1 1 4-s||lv
= = S = o =1 = = A -
oo x| ]2-s 3 0| _ 1 4—5 -3 0
T =1 Y| | 1 4-s -1 Q2-5504-5-3| -1 2—-s|| =1
B = 3
RS S I R RS S R [X®) = 6
sP—6s+5|s—-2| (5-D-5|5-2 |Y(s):@7+§75)

e}
2

/ \
x'l :;C_IX.S. :E_l —‘
) X (s) &G—Uﬁ—ﬂ/

y(t):ﬁ_l(y(s))zﬁ_l(L\):E—l{ % + ?T ):l<3€5t—gt\
G-, i )

[ dxit)
E00 — 3x() — 2v(h)
Exercise: Solve I f/‘f;t(r\. o '

I - = 4x(t) —y(@)

with the initial condition of x(0) = 1 and y(0) =

1.

10.9 Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of

problems encountered in this chapter.

Example 10.27 The code in Fig. 10.7 calculates [ te™"dr.
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Fig.10.7 Calculation of Command Window (O]
j[g—JQﬁ >> syms t s

>> int(t*exp(-s*t),t)
ans =
-(exp(-s*t)*(s*t + 1)) /s"2

>> pretty(ans)
exp(-s t) (s t + 1)

2
S
Jx >
Example 10.28 The code in Fig. 10.8 calculates [ e7<0' e~ df.
Fig.10.8 Calculation of Command Window ®

—jwol ,—st
[e70te™  dt >> syms t 5 w0

>> int (exp (-j*w0*t) *exp (-s*t), t)

ans =

- (exp(-s*t) *exp (-t*w0*1i)) /(s + wO*1i)
>> pretty(ans)

exp(-s t) exp(-t w0 1i)

Example 10.29 The codein Fig. 10.9 calculates Laplace transform of the unit step function.
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Fig.10.9 Laplace transform Command Window ®

of unit step function >> syms t

>> laplace (heaviside(t))
ans =
1/s

Jx >>

Example 10.30 The code in Fig. 10.10 calculates Laplace transform of the unit impulse
function.

Fig.10.10 Laplace transform Command Window ®

of unit impulse function >> syms t

>> laplace (dirac(t))
ans =

: |

fx >>]

Example 10.31 The code in Fig. 10.11 calculates Laplace transform of f(f) =
e~ Zsin(70H (1). Note that H (f) shows the unit step function.

Fig.10.11 Laplace transform Command Window ®
of £(1) = e~ sin(70)H (1) >> syms t

>> laplace (exp(-2*t) *sin(7*t))
ans =

T (s + 2)~2 + 49)

>> pretty(ans)




378 10 The Laplace Transform

Example 10.32 The code in Fig. 10.12 calculates Laplace transform of f(f) = sin(5¢ +
4

TYH@®).

1

Fig.10.12 Laplace transform Command Window ®
of f(1) = sin(5t + )H (1) >> syms t

>> laplace(sin(5*t+pi/4))

ans =

((22(1/2)*s)/2 + (5*2~(1/2))/2)1(572 + 25)
>> pretty(ans)

sqrt(2) s S sqgrt(2)

>> pretty(vpa(ans, 4))
0.7071 s + 3.536

Je >>

Example 10.33 The code in Fig. 10.13 calculates Laplace transform of f (t) = te % H (t).

Fig.10.13 Laplace transform Command Window ®

of f(1) = 1e S H (1) R

>> laplace(t*exp(-6*t))
ans =

1/(s + 6)~2

fx >>|

5524544
(HH(7+4)”

According to Fig. 10.14, L‘l{%} = (4™ + cos(21) — %sin(Zl))H(l).

Example 10.34 The code in Fig. 10.14 calculates inverse Laplace transform of
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Fig.10.14 Inverse Laplace Command Window ®
2
transform of % >> syms s
ST >> ilaplace ((5*s~2+s+4)/ ((s+4)* (5*2+4)))
ans =
cos(2*t) + 4d*exp(-4*t) - (3*sin(2*t))/2

>> pretty(ans)
sin(2 t) 3
cos{2 t) +exp(-4t) 4 - ————————
2

Jx>>

Example 10.35 The code in Fig. 10.15 calculates inverse Laplace transform of ﬁ.

According to Fig. 10.15, L‘l{ﬁ} = ¢*(cos(2t) + 2sin Q) H (1).

Fig.10.15 Inverse Laplace Command Window ®
541

transform of 7613 >> Syms s

>> ilaplace((s+1)/(s5"2-6*s5+13))

ans =

exp(3*t) * (cos(2*t) + 2*sin(2*t))

Jx >>

Example 10.36 The code in Fig. 10.16 calculates inverse Laplace transform of %.
: : —1y_10(s42) y _ _ —t
According to Fig. 10.16, £ {S(S2+2s+2)} = (10 — 10e™"cos()H(1).
Fig.10.16 Inverse Laplace Command Window ®
transform of —L06+2)
5(s242542) >> syms s

>> ilaplace (10* (s+2)/s/ (s~2+2*s+2))

ans =

10 - 10*exp(-t) *cos(t)

Jx >>|
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Example 10.37 The code in Fig. 10.17 calculates the partial fraction decomposition of

552+s+4 . . 5P4s+4 4, 054075 | 0.5-0.75
ey According to Fig. 10.17, 21D = 43 + =2 + T

Fig.10.17 Partial fraction Command Window ®

iti _S’4std >> k]=residue([5 1 4],conv([1 4],[1 0 4
decomposition of (21 [r,p,k]l=re e(l[ l,conv ([l 4],[ 13

4.0000 + 0.0000i
0.5000 + 0.7500i
0.5000 - 0.7500i

-4.0000 + 0.00001
0.0000 + 2.0000i
0.0000 - 2.0000i

fe >> |

The code shown in Fig. 10.18 simplifies

0.5+0.75) | 0.5-0.75] . :
StZJ L + L. According to Fig. 10.18,

5+2j

0.540.75; , 05-0.75] _ 53 524s+4 4 0.540.75; , 0.5-0.75] _ 4
=t T = 74 Therefore, D2 = M t+=Z Tt =4t
s—3
24
Command Window ®

>> simplify ((.5+.75%3)/ (5-2%3)+(.5-.75%3)/ (5+2%3))
ans =
(s - 3)/(s*2 + 4)

Jx >>

Fig.10.18 Simplifying S50 4 03207

s+

You can use the following technique to simplify the obtained expression as well
(Remember that z + 7 = 2Re{z}):
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5°+s+4 4 054075  05-075 4
(s—|—4)(s2—|—4)--s—|—4+ s—2j s+2i s+4
+2Re{0.5+0.75j}: 4 +2Re{ (O.5+O.75j)(s+2j)}

5 —2j s+4 s2+4 |
_ 4 +2Re{0.5s+j+0.75js—1.5]l: 4, 05—l
s+4 52+ 4 |~ s+4 52 +4
4 s—3
S iyateia

Example 10.38 The code in Fig. 10.19 calculates the partial fraction decomposition of

10(s+2) ; ; 10(s42) -5 -5 10
P12t According to Fig. 10.19, 42512 = T + e + =
Fig.10.19 Partial fraction Command Window ®
decomposition of% >> [r,p,k]l=residue ([10 20],conv([1 0],[1 2 2]))

-5.0000 + 0.00001
-5.0000 - 0.00001
10.0000 + 0.0000i

-1.0000 + 1.00001
-1.0000 - 1.00001
0.0000 + 0.00001i

Jx >>
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The code shown in Fig. 10.20 simplifies s_(jﬂ.) + s—(j—i)' According to Fig. 10.20,

_s -5 —(105410) 10642)  _ 10 _5 5
S T T amer - herelore, oy = 5 T Ty =
10 (105410
N 242542
Fig.10.20 Simplifying Command Window ®

=5 =5 : . 5 .
(=T + S=(=1=) >> simplify(-5/ (s+1-j)-5/(s+1+3))

ans =
-(10*s + 10)/(s"2 + 2*s + 2)
fe >> |

Example 10.39 The code in Fig. 10.21 solves ¥(t) + 5y(¢t) + 6y(f) = 4sin(t + %).

Command Window O

>> syms y(t)
>> ode=diff (y,t,2)+5*diff (y,t)+6*y==4*sin(t+pi/3):;
>> dsolve (ode)

ans =

Cl*exp(-3*t) — (2%2%(1/2)*cos(t + (7*pi)/12))/5 + C2*exp(-2*t)

Jx >>

Fig.10.21 The code for solving ¥(¢) + 5y(¢) + 6y(t) = 4sin(t + %)

The vpa function takes the symbolic expression as input and the desired number of
decimal places as the second argument. It then evaluates the expression numerically and
displays the result with the specified precision. By using vpa, you can ensure that the
numerical values in the solution are displayed with the desired level of accuracy.

To obtain a more precise numerical approximation, let’s apply the vpa function to the
calculated result (Fig. 10.22).
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Command Window ®

>> syms y(t)

>> ode=diff (y,t,2)+5*diff (y,t) +6*y==4*sin (t+pi/3);

>> dsolve (ode)

ans =

Cl*exp(-3*t) - (2*2~(1/2)*cos(t + (7*pi)/12))/5 + C2*exp(-2*t)
>> vpa(ans,5)

ans =

C2*exp(-2.0*t) - 0.56569*cos(t + 1.8326) + Cl*exp(-3.0*t)

x>

Fig.10.22 Utilize the vpa command to numerically evaluate the symbolic expression

Example 10.40 The code in Fig. 10.23 solves ¥(f) + 59(f) + 6y(¢) = 4sin(t + %), y(0) =
0, $(0) = 1.

Command Window ®

>> syms y(t)

>> ode=diff(y,t,2)+5*diff(y,t)+6*y==4*sin(t+pi/3):;

>> ic=[y(0)==0,subs(diff(y,t),0)==1];

>> dsolve (ode, ic)

ans =

exp (-2*t) * ((6*2~(1/2)*(2~(1/2)/4 - 6~(1/2)/4))/5 - (2*2~(1/2)*(2~(1/2)/4 +
>> vpa(ans,S)

ans =

0.014359%*exp(-2.0*t) - 0.16077*exp(-3.0*t) - 0.56569*cos(t + 1.8326)

Jx >>

Fig.10.23 The code for solving $(t) + 5y(r) + 6y(1) = 4sin(r + %), y(0) = 0,3(0) = 1

Example 10.41 The code in Fig. 10.24 solves v(t) 4+ 2y(t) + v(t) = (), y(0) = y(0) = 0.
Note that §(f) shows the unit impulse function.
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Fig.10.24 The code for Command Window ®
solving ¥(¢) + 2y(¢) + y(1) = >> syms y(t)
3(1),y(0) =3(0) =0 >> ode=diff (y,t,2)+2*diff (y, t)+y==dirac (t);

>> ic=[y(0)==0,subs(diff(y,t),0)==0];
>> dsolve (ode, ic)

ans =

(t*exp(-t) *sign(t))/2

fx>> |

According to Fig. 10.24 the solution is y(¥) = %sign(t). Remember that sign(f) =
+1 >0
0 t =0 . Therefore, the solution of ¥(¢) 4+ 2y(r) 4+ y(t) = §(#), y(0) = y(0) = 0 for
-1 r<0
. . B
1> 0is y(1) = &,

Example 10.42 The codein Fig. 10.25 solves ¥(£)+2y(t)+y(t) = 6H (¢), y(0) = y(0) = 0.
Note that H (f) shows the unit step function.

Command Window ®

>> syms y(t)

>> ode=diff (y,t,2)+2*diff (y,t)+y==6*heaviside (t);

>> ic=[y(0)==1,subs(diff(y,t),0)==2];

>> dsolve (ode, ic)

ans =

-exp(-t) *(3*sign(t) - 3*exp(t) - 3*exp(t)*sign(t) + 3*t*sign(t) + 2)
>> expand (ans)

ans =

3*sign(t) - 2*exp(-t) - 3*exp(-t)*sign(t) - 3*t*exp(-t)*sign(t) + 3

fx >>]

Fig.10.25 The code for solving ¥(t) 4+ 2¥(¢) + y(t) = 6H (1), y(0) = 3(0) =0

According to Fig. 10.25, the solution for f > 0 is y(f) =6 — 5¢~" — 3re™".



10.9 Problem Solving with MATLAB® 385

[ ax() B PN
Example 10.43 The code in Fig. 10.26 solves | ol = O +40 | xO) ) 0
| %2 = 40 +3y0) |y | |1

Command Window ®
>> syms x(t) y(t)
>> eql=3*x+4*y==diff (x,t);
>> eq2=-4*x+3*y==diff(y,t);
>> ic=[x(0)==0,y(0)==1];
>> [xSol,ySol]=dsolve ([eql,eq2],ic)
xSol =

sin(4*t) *exp(3*t)

ySol =

cos(4*t) *exp (3*t)

Jx >>
ED — 3y(p) + dy(t 1 [o
Fig.10.26 'I'he code for solving d..,ﬁ-" MO+ 4O | xO) | _ |0
7 = —0+3y@) | yO) | |1

Example 10.44 The code in Fig. 10.27 plots the impulse response, i.e., the output for the
unit impulse input with zero initial conditions, of ¥(¢) 4+ 3v(#) + 4y(¥) = 8u(¥) + u(t) on
|0, 6] interval. Note that y(¢) and u(f) show the output and input, respectively. The transfer
function of given differential equation is (the initial conditions are zero):

LBO} + LBy} + L{Av(D} = L{8u®)}

+ L{u(t)} = (S2 +34+dDHY () =@+ 1HU(s) = T(s)
LY Ss+1
T UGs)  s243s+4

Fig.10.27 Plotting Command Window

JO + 390+ 4y(0) = >> T=tf([8 1],[1 3 4]1):

8i(t) + u(r) on [0, 6] interval
(1) 4 u(r) on [0, 6] interva >> impulse (T, [0,6])

>> grid on

fe >> |

Output of the code shown in Fig. 10.27 is shown in Fig. 10.28.
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4 Figure 1 = o X
File Edit View Insert Tools Desktop Window Help »

Dade @ 08 RE

Impulse Response
8 T T r

Amplitude

Time (seconds)

Fig.10.28 Output of the code shown in Fig. 10.27

Example 10.45 The code in Fig. 10.29 plots the step response, i.e., the output for the unit
step input with zero initial conditions, of ¥(r) + 39() 4+ 4v(¢r) = 8u(t) + u(r) on [0, 4.5]
interval. Note that y(¢) and #(¢) show the output and input, respectively. Output of the code
shown in Fig. 10.29 is shown in Fig. 10.30.

Fig.10.29 Plotting step Command Window

response of >> T=tf([8 11,[1 3 41);
YO +3y(0) + 4y(0) = >> step(T, [0,4.5])
8i(t) + u(r) on [0, 4.5] interval 5> grid on

fx >> |
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{4\ Figure 1 = (m} X
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Fig.10.30 Output of code shown in Fig. 10.29
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The Fourier Series and Transform 1 1

11.1  Introduction

Fourier series and transforms are powerful mathematical tools used to analyze functions
in terms of their frequency components.

Fourier series represent periodic functions as a sum of sine and cosine waves of
different frequencies and amplitudes. This decomposition allows us to understand the
underlying frequencies that make up a complex signal. The Fourier transform extends
this concept to non-periodic functions, breaking them down into a continuous spectrum
of frequencies.

These techniques find applications in various fields, including signal processing,
image processing, audio engineering, and physics, enabling us to analyze and manipulate
complex signals in the frequency domain.

This chapter begins with a review of Fourier series and transforms. The second part
demonstrates MATLAB’s application to the problems discussed.

11.2 Periodic Functions and Fourier Series

A function f(¢) is said to be periodic with period T if, for every ¢ in the domain of f,
f(+T) = f(t). Fourier Series is a mathematical technique used to represent periodic
functions as a sum of sine and cosine functions. It’s a powerful tool in signal processing,
engineering, and physics.

Periodic function f (r) = f(r + T) can be written as:

x
@ =ag+ Z (a,cos(neot) + bysin(nwot))
n=1
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 389
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where

27
wy = —
°= T

to+T

1
ao = = /f(t)dt
fo

) to+T
I
a4 == / f(Hcosnoot)dt n=1,2.3,...
1o
to+T
2 r
by, = 7 JI f(Osin(noot)dt n=1,2,3, ...
0]

fo is an optional number. Therefore, integrals can be calculated on any interval with length
of T. For instance, integrals can be calculated on [_TT, +TT], [0,T] or [10,10 4+ T1]. ao
is usually called dc component or average value of f (7). Va2 +bi? is called amplitude
of the fundamental harmonic. \/ a,? + bn2 is called amplitude of the nth harmonic. For

instance, \/ a32 + b3? is called amplitude of the 3rd harmonic.

Special case I
Fourier series of a periodic even function f () is:

S =ay+ X ancos(nwot)

n=1

where
T T
2: )
1 2
ap = T /f(t)dt: ?/f(t)dt
-z 0

to+T +%

2 2

T /f(t) cosinapt)dt = T /f(t) cos(nmot)dt
fo _%

an

T

T3
4
= T /f(t)cos(nwot)dt n=1,2,3...

Remember that function f (¢) is even when V¢ : f(—1) =f ().
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Special case 11
Fourier series of a periodic odd function f(z) is:

F0) =) (usin(noon)

n=1

where
fo+T +%
b_z,r i dt_z,r 1) si ndr
n=7 j f () sin(nwondt = = f £ (@) sin(nawor)
fo _T
7

T

~N| A

T
Fi
/ f@®)sin(nwot)dt n=1,2,3, ...
0

Remember that function f(f) is odd when Vr : f(—f) = —f (f) and the product of two
odd functions f (¢) and sin(nwot) is an even function.

11.3 Review of Some Important Relationships
The following formulas help us in calculating Fourier series.

(A) Vn € Z : sin(nm) =0

_ |+1 niseven

B I —1 nisodd

(©) 2" = cos2nm) + jsin@an) = 1 +j0 = 1

(B) cos(nm) = (—=1)"

| +1 niseven

(D) "™ = cos(nm) +jsin(nr) = (=1)" +j0 = | -1 nisodd

Table 11.1 helps you to see why sin(nz) = 0 and cos(nmw) = (—1)".
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Tablg 11.1 Values of cos(nrw) " cos(n) sin(n)

and sin(nr) for0 <n <6
0 cos(0) = +1 sin{(0) =0
1 cos(m) = —1 sin{(r) =0
2 cos(2m) = +1 sin(27) =0
3 cos(3m) = —1 sin(37) =0
4 cos(4m) = +1 sin(4mw) =0
5 cos(S7) = —1 sin(S7) =0
6 cos(6mr) = +1 sin{6zr) =0

11.4 Complex Form of Fourier Series
Trigonometric form of Fourier series is introduced in the previous section. This section

introduces the complex form of Fourier series.
Periodic function f(f) = f(t + 1) can be written as:

x
f(t) = Z (.”f,j‘-:m;ot

=—rc
where
B 2
wy = T
to+1'

1 N
o=t [ e
fo

The relationship between the complex and trigonometric form coefficients is:

Co = do
a ib
= 2J " n=1,2,3,
ib
C—n:a:an_‘_Jn :172737
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11.5 Studied Examples
Let’s study some examples.

Example 11.1 Find the value (a;) of the waveform shown in Fig. 11.1.

Fig.11.1 Waveform of
Example 11.1

ao can be found by calculating the area under one period (Fig. 11.2) and dividing it
by the period. According to Fig. 11.1 period T equals to 2 and the area under one period
is % x2x2:2."['herefore,ao:%: 1.

Fig.11.2 Area under one
period

You can use the graphical method to calculate the value of @p as well. Visually estimate
a horizontal line (Fig. 11.3) that divides the area enclosed by the function curve into
equal positive and negative parts (Fig. 11.4). This line represents the average value of the
function.

Fig.11.3 Graphical method to
calculate ag

IVANIVANI VANRWANSY
L NN NN
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Fig.11.4 The areas above and
below the line are equal

VANWANS
VYV VvV VN

Example 11.2 Find the Fourier series of £ (1) = 1 4 3cos(r) 4+ 2cos(31) + 0.5sin(5¢).

Compare the given function with f (f) = a4 + ZZ‘;I (a,cos(nwpt) + bysin(nwot)). For
this function agp = 1, a1 = 3, a3 = 2 and bs = 0.5. Other coefficients are zero.

Example 11.3 Find the Fourier series representation of periodic signal shown in Fig. 11.5.

Fig.11.5 Waveform of
Example 11.3

Let’s derive the equation for one period of the function shown in Fig. 11.5.

[+2t 0<r<1
f(t)_l—zz—lstgo
2 2

(iiven function is even. Therefore, there is no need to calculate b,, terms.

0 0
F@® =ap+ Z a,cos(nwot) = ao + Z ancos(nmt)

n=1 n=1

Value of ap can be found by calculating the area under one period (Fig. 11.6) and

dividing it by the period. Period T equals to 2 and the area under one period is § =

[
FX2%2
%xeZ:Z.Therefore,aoz%zzT:1.
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Fig.11.6 Area under one
period

-4 -3 -2 -1 I 1 2 3 -

You can use the following methods to calculate ag as well:

z 1
_ 2 )
fdt = 5 21dt = | =1
0 0

1
0

~|
~|

)
17 '
. / f(t)dtf(t)lseven
el
2

4 0 1
1 1 1 0 1
— —_ zafl 2 - _t2 t2
aop T/f(r)dr 2(] rdH—] tdt 2( " + 0)
e 1 0
2
1
:E(O_(_l)+1_0):1
Let’s calculate a,=1,2 3, . terms.
to+T +§
2 2 f
ay = T f(Hcos(nwot)dt = T [ (Hcos(nwot)dt
fo I
+1

f(Hcos(nat)dt n=1,2,3,...

~Np R
<

1 1 1
4 n
an = E/Ztcos(nm)dt = 2] 2tcos(nmt)dt = 4/tcos(nnt)dt
0

0 0

By means of tabular integration (Fig. 11.7) we obtain:

1

/ si t t 1
an = 4/tcos(nnt')dt = 4klsmr(:f ) + COZZ(:S ))‘O

0

(cos(nn) cos(O)) | 0 forevenn
=4 — s _8
n2m? nm? I ——5 forodd n
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Fig.11.7 Calculation of t " cos(nmt)
[ teos(nrt)dt .
sin(nmt)
1 \ nm
0 cos(nrt)
n?m?

Therefore, Fourier series of the function shown in Fig. 11.5 is f(t) =ay +
Y 2 | ancos(nmt), where:

0 forevenn
=4 ,2;57 Joroddn
|_ 1 n=0

Example 11.4 Determine the complex Fourier series representation of the function depicted
in Fig. 11.8.

Fig.11.8 Waveform of
Example 11.4

Let’s derive the equation for one period of the function shown in Fig. 11.4.

[0 0<i<1
1) = -
T |1 1<r<2
=2 27 2w
= o = — —= — =TT
T T T2
o0 4 > .
f(l) — Z {‘He;m»ot — Z Cngjnﬂl
n=—00 n=—00

Let’s calculate cg. co = ao. Therefore, we can calculate t_he area under one period and
divide it by the period. According to Fig. 11.9, co = ap = % = % =0.5.
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Fig.11.9 Area under one
period 5

Let’s calculate ¢;=12,3, ..

to+T
f FHe M gm =0, £1, £2, 43, ...

Cn ==
fo

2

/f(t)e_]nﬂtdt (/ Oe_jnmdt—l—/ _]nmdt

\0 1
2

)n,J—iO
1

bJ|>—

when n # 0:

—jnrt

: 2
; 1{e
- —_mmdl, oy
2 /P 2( —jnm
1

e —jnmt

Let’s simplify 5 )

\ —jnm

1 g—jnﬂt 2 :_j_
—j2mn 1 2

_ IO nis even

Imnlsodd

Therefore, complex Fourier series representation of given function is:

oo

f(t) - Z Cngjm”
n=—0c
where:
0 nmniseven
cph=14% 05 n=0

|_ E‘ran nisodd

/2
( fe_j’“”dt
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11.6 Fourier Transform

Fourier transform takes a time-domain signal (function) and converts it into a frequency-
domain representation. Fourier transform of function f () is defined as:

+o0
F(jo) = f Fe 7 dr

The inverse Fourier transform converts a frequency-domain signal back into a time-
domain signal. Inverse Fourier transform is defined as:

+00
_ 1 . jowt
f = T J[ F(jo)éd“do

-0

Special case 1
When f (¢) is an even function, the Fourier transform simplifies to:

+ o +00 +00
/f(t)e*j“”dt: /f(t)(cos(a)t) —jsin(wr))dr = /f(t) cos(wt)dt
—j /f(t) sin(wt)dt

+c0 +c0
f(=n=fmn= /f(t)e*-"""'"dl = /f(r) cos(wndrt

+0o0

=2 /f(t)cos(a)t)dt

Special case 11
When f(¢) is an odd function, the Fourier transform simplifies to:

+00 +00 T
[f(t)e‘f“"dt: [f(t)(cos(-u)t)—jsin(a)t))dt: ff(t)cos(a)t)dt
¥ . —00

—0o0 —0o0

+00
—j [ J () sin(wt)dt

—0o0
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+oo

+oC
fl=t =)= /f(t)e_]“”dt:fj /f(t) sin(wt)d

+00
= -2 /f(t) sin(wt)dt
0

11.7 Fourier Transform Properties
The following are the most important Fourier transform properties:

afi &) + bfa(t) < aF1(jo) + bF> (jo)

1 )
— iy
flat) < |a|F\Ja/

ft —1y) < e TNF (jo)

if @) eji(F(jw))
dw
+00
ORI /fl(f)fz(l —1)dt < I'1(jo) X I2(jo)

1
N X fo(t) < —F1(jo) x Fr(jo)
27

— < jo X F(jo)

af (1)
dt

d’f (1)

i < —? x F(jo)

Table 11.2 presents the Fourier transforms of frequently encountered functions in
engineering.
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Table 11.2 Brief table of

8(t 1
Fourier transform pairs e

8(t — 1) <> e @0
1 < 2né(w)

A s 278(w — wp)

e H(i),a >0 < a—:ja)

—at 1
0
te""H(t),a >0 < arjor

H() < Jl + 78(w)

sin{wpl) < —jr(8(®w — wp) — §(® + wp))

cos{(wpt) < m(§(w — wp) + §(® + @g))

sin(we?) - I 1, —we < w < we

't F
0, otherwise

L,-M <1=M o sin(wM)

0, otherwise /2
. . —|1 I et 1>0
Example 11.5 Determine the Fourier transform of f () = ¢ = I . 0"
e <
Graph of f(¢) is shown in Fig. 11.10.
Fig.11.10 Plot of
£ =l =
= —>
I t
+o0 0 o0
F(jo) = /f(t)e_]“”dt = / e dr + / e~le Iy
—Cc0 —Cc0 0
Let’s calculate the obtained integrals one by one:
0 2 (1—jo)t (1—jw)x0 (1—jo)x —co
/ e/ dr = / e=iong = £~ 0 _¢ —_° ,
1 —jo | -0 1 —jo 1 —jo
—Cc0 —0o0
1 1

= — 0= :
1 —jo 1 —jo
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Remember that lim ¢@2% = ( when a > 0.
f——0c0

x
/e_te_j“”dt =
0

=0

(—l—jw)tdt e(—l—jw)t 60 e(—l—jw)xoo e(—l—jw)><0
e = =

—1-jo|0  -l—jo B -1 —jo

1 1
—1—jo 14+jo

Remember that ) liELn e @bt — () when a < 0.
—4c

Fourier transform of f (¢) is:

1]

[o.4]
_ B L 1 1 1 4jo+1—jo
F(o)y= | ee7®di+ | e e 7d = + =
ve) J[ J[ [—jo  14jo  (—jo)dtjo)
—00 0
2
1+ w?

[ 1 <1

Example 11.6 Determine the Fourier transform of f () = I 0 otherwise
otherwise

Graph of f(¢) is shown in Fig. 11.11.

Fig.11.11 Plot of +1/\
| p—
fm-{ i<l ! ‘
0 otherwise w . >
-1 +1 t

1 1

1
F(jo) = / | x e7®lgy = /(cos(a)t) — jsin(wn))dt = /cos(a)t)dt
-1

—1 -1

—j/sin(a)t)dt

-1
Let’s calculate the obtained integrals one by one:

1 1

/cos(a)t)dt = 2/cos(a)t)dt =2
0

-1

sin(wt) | 1 _ 2sin(a))
0 o)
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j/ sin(ot)df =jO =0
-1

Fourier transform of f () is:

1 1 1

F(jo) = / Ixe 7 dr = /cos(a)t)dt —j/sin(a)t)dt =2

-1 -1 -1

sin{w)

[e2]

[ ¢ <1

Example 11.7 Determine the Fourier transform of f () = I 0 otherwise
otherwise

Graph of f(¢) is shown in Fig. 11.12.
Fig.11.12 Plot of

f([):I rojrl <1

0 otherwise

—~+V

1 1 1
F(jo) = /t x e T = /t(cos(a)t) —jsin(wi))dr = /lCOS(ﬂH)LiI
-1 -1 -1
1
—j/tsin(a)t)dt

-1

Let’s calculate the obtained integrals one by one:

f l_ltcos(a)t)dt = 0 since integrand is an odd function. Note that the product of an
even and an odd function is odd.

tsin(wt) is even. Therefore, f l_ltsin(a)t)dt =2 f (l)t sin(wt)dt. The tabular integration
technique is employed to compute the | l_lt sin(wr)dt (Fig. 11.13).

Fig.11.13 Calculation of t. + sin(wt)
[ tsin(wt)dt h

RN

1 — —cos (wt
e qCOSaIE)
\,A\"‘\.

5,

0 — —sin(wt
—sin (wt)
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1 1
1
—j f tsin(wt)dt = —Zj/ tsin(wHdt = —Zj(—L cos(wr) + — sin(wr) 1)
w w 0
-1 0

7] 1
= —-2j x | ——cos(w) + — sin(a)))
\ w w

Fourier transform of f (¢) is:

1
F(jow) = J/ te 7 dt = —2j x (—é cos(w) + %sin(a)))
-1

11.8  Problem Solving with MATLAB®

This section provides examples of how MATLAB can be employed to solve the types of
problems encountered in this chapter.

Example 11.8 The code in Fig. 11.14 calculates [ 7 - cos(nmr)dr.

Fig.11.14 Calculation of Command Window ®
[t cos(nmi)de >> syms n t
>> int(t*cos(n*pi*t),t)

ans =
(cos (pi*n*t) + n*t*pi*sin(pi*n*t))/(n"2*pi~2)

>> pretty(ans)
cos(pi nt) +nt pi sin(pi n t)

Example 11.9 The code in Fig. 11.15 calculates f(l)t - cos(nmt)dr.
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Fig.11.15 Calculation of Command Window ®
fét - cos(nmt)dt >> syms n t
>> int(t*cos(n*pi*t),t,0,1)

ans =
-(2*sin((pi*n)/2)~2 - n*pi*sin(pi*n))/(n~2*pi~2)

>> pretty(ans)
/ pin\2
sin| =--- | 2 - n pi sin(pi n)
\ 2 /

Jx >>

Example 11.10 The code in Fig. 11.16 calculates fl_lt - sin(wt)dt.

Fig.11.16 Calculation of Command Window ®

<1 §
J _f - sin(wt)ds >> syms w t

>> int(t*sin(w*t),t,-1,1)
ans =
(2% (sin(w) - w*cos(w)))/w"2

>> pretty(ans)
2 (sin(w) - w cos(w))

Je>> |

Example 11.11 MATLAB calculates the Fourier transform using F(w) =
+00 .

c [ fe” I Value of ¢ and s can be determined by the user using the
—00

sympref (‘FourierParameters’, [c¢ s]) command. The code in Fig. 11.17
or 11.18 asks MATLAB to calculate the Fourier transform using the formula
1 x ffgf(t)e_"'-i"” = ffgf(t)e_j“”dt. In most books the Fourier transform is
defined as f’:gf(t)e_j“”dt.
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You only need to run the code in Fig. 11.17 or 11.18 once to set the Fourier parameters.
Subsequent Fourier transform calculations will use the new settings. The MATLAB’s
default settings can be restored with the code shown in Fig. 11.18.

Fig.11.17 ftgf(t)e_j“’tdt Command Window
is used to calculate the Fourier >> sympref (*FourierParameters', [1 -11);
transform

fe >> |

Command Window

fJg >> sympref ('FourierParameters', 'default');

Fig.11.18 [ tgf(r)e_j @ gs is used to calculate the Fourier transform

All Fourier transform computations in this chapter are performed using the parameter
settings specified in Fig. 11.17 or 11.18.

Example 11.12 The code in Fig. 11.19 calculates the Fourier transform of unit impulse
function.

Fig.11.19 Fourier transform Command Window ®

of unit impulse function >> syms t

>> fourier (dirac(t))

ans =

fi >>

Example 11.13 The codeinFig. 11.20 calculates the Fourier transform of unit step function.

Fig.11.20 Fourier transform Command Window ®
of unit step function >> syms t

>> fourier (heaviside(t))
ans =
pi*dirac(w) - 1li/w

Jx >>
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Example 11.14 The code in Fig. 11.21 calculates the Fourier transform of f (f) = e_3lH(t).
Note that H (r) represent the unit step function.

Fig.11.21 Fourier transform Command Window ®
of f(1) = e M H () >> syms t

>> fourier (exp(-3*t) *heaviside (t))
ans =
1/(3 + w*li)

Jx >>

Example 11.15 The code in Fig. 11.22 calculates the Fourier transform of f () = e~

Fig.11.22 Fourier transform Command Window ®
off(t):efm >> syms t

>> fourier (exp(-abs(t)))
ans =

2/ (w2 + 1)

fx >>

Example 11.16 The code in Fig. 11.23 calculates the Fourier transform of f (¢) = %mfi

Fig.11.23 Fourier transform Command Window ®
of f(1) = 'w;ltt >> syms t

>> fourier(sin(t)/pi/t)

ans =

- (pi*heaviside(- w - 1) - pi*heaviside(l - w))/pi
>> simplify(ans)

ans =

heaviside(w + 1) - heaviside(w - 1)

fx >> |
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Example 11.17 The code in Fig. 11.24 calculates the Fourier transform of f (f) = sin(3¢).

Fig.11.24 Fourier transform Command Window ®
of £(r) = sin(3r) >> syms t
>> fourier (sin(3*t))

ans =

-pi*(dirac(w - 3) - dirac(w + 3))*1i

Jx >> |

References for Further Study

1. Advanced Engineering Mathematics ( 10" edition), Erwin Kreyszig, Wiley, 2011.

2. Caleulus (81 edition), James Stewart, Cengage Learning, 2015.

3. Applied Numerical Analysis with MATLAB®/Simulink®: For Engineers and Scientists, Farzin
Asadi, Springer, 2023.
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Simulating Dynamic Systems with Simulink® 1 2

12.1 Introduction

Simulink® is a powerful graphical programming environment designed for modeling, sim-
ulating, and analyzing dynamical systems. It’s part of the MATLAB suite of tools, offering
a user-friendly interface for creating block diagrams that represent system components and
their interactions.

This chapter shows how to simulate dynamic systems using Simulink.

12.2 Integrator Block

Integrator blocks are fundamental building blocks in simulation tools for modeling
dynamic systems. This section illustrates the application of integrator blocks in modeling
dynamic systems.

An unstimulated dynamic system is one that evolves over time without any external
input. Its behavior is solely governed by its internal dynamics. The following example
models an unstimulated system in Simulink.

[ de(t) _ 2
Example 12.1 Use Simulink to model and solve the I f’(r) O +3y()
| <5 =20 +4y0)

with initial

conditions x(0) = 0 and y(0) = 1.

Use the simulink command (Fig. 12.1) to run the Simulink. The Simulink Start
Page (Fig. 12.2) will appear shortly.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 409
F. Asadi, Engineering Mathematics with MATLAB® and Simulink®,
https://doi.org/10.1007/978-3-031-85244-2_12
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Fig.12.1 Command Window &)
simulink command S5 simalinik

Jx >>

#4 Simulink Start Page

Al vﬂ

1 Open..
Recent

> My Templates Leam More
Prejocts v Simulink

@ From Source Control ~

an i =

[F@ Simulink Onramp

More ...
o ©
Blank Model Blank Subsystem Blank Library Blank Project

= D .
e =
Folder to Project Project from Git Project from SVN Code Generation

Show more

Fig.12.2 Simulink Start Page window
Choose the Blank Model template (Fig. 12.3) to create a new, empty model (Fig. 12.4).

Fig.12.3 Blank Model %4 Simulink Start Page
New Examples
1 Open...
Recent
> My Templates
Projects v Simulink

@ From Source Control ~

Learn
[’p Simulink Onramp ‘ba

More ...
o
Blank Model
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¥4 untitled3 - Simulink sponsored use = o X
SIMULATION DEBUG MODELING FORMAT APPS Gl e s A iy (D> @
3 Open ~ ]| Stop Time m s |
el L TR 7
New Library Data
v & Print ~ Browser Inspector
FILE LIBRARY PREPARE SIMULATE REVIEW RESUL.. =
P untitleds = g
é @® |[%a]untitled3 | |
3 g
Bl Oy E
&
=
(]
&=
O
@
»
Ready 100% VariableStepAuto

Fig.12.4 Simulink environment

Clicking on the Library Browser icon (Fig. 12.5) will open the Library Browser
window (Fig. 12.6).

Fig.12.5 The Library /

Browser button
’i untitled3 - Simulink sponsored use

MODELING

SIMULATION

Y Open ~
| Save
New E 7
v = Print v
FILE LIBRARY PREPARE
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Fig.12.6 _The Library lr’i untitled3 - Simulink sponsored use
Browser window
SIMULATION DEBUG MODELING

| Open ~
E Save ~
&3 Print v
FILE LIBRARY PR
Library Browser ® X

v A~ ElsE

Library Search Results

Model Browser

» Simulink

» Computer Vision Toolbox
» Control System Toolbox
) Data Acquisition Toolbox
» Fixed-Point Designer

» Fixed-Point Designer HDL Support
» HDL Coder

» Robotics System Toolbox
» Robust Control Toolbox
» Simulink 3D Animation

» Simulink Coder

» Simulink Extras

) Stateflow

Select Simulink (Fig. 12.7).
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Fig.12.7 The Simulink
library

’i untitled3 - Simulink sponsored use

SIMULATION DEBUG MODELING

| Open ~
Save ~

New E
v &= Print ~
FILE LIBRARY PREPARE

Library Browser ® x

Enter search term b /é{" ES

Library Search Results

Model Browser

¥ Simulink
» Commonly Used Blocks
» Continuous
Dashboard
Discontinuities
Discrete
Logic and Bit Operations
Lookup Tables
Math Operations
Matrix Operations
Messages & Events
Model Verification
Model-Wide Utilities
Ports & Subsystems
Signal Attributes
Signal Routing
Sinks
Sources
String
» User-Defined Functions
P Additional Math & Discrete
» Quick Insert
» Computer Vision Toolbox
) Control System Toolbox
» Data Acquisition Toolbox
Fixed-Point Designer
Fixed-Point Designer HDL Support
HDL Coder
Robotics System Toolbox
Robust Control Toolbox

- e b A B A b B K ik B b R G B K 4

v vVvwyw

Drag two Integrator blocks (Fig. 12.8) onto the Simulink canvas (Fig. 12.9).
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Fig.12.8 The Integrator block P, untitled3 - Simulink sponsored use

SIMULATION DEBUG MODELING
J Open ~
3
[ Save
New E
v = Print ~
FILE LIBRARY PREPARE
g Library Browser ® X
=
_Entex search term N h" ES
2 Library Search Results
=
[ ¥ Simulink
¥ Commonly Used Blocks
Bus Bus
Creator Selector
o
Constant Data Type Conwversion
R
Delay Demux
KT
2 o>
Discrete-Time Gain
Integrator
=> >
Ground In1
o
Integrator Logical
Operator
} —
Mux Outl
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untitled3 =5 ?
@ |Paluntitieds v 3:
z
Q B
E3
1 1
= ) I 2 J - P
- s s
-
J
(@
»

VariableStepAuto

Fig.12.9 Two integrator blocks are added to the Simulink model

The left integrator generates the x(f), and the right integrator generates the y(r)
(Fig. 12.10).

HO[TRO  JO[T PO

W | -

Fig.12.10 Inputs and outputs of integrators

Double-click the left integrator in Fig. 12.9 (the integrator that generates x(f)) and set
its initial condition to 0 (Fig. 12.11).
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Fig.12.11 Settings of left

| Block Parameters: Integrator X
integrator

i Integrator

Continuous-time integration of the input signal.
Parameters
External reset: none bl
Initial condition source: internal v
Initial condition:
0 e
() Limit output
() Wrap state

[0) Show saturation port
[C) Show state port
Absolute tolerance:

auto

[J) Ignore limit and reset when linearizing
Enable zero-crossing detection
State Name: (e.g., 'position")

Cancel Help Apply

Double-click the right integrator in Fig. 12.9 (the integrator that generates y(t)) and
set its initial condition to 1 (Fig. 12.12).
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Fig.12.12 Settings of right
integrator

[fi] Block Parameters: Integrator X
Integrator

Continuous-time integration of the input signal.
Parameters

External reset: none

Initial condition source: internal

Initial condition:
1

(O Limit output
(J wWrap state
() Show saturation port
() Show state port
Absolute tolerance:
auto
() Ignore limit and reset when linearizing
Enable zero-crossing detection

State Name: (e.g., 'position)

| ok | Cancel Help Apply

Add three Gain blocks (Fig. 12.13) and two Sum blocks (Fig. 12.14) to the Simulink
model (Fig. 12.15). You can rotate blocks by pressing Ctrl+R.
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Fig.12.13 The Gain block

’i untitled3 * - Simulink sponsored use

SIMULATION

MODELING

] Open ~
&Es "
ave
New
&9 Print ~
FILE LIBRARY PREPARI
Library Browser ® >

Model Browser

v B~ B

Enter search term

Library Search Results

¥ Simulink
¥ Commonly Used Blocks
Bus Bus
Creator Selector
o
Constant Data Type Corwversion
I
Delay Demux
KTs
=i P 4>>
Discrete-Time Gain
Integrator
=> >
Ground In1
Integrator Logical
Operator
}
Mux Outl
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Integrator Block

419

Fig.12.14 The Sum block

New ESave v

’i untitled3 * - Simulink sponsored use

SIMULATION

v

J Open ~

&= Print v

FILE LIBRARY

DEBUG

MODELING

PREPARE

Model Browser

Library Browser

Enter search term

v Ry~

Library Search Results

® X

E= RS

oTUuTRT

I
= b
*

Integrator

}

Mux
Product
Saturation

t 4

Subsystem

Switch

b

Vector
Concatenate

p Continuous
» Dashboard

'/

Logical
Operator

Relational
Operator

=

Scope

194

Sum

>3

Terminator
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@ )
«k «k

AV 4
U | -
v

T | -
Vv

Fig.12.15 Blocks added to the model

Connect the blocks as shown in Fig. 12.16.

G | =

| -

Fig.12.16 Blocks are connected

Double-click the Gain blocks

and set their Gain values (Fig. 12.17) as shown in
Fig. 12.18
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Block Parameters: Gain X
Gain

Element-wise gain (y = K.*u) or matrix gain (y = K*u or y = u*K).

Main  Signal Attributes  Parameter Attributes
\Gain:
1

Multiplication: Element-wise(K.*u) ~

Cancel Help Apply

Fig.12.17 The Gain box

@ |-

Fig.12.18 Simulink model with updated gains

Add a Multiplexer (Fig. 12.19) and a Scope (Fig. 12.20) to the Simulink model
(Fig. 12.21).
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Fig.12.19 The Multiplexer

’i untitled3 * - Simulink sponsored use
block

SIMULATION DEBUG MODELING

E(}‘ ] Open ~

| New E Save ~

v = Print ~
FILE LIBRARY PREPARE
§ Library Browser ® X
=
o 5 oo oE
& | Enter search term v h.v os
% Library  Search Results
=
¥ Simulink
'V Commonly Used Blocks
/ Bus Bus
Creator Selector
o
Constant Data Type Corversion
Delay Demux
KT:
£
Discrete-Time Gain
Integrator
=> -b
Ground In1
Integrator Logical
Operator
} -
Mux Outl




122

Integrator Block
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Fig.12.20 The Scope block
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Fig.12.21 A multiplexer and > O
scope block are added to the

model

The multiplexer in Fig. 12.21 merges the x(¢) and y(r) signals into a single output,
which is then visualized on the Scope. Figure 12.22 shows the default colors of a 2 x 1
multiplexer block.

Fig.12.22 Default color Yellow
scheme for multiplexer blocks Blue

The scope displays x(#) in yellow and y(f) in blue (Fig. 12.23).

Fig.12.23 The left and right Yellow, O
integrators output x(7) and y(f), Blue
respectively

x, 1 |x y

@
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The numerical method employed by Simulink to solve the differential equation is
shown on the right side of the screen (Fig. 12.24).

Fig.12.24 Numerical method (@
used by Simulink to solve the -
model —
»

Ready 175% VariableStepAuto

You can pick the solver you want by clicking on Model Settings (Fig. 12.25).

\y

| ﬂ untitled3 - Simulink sponsored use

SIMULATION MODELING

X Find ~ =] = €

@ = = = Y @ ﬂ

Model M Compare To Model Data Model Schedule v Model Insert v
Advisor ~ 4] Environment ~ Editor Explorer Editor Settings Subsystem

EVALUATE & MANAGE DESIGN SETUP COMPONENT

g untitled3
sl ® ["&] untitiea3
H
: |«

Fig.12.25 The Model Settings button

Click on Solver (Fig. 12.26) to see what solvers you can use (Fig. 12.27).

@ C ; titled3/Configuration (Active) = o x|
Q

Solver /

Data Import/Export
Math and Data Types

» Diagnostics
Hardware Implementation
Model Referencing Type: Variable-step v | Solver: |auto (Automatic solver selection) v
Simulation Target

Simulation time

Start time: [0.0 Stop time: |0.5

Solver selection

» Solver details

[ OK H Cancel ‘ ‘ Help

Fig.12.26 Configuration Parameters window
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@ Configuration Parameters: untitled3/Configuration (Active) = o X i
Solver Simulation time

Data Import/Export
Math and Data Types
» Diagnostics
Hardware Implementation
Model Referencing Type: |Variable-step | v | Solver: |auto (Automatic solver selection) v
Simulation Target auto (Automatic solver selection)
» Solver details discrete (no continuous states)

ode45 (Dormand-Prince)

ode23 (Bogacki-Shampine)

ode113 (Adams)

ode15s (stiffNDF)

ode23s (stifffMod. Rosenbrock)

ode23t (mod. stiff/Trapezoidal)

ode23tb (stiff TR-BDF2)

i odeN (Nonadaptive)

Start time: |0.0 Stop time: |0.5

Solver selection

oK H Cancel \ [ Help

Fig.12.27 Supported solvers

The default solver is sufficient for this example. Click the Cancel button in Fig. 12.27
and set the Stop time to 0.5 (Fig. 12.28). This configures Simulink to solve the ditferential
equation over the time span from 0 to 0.5 s.

Stop Time I

o4 © b

‘bl Step Run Step

@ Fast Restart Back ~ - Forward
SIMULATE

Fig.12.28 The Stop Time box
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Click the Run button (Fig. 12.29) to start the simulation. Double click the scope block
to view the waveforms. The output of the simulation is visualized in Fig. 12.30.

Fig.12.29 The Run button

Stop Time '0,5 Al
= & @ P

J
L Step Run Step
@ Fast Restart Back ~ - Forward
SIMULATE
4. Scope = 0O X
File Tools View Simulation Help ~

R ENCYISRE

Ready Sample based Offset=0 | T=0.500

Fig.12.30 x(¢) and y(r) over [0, 0.5] interval

To copy the Scope plot, navigate to File > Copy to Clipboard (Fig. 12.31). You can then
paste this image into other software. Pasted image has a white background (Fig. 12.32).
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4 Scope = (m] X

File Tools View Simulation Help kol
Open at Start of Simulation |- & | &
Number of Input Ports >

Copy to Clipboard Ctrl+C

Print ... Ctrl+P

Print Preview

Print to Figure

Close Ctrl+W
Close All Scope Windows

Ready Sample based | T=0.500

Fig.12.31 File > Copy to Clipboard

T T T T T T T T T
10+ .
oA
8+ g / A
6 o .
4 = -~ £ -~

1 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 025 0.3 0.35 0.4 0.45 0.5

Fig.12.32 The pasted plot has a plain white background
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Example 12.2 In the previous example, we used two integrator blocks. Here, we aim to
solve the same problem with only one. We will utilize a single integrator block in Simulink

BO — 2x(1) + 3y (¢
to solve the differential equation I d@f O +3y()

© with initial conditions x(0) = 0
- =x() +4y@)

and y(0) = 1.

Implement the model shown in Fig. 12.33 in Simulink.

Fig.12.33 Simulink model of 1 | [ ]
Example 12.2 5

Double click the integrator block and set the initial condition as shown in Fig. 12.34.

. L. - .
Fig.12.34 Determining the Block Parameters: Integrator1 X
initial condition Integrator

Continuous-time integration of the input signal.

Parameters
External reset: none v
| Initial condition source: internal b
\Initial condition:
[0;1] :
() Limit output

(J Wrap state

| ) Show saturation port
[J) Show state port
Absolute tolerance:

auto

! (J) Ignore limit and reset when linearizing
Enable zero-crossing detection

State Name: (e.g., 'position')

Cancel Help Apply

Double click the gain block and configure it as shown in Fig. 12.35.
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Fig.12.35 The gain block Block Parameters: Gain1 X
settings Gain

| Element-wise gain (y = K.*u) or matrix gain (y = K*u or y = u*K).

Main  Signal Attributes  Parameter Attributes

Gain: %

[23;14] % :
|

Multiplication: Matrix(K*u) (u vector) v

Cancel Help Apply

Set the simulation stop time to 0.5 and run the simulation (Fig. 12.36).

Stop Time 3 <m \’J m>

[;Normal v |

Step Run Step
@ Fast Restart Back v - Forward
SIMULATE

Fig.12.36 'The stop time box and the run button

Double click the scope block to view the simulation results (Fig. 12.37).
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4. Scope = O X

File Tools View Simulation Help ~

R IERCHIRREI=

Ready Sample based |T=0.500

Fig.12.37 x(¢) and y(r) over [0, 0.5] interval

12,3 State Space Block
Simulink’s state-space block efficiently simulates systems described by the equations

| £() = Ax(6) + Bu@)
| () = Cx(0) + Duy”

where
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x(1): State vector—Represents the internal state of the system at time t,
X(1): Derivative of the state vector with respect to time,

u(t): Input vector—Represents the external inputs to the system,

y(#): Output vector—Represents the system’s outputs,

A, B, C, D: System matrices that define the dynamics of the system.

x1(0) | 12 [[xw] [0
)_Cl(l) . x1(0) + u(®)
. . . X2(0) =6 =2 || x2(0) 0
Example 12.3 Solve the differential equation § - - e i R s
) = =17 x1(t) i 0 u(t)
Wl o 1| no | o

= 8 and u(¢) = 1 using Simulink.

x1(0)
x2(0) |
Implement the Simulink model shown in Fig. 12.38 using State-Space (Fig. 12.39) and
Constant (Fig. 12.40) blocks.

i= Av+B
T SN Lt ) SENN
y=Cx+Du

Fig.12.38 Simulink model of Example 12.3
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Fig.12.39 The State-Space P4 untitled4 - Simulink sponsored use

block
SIMULATION DEBUG MODELING

i{\':l 4 Open ~

E Save N
v
| New
v = Print v
FILE LIBRARY PF
§ Library Browser ® X
=
5 | sute v &~ El=S
2 Library  Search Results
=
¥ Simulink
» Commonly Used Blocks
¥ Continuous
Au 4 Ax + Bu|
Derivative Descriptor State-Space
Entity First Order Hold
Transport Delay
) X
L}
Integrator Integrator,
Second-Order
e, Sx
2 /dx
Integrator,
Second-Order
Limited
5 PID(s)
PID Controller PID Controller (2DOF)
X = Ax + Bu 1
ye=CutDul =1 p
State-Space Transfer Fen
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Fig.12.40 The Constant
block

"i untitled4 * - Simulink sponsored use

SIMULATION DEBUG MODELING
" Ifub ] Open ~
| New E Save ~
~ = Print v
FILE LIBRARY PRI
g | Library Browser ® X
z
HES v Ay~ EEs
| % Library Search Results
=
¥ Simulink
¥ Commonly Used Blocks
F Bus Bus
Creator Selector
o
| Constant Data Type Conversion
| I
| Delay Demux
KT:
2 o>
Discrete-Time Gain
Integrator
=> Cb
Ground Inl
H, 1<
Integrator Logical
Operator
} o
Mux Outl

Double click the state-space and gain blocks and input the values specified in
Figs. 12.41 and 12.42 to configure them accordingly.
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Fig. 12.41 The State-Space [*a] Block Parameters: State-Space X
block settings State Space

| State-space model:

| dx/dt = Ax + Bu

| y =Cx + Du

|

'Parameter tunability' controls the runtime tunability level for A, B, C, D.
'Auto’: Allow Simulink to choose the most appropriate tunability level.
'Optimized': Tunability is optimized for performance.

'Unconstrained': Tunability is unconstrained across the simulation targets.

Selecting the 'Allow non-zero values for D matrix initially specified as zero'

checkbox requires the block to have direct feedthrough and may cause
algebraic loops.

Parameters
A: /

[12-6-21"

B: /
[1,0] »
C: /
[17011%

D: /
[0;0]

Initial conditions:

[6;9]

Parame nability: Auto v

2

([J Allow non-zero values for D matrix initially specified as zero
Absolute tolerance:
auto

State Name: (e.g., 'position')

Cancel Help Apply
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[5] Block Parameters: Constant X

Constant

Output the constant specified by the 'Constant value' parameter. If
'Constant value' is a vector and 'Interpret vector parameters as 1-D' is on,
treat the constant value as a 1-D array. Otherwise, output a matrix with
the same dimensions as the constant value.

Main  Signal Attributes
Constant value:

1

: Interpret vector parameters as 1-D
Sample time:

inf

Cancel Help Apply

Fig.12.42 The gain block settings

Set the simulation stop time to 0.3 and run the simulation (Fig. 12.43).

Stop Time i @

mal v

|Nora—\ Step Run

@ Fast Restart Back v v
SIMULATE

Fig.12.43 The stop time and the run button

Double click the scope block to view the simulation results (Fig. 12.44).
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4| Scope — m] X

File Tools View Simulation Help ~

Q- OP® - a-0-F 4

Ready Sample based Offset=0  T=0.300

Fig.12.44 Output y(r) over [0, 0.3] interval

)Icl(t) |12 || x® 1 1 ()
. . . x2(0) =6 =2 || x2(0) 0
Example 12.4 Solve the differential equation § - = el e s
o = —17 [ x® 4 0 u(t)
o1 |wo | o

6
== \‘ ‘ and u(t) =2 4+ 7sin(4t + %) using Simulink.

x1(0) |
x5(0) | 9 1
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Open the Simulink model that we created earlier (Fig. 12.45).

1 x= Ax+ Bu [:]
y=Cx+ Du

Fig.12.45 Simulink model of Example 12.3

Click on the gain block to select it (Fig. 12.46). Then, press the Delete key on your
keyboard to remove it from the Simulink model (Fig. 12.47).

1 x= Ax+ Bu C]

y=Cx+ Du
Constant
Fig.12.46 Constant block is selected
§ x= Ax+ Bu
N BN
y=Cx+ Du

Fig.12.47 Constant block is removed

Add a sine wave block to the model (Fig. 12.48). The sine wave block is located in
the Sources library (Figs. 12.49 and 12.50).

x= Ax+ Bu C]
/\/4> —P
y=Cx+Du

Fig.12.48 A sine wave block is added to the model
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Fig.12.49 The Sources
library
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Fig.12.50 The Sine Wave P4, untitled4 * - Simulink sponsored use

block

SIMULATION

MODELING

| J Open ~
| E Save N
New
| v &3 Print ~
\ FILE LIBRARY PR
Library Browser ® X
state - /é—k" E5] ES

Library Search Results

Model Browser

Number

il s

.

Generator

iy s

[

Waveform
Generator

) String
» User-Defined Functions
» Additional Math & Discrete
» Quick Insert
» Computer Vision Toolbox
» Control System Toolbox

Repeating Repeating
Sequence Sequence
Interpolated
Scenario
Signal 1}
[
Repeating Signal Editor
Sequence
Stair

Signal Sine Wave

Step Uniform Random
Number

Double click on the sine wave block and configure it as shown in Fig. 12.51.
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Block Parameters: Sine Wave X |
Sine Wave

i Output a sine wave:
| O(t) = Amp*Sin(Freq*t+Phase) + Bias

| Sine type determines the computational technique used. The parameters
| in the two types are related through:

| Samples per period = 2*pi / (Frequency * Sample time)
Number of offset samples = Phase * Samples per period / (2*pi)

Use the sample-based sine type if numerical problems due to running for
large times (e.g. overflow in absolute time) occur.

Parameters
Sine type: Time based v
Time (t): Use simulation time v

Amplitude:
7

4

Bias:

2

4

Frequency (rad/sec):

4

Phase (rad):

pi/6 0.5236

L,

Sample time:

0

Interpret vector parameters as 1-D

L Cancel Help Apply |

Fig.12.51 Required settings to generate u(t) = 2 + 7sin{4¢ + %)

Set the simulation stop time to 0.3 and run the simulation (Fig. 12.52).

Fig.12.52 The stop time and
the run button

Stop Time ; 4&

LNormaI - 1

u@ Fast Restart Back ~ v
SIMULATE
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Double click the scope block to view the simulation results (Fig. 12.53).

‘4 Scope

{ Eile Tools View Simulation Help

s

@'W@di}ﬂ o

- -0 F |8

Fig.12.53 y () = —x1(¢) + 7x(¢) and yp(7) = xp(7) over [0, 0.3] interval

Sample based [ T=0.300

Example 12.5 Inthis example we will simulate the response of the system y™® (1) +7y3) (1) +
6V(1) + 3v() + 2y(¢) = x(f) + 2x(¢) to a unit step input multiplied by three, assuming zero

initial conditions. The transfer function for this system is 7°(s) =

Yis) _
X)) — FHI54652435+2°

Implement the model shown in Fig. 12.54. To find the transfer function and step blocks,
refer to Figs. 12.55 and 12.56. These figures show where to locate these blocks in the

Simulink library.

Fig.12.54 TInitial model for
Example 12.5

il

s+ 1

]
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Fig.12.55 The Transfer
Function block
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Integrator,
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PID Controller PID Controller (2DOF)
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. r_
Fig.12.56 The Step block can | ’i untitled5 * - Simulink sponsored use
be found in the Sources library
SIMULATION DEBUG MODELING

[ 1 Open ~

| Save

| New &

v = Print
FILE LIBRARY PREPARE

Library Browser ® X

Enter search term v /E)\\' FE ES

Library Search Results

Scenarno
D [ e

Repeating Signal Editor
Sequence
Stair

M
Signal Sine Wave
Generator

i

Step Uniform Random
Number

Model Browser

Waveform
Generator

) String

» User-Defined Functions

» Additional Math & Discrete
» Quick Insert

Computer Vision Toolbox
Control System Toolbox

Data Acquisition Toolbox
Fixed-Point Designer
Fixed-Point Designer HDL Support
HDL Coder

Robotics System Toolbox
Robust Control Toolbox

vV VvVVVVYyVYYVYYy

Double click the step block and configure it as shown in Fig. 12.57.
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Block Parameters: Step X
Step
Output a step.

Main  Signal Attributes

Step time:
0
Initial value:
0
» Final value:
3
Sample time:
0

Interpret vector parameters as 1-D

Enable zero-crossing detection

Cancel Help Apply

Fig.12.57 Required settings to generate x(t) = 3H(t)

Double-click the transfer function block and input the numerator and denominator

coefficients as specified in Fig. 12.58. This will configure the block to represent the

transfer function 7T(s) = % = +7s3fgs2 =
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[j] Block Parameters: Transfer Fcn X
Transfer Fcn

The numerator coefficient can be a vector or matrix expression. The
denominator coefficient must be a vector. The output width equals
the number of rows in the numerator coefficient. You should specify
the coefficients in descending order of powers of s.

'Parameter tunability’ controls the runtime tunability level for
numerator and denominator coefficients.

'Auto’: Allow Simulink to choose the most appropriate tunability level.
'Optimized': Tunability is optimized for performance.

'Unconstrained': Tunability is unconstrained across the simulation
targets.

Parameters
Numerator coefficients:
[12]

Denominator coefficients:
Ll 763 2]_

Parameter tunability: Auto v

Absolute tolerance:

auto

State Name: (e.g., "position')

[ ok Cancel Help Apply

Fig.12.58 Required settings to define T'(s) = ;—% = m

Click the OK button in Fig. 12.58, then resize the transfer function block for clearer
visualization of the transfer function equation (Fig. 12.59).

Fig.12.59 Block diagram of

Example 12.5 j » 942 » C]

S H+TS +652+3s+2

Set the simulation stop time to 30 and run the simulation (Fig. 12.60).
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APPS SCOPE
Stop Time |30 4l \
E © P
(Normal ‘ Step Run Step
B@ Fast Restart Back v Forward
SIMULATE

Fig.12.60 The stop time and the run button

Double click the scope block to view the simulation results (Fig. 12.61).

4 Scope = m] X

| Eile Tools View Simulation Help o

Q- 60P® -a- 0 F &

Ready Sample based |T=30.000

Fig.12.61 Simulation results
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The simulation result in Fig. 12.61 is not smooth enough. Let’s improve its smoothness.
Click the Model Settings icon (Fig. 12.62) to open the Configuration Parameters window
(Fig. 12.63). Then, click the Solver details (Fig. 12.63).

rﬂ untitled5 * - Simulink sponsored use

SIMULATION MODELING
” K Find ~ %] ==
@ = © Py
Model Model Data Model R Model Insert i
Advisor + 1] Environment ~ Editor Explorer Settings ~ Subsystem
EVALUATE & MANAGE DESIGN SETUP COMPONENT

Fig.12.62 The Model Settings button

f @ C i untitled5/Configuration (Active) = o X
| Q Searc
Solver Simulation time

Data Import/Export
Math and Data Types

» Diagnostics
Hardware Implementation
Model Referencing Type: Variable-step | v | Solver: |auto (Automatic solver selection) b4
Simulation Target

Start time: 0.0 Stop time: |30

Solver selection

» Solver details

oK H Cancel | [ Help
L J

Fig.12.63 The Solver details

Configure the solver to use a maximum step size of 0.001 (Fig. 12.64).
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untitledS5/Confi (Active) = [m] X
Solver Simulation time -
Data Import/Export |
Math and Data Types Start time: |0.0 Stop time: |30 |
» Diagnostics
Solver selection
Hardware Implementation
Model Referencing Type: |Variable-step v | Solver: |auto (Automatic solver selection) 4
Simulation Target
v Solver details %
Max step size: |1e-3 Relative tolerance 1e-3
Min step size: |auto Absolute tolerance: auto
Initial step size: auto Auto scale absolute tolerance
Shape preservation: Disable All v
Number of consecutive min steps. 4
Zero-crossing options
Zero-crossing control: |Use local settings ¥ | Algorithm: Nonadaptive v
Time tolerance 10*128%eps Signal threshold: auto
Number of consecutive zero crossings: | 1000
Tasking and sample time options
["] Automatically handle rate transition for data transfer
[] Allow multiple tasks to access inputs and outputs
[ Higher priority value indicates higher task priority
-
OK J | Cancel ‘ ‘ Help |
L s 4

Fig.12.64 Max step size box

Click the OK button in Fig. 12.64 and rerun the simulation. The simulation output is
depicted in Fig. 12.65. Reducing the step size enhances the smoothness of the simulation
results, albeit at the cost of increased computational effort.
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‘4 Scope
| Eile Tools View Simulation Help

0-/60P @S- |a- I Fla

Sample based | T=30.000

Ready

Fig.12.65 Simulation results

Exercise: Simulate the response of the system y™® (1) + 7y (1) +69(1) +39(0) + 2y(1) =
X(t) + 2x(r) to a unit step input multiplied by three and delayed by two time units, i.e.,
x(t) = 3H (t — 2), assuming zero initial conditions.

12.4 To Workspace Block

The To Workspace block (Fig. 12.66) is used to export simulation data from the Simulink
model to the MATLAB workspace. This allows you to analyze, visualize, and further
process the data using MATLAB commands and functions.
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Fig.12.66 The To Workspace r’i untitled5 * - Simulink sponsored use
block
SIMULATION DEBUG MODELING
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» Signal Routing
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/W —1 B
Display Floating
Scope
P r— XD

Out Bus Element Outl

I =

Record Scope

.

Stop Simulation ~ Terminator

# witied mat I * simout

To File To Workspace

XY Graph
P Sources
p String
b _User-Defined Functions

Example 12.6 Inthis example we will export the output of previous simulation to MATL.AB
environment. Change the Simulink model of Example 12.3 to what shown in Fig. 12.67.
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Fig.12.67 The Simulink s .
model of Example 12.4 » outl.simou

B O
Tl S+ + 65743542 d

Double click the To Workspace block and configure it as shown in Fig. 12.68.

Fig.12.68 The To Workspace

Block Parameters: To Workspace X
block settings

To Workspace

Write input to specified timeseries, array, or structure in a
workspace. For menu-based simulation, data is written in the
MATLAB base workspace. Data is not available until the simulation
is stopped or paused.

To log a bus signal, use "Timeseries" save format.
Parameters

Variable name:

simout

Limit data points to last:

inf

Decimation:

1

Save format: Structure With Time v
Log fixed-point data as a fi object

Sample time (-1 for inherited):

=1

Cancel Help Apply

Set the simulation stop time to 30 and run the simulation (Fig. 12.69).
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Stop Time ‘ <m w ”[)

|xNormaI - | Step Run Step
0@ Fast Restart Back ~ v Forward
SIMULATE

Fig.12.69 The stop time and the run button

A new variable is added to the MATLLAB Workspace upon simulation completion
(Fig. 12.70).

Workspace
Name ~ Value
@ out 1x1 SimulationO...

Fig.12.70 A new variable is added to the workspace

Figure 12.71 shows how to extract the time and signal values. Output of this code is
shown in Fig. 12.72. This figure is identical to Fig. 12.65.

Command Window

>> t=out.simout.time;

>> y=out.simout.signals.values;
>> plot(t,y)

>> grid on

x >>|

Fig.12.71 Plotting the imported data
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Fig.12.72 Output of the code shown in Fig. 12.71

12.5 MATLAB® Function Block

MATLAB Function block can be used to simulate nonlinear systems. Let’s study an

0] _
| 12(0)

—1
|: :| over the time interval [0, 5]. u(r) = t.H(¢) is the system input. H (¢) represents the

example.

[ %) = x200)

Example 12.7 We want to simulate | ~ . )
I X () = —sin(x1 (1)) — O0.1x2(t) + u(t)

unit step function.

Create a Simulink model that matches the diagram in Fig. 12.73. The Ramp block
(Fig. 12.74) is used to generate a ramp signal. The MATL.AB Function block (Fig. 12.75)

is used to implement custom functions.
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Fig.12.73 Simulink model of
Example 12.7
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Fig.12.74 'The Ramp block
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P4 untitled6 * - Simulink sponsored use

’i untitled4 - Simulink sponsored use

Fig.12.75 The MATLAB Function block

SIMULATION DEBUG MODELING SIMULATION DEBUG MODELING
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» Continuous » Math Operations
» Dashboard P Matrix Operations
) Discontinuities P Messages & Events
P Discrete P Model Verification
» Logic and Bit Operations » Model-Wide Utilities
» Lookup Tables P Ports & Subsystems
» Math Operations P Signal Attributes
P Matrix Operations » Signal Routing
P Messages & Events » Sinks
» Model Verification P Sources
» Model-Wide Utilities P String
P Ports & Subsystems ¥ User-Defined Functions
) Signal Attributes o
» Signal Routing /
» Sinks C Caller C Function
» Sources
b ot

P User-Defined Functions

» Additional Math & Discrete
» Quick Insert

Computer Vision Toolbox
Control System Toolbox

Data Acquisition Toolbox
Fixed-Point Designer
Fixed-Point Designer HDL Support
HDL Coder

Robotics System Toolbox
Rohust Control Toolbox

vyvVvVvvvwvywy

Fen Function Caller

MW ATLAB Fen P
Initialize Function Interpreted MATLAB
Function

matiabfie b

Level-2 MATLAB MATLAB Function
S-Function

Double click the integrator block and configure it as shown in Fig. 12.76.
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Fig. 12.76 The integrator [*a] Block Parameters: Integrator X

block settings Integrator

| Continuous-time integration of the input signal.
: Parameters
| External reset: none ~
Initial condition source: internal v
itial condition:
[1;-3]

[0 Limit output
(J Wrap state

| ([ Show saturation port
[[J Show state port
Absolute tolerance:

auto

() Ignore limit and reset when linearizing

Enable zero-crossing detection

State Name: (e.g., 'position")

Cancel Help Apply

Double click the MATLAB Function block to open the function editor. Type the func-
tion code as shown in Fig. 12.77. Once you’re done, click the arrows to return to the
Simulink model.

Fig.12.77 MATLAB
Function block code

L) U MATLAB Function =
© |[*a]untitled6 » [4] MATLAB Function v
il function y = fen(u) V]
2 y = zeros(2,1);
3 y(D=u(2);
4 y(2)=-sin(u(1))-0.1*u(2)+u(3);
5 end
«

Set the simulation stop time to 5 and run the simulation (Fig. 12.78).
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Fig.12.78 The stop time and
the run button

Stop Time |5 \15 :/ m/

‘ Normal—v ) Step Run Step

@ Fast Restart Back ~ v Forward
SIMULATE

Double click the scope block to view the simulation results (Fig. 12.79).

4\ Scope = O X

Eile Tools View Simulation Help »

Q- SOP® - Q-0 F 4

Ready Sample based Offset=0 T=5.000

Fig.12.79 Simulation results

References for Further Study

1. Advanced Engineering Mathematics (10™ edition), Erwin Kreyszig, Wiley, 2011.

2. Calculus (Sth edition), James Stewart, Cengage Learning, 2015.

3. Applied Numerical Analysis with MATLAB®/Simulink®: For Engineers and Scientists, Farzin
Asadi, Springer, 2023.
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Probability and Statistics 13

13.1 Introduction

The Statistics and Machine Learning Toolbox® is a powerful toolset within MATLAB®
that provides a comprehensive range of functions and apps for data analysis, statistical
modeling, and machine learning. This chapter introduces key MATLAB functions for
statistical analysis and probability theory. The Statistics and Machine Learning Toolbox
is required for this chapter.

13.2  Probability Distribution

A probability distribution is a mathematical function that describes the likelihood of
occurrence of different possible values of a random variable. In simpler terms, it’s a way
to model the randomness inherent in many real-world phenomena. MATLAB supports a
wide range of probability distributions, both continuous and discrete. Here are some of
the most common ones:

(A) Continuous distributions: Normal (Gaussian), Uniform, Exponential, Gamma, Beta,
Weibull, Chi-Square, F, t, Inverse Gaussian, Rayleigh, Rician, Nakagami, etc.

(B) Discrete distributions: Binomial, Poisson, Geometric, Negative Binomial, Hyperge-
ometric, Discrete Uniform.

For each of these distributions, MATLAB provides functions for:

(A) Probability Density Function (PDF): Calculates the probability density at a specific
value.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 459
F. Asadi, Engineering Mathematics with MATLAB® and Simulink®,
https://doi.org/10.1007/978-3-031-85244-2_13
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(B) Cumulative Distribution Function (CDF): Calculates the probability of a value
being less than or equal to a specific value.

(C) Inverse CDF (Quantile Function): Calculates the value corresponding to a given
probability.

(D) Random Number Generation: Generates random numbers from the distribution.

(E) Parameter Estimation: Estimates the parameters of the distribution from a sample
of data.

13.3 Core MATLAB Functions for Probability and Statistics

Example 13.1 The code in Fig. 13.1 calculates (g) = ﬁ = 2%7

Fig.13.1 Calculation of (g) Command Window ®

>> nCr=nchoosek (6, 2)
nCr =

15

Jx >> |

The code in Fig. 13.2 calculates P(6,2) = (6312)‘;'

Fig.13.2 Calculation of Command Window ®

P(6,2) >> nPr=factorial (6) /factorial (6-2)

nPr =

30

Jx >> |

Example 13.2 The code in Fig. 13.3 calculates the minimum and maximum of
{170, 180, 175, 170, 162, 160, 180, 185}.
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Fig.13.3 Calculation of Command Window ®

minimum and maximum >> x=[170 180 175 170 162 160 180 185];
>> min (x)

>> max (x)
ans =
185

Jx >>

Example  13.3 The code in Fig. 13.4  calculates the range  of
{170, 180, 175, 170, 162, 160, 180, 185}. Remember that the range is the difference
between the maximum and minimum values.

Fig.13.4 Calculation of range Command Window ®

>> x=[170 180 175 170 162 160 180 185];
>> range (x)

ans =

25

Jx >>

Example  13.4 The code in  Fig. 13.5  calculates the sum  of
{170, 180, 175, 170, 162, 160, 180, 185}.

Fig.13.5 Calculation of the Command Window |

sum of the data >> x=[170 180 175 170 162 160 180 185];
>> sum{x)

ans =

1382

fx >>|
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Example 13.5 The code in Fig. 13.6 counts the elements in the set
{170, 180, 175, 170, 162, 160, 180, 185}.

Fig.13.6 Counting the Command Window ®
number of data elements >> x=[170 180 175 170 162 160 180 185];

>> length (x)

ans =

Je >> |

Example 13.6 The code presented in Figs. 13.7 and 13.8 computes the average of
N
{170, 180, 175, 170, 162, 160, 180, 185}. Remember that ¥ = ==L

Fig.13.7 Computation of the Command Window ®
mean >> Xx=[170 180 175 170 162 160 180 185];

>> mean (X}
ans =
172.7500

Jx>> |

Fig.13.8 Computation of the Command Window ®

mean >> x=[170 180 175 170 162 160 180 185];

>> sum(x)/length (x)
ans =

172.7500
Jx >>

Example 13.7 The code presented in Fig. 13.9 computes the variance of the
T2
{170, 180, 175, 170, 162, 160, 180, 185}. Remember that o2 = SN | &1
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Fig.13.9 Computation of the Command Window ®
variance >> x=[170 180 175 170 162 160 180 185];
>> var (x)
ans =
79.0714
Jx >>

Example 13.8 The code presented in Fig. 13.10 computes the standard deviation of the
{170, 180, 175, 170, 162, 160, 180, 185}. Remember that o = \/27:1 fy=xf

Fig.13.10 Computation of Command Window ®
the standard deviation >> x=[170 180 175 170 162 160 180 185];

>> std(x)
ans =

8.8922

fx >>|

Example 13.9 The code presented in Fig. 13.11 computes the median of the
{170, 180, 175, 170, 162, 160, 180, 185}.

Fig.13.11 Computation of Command Window ®

the median >> x=[170 180 175 170 162 160 180 185];

>> median (x)
ans =

172.5000

fe >> |

Let’s check the result. Sorted data set is {160, 162, 170, 170, 175, 180, 180, 185}. The
data set has 8 members. Therefore, median is M = 172.5.
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13.4 Random Number Generation

rand and randn are two functions in MATLAB used to generate random numbers, but
they differ in the type of distribution they follow.

The rand function generates random numbers from a uniform distribution between
0 and 1. This function is useful for tasks like simulating random events with equal
probabilities.

The randn function generates random numbers from a normal (Gaussian) distribution
with a mean of () and a standard deviation of 1. This function is useful for tasks like
simulating noise, modeling natural phenomena, and machine learning applications.

Random numbers generated with randn can theoretically range from negative infinity
to positive infinity. However, in practice, the majority of the numbers will fall within a
few standard deviations of the mean (which is O for a standard normal distribution). While
there’s no strict upper or lower bound, you can expect most of the generated numbers to be
between — 3 and 3. However, it’s important to remember that there’s a small probability
of getting values outside this range.

Example 13.10 The code presented in Figs. 13.12 and 13.13 produces a 1-by-4 vector
containing randomly generated elements.

Fig.13.12 Random number Command Window ®
generation with >> randn(1,4)
randn function

ans =

-1.1658 -1.1480 0.1049 0.7223
Je >> |

Fig.13.13 Random number Command Window ®
generation with rand function >> rand (1, 4)

ans =

0.9340 0.1299 0.5688 0.4694

x>
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The randi is a MATLAB function used to generate random integers within a specified
range. It follows a uniform distribution, meaning each integer within the range has an
equal probability of being generated.

Example 13.11 The code presented in Fig. 13.14 models the process of flipping a fair coin
four times.

Fig.13.14 Simulating four Command Window ®
coin flips >> num_flips = 4;

>> coin_flips = randi([0 1], num flips, 1)
coin flips =

0

1
0
1

Jx >>

Example 13.12 The code presented in Fig. 13.15 models the process of rolling a die five
times.

Fig.13.15 Simulating five Command Window ®

dice rolls >> num_rolls=5;

>> dice_rolls=randi(6,num rolls,1)

dice_rolls =

=W oy W

Jx >>

The unifrnd function generates random numbers from a continuous uniform
distribution.

Example 13.13 The code shown in Fig. 13.16 generates 4 random numbers between — 3
and 12.
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Fig.13.16 Generating four Command Window ®
random numbers between — 3 >> random numbers = unifrnd(-3, 12, 4, 1)
and 12 -

random_numbers =

1.2876
8.3580
8.3059
2.7067

Jx >>

13.5 Linear Regression

Linear regression is a statistical method used to model the relationship between a depen-
dent variable and one or more independent variables. It aims to find the best-fitting
line through a set of data points, allowing us to make predictions and understand the
relationship between variables.

Example 13.14 In this example, a linear regression model will be fitted to the dataset
presented in Table 13.1.

Table 13.1 Data for Example
13.14

>
~

1.2
2.5
3.1
43
5.7

| N O R S

The code presented in Fig. 13.17 implements a linear regression model to fit a line to
the given data points, minimizing the sum of squared errors. As shown in Fig. 13.17, the
equation of the fitted line is y = 1.08x + 0.12.
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Fig.13.17 The data is fitted Command Window ®
to a linear model >>x=1[12345];

2 4 = [1.2 2.5 3.1 4.3 5.7];
>> polyfit(x,vy,1)

ans =

1.0800 0.1200

fx >> |

To verify the solution, we aim to minimize the following cost function: f(m, b) =
Yomx + b —y) = (m+b—127% + @m+b-25% + Gm+b-3.1% +
Am+h —43)2 + Sm+h-—-5 7)2. The code in Fig. 13,18 calculates the g_f and g—];.

According to Fig. 13.18, 2L = 30b + 110m — %2 and & = 10b + 30m — 18

Command Window ®

>> syms m b

>> f=(m+b-1.2)*2+(2*m+b-2.5) 2+ (3*m+b-3.1) 2+ (4*m+b-4.3) *2+(5*m+b-5.7) ~2;
>> simplify(diff(f,m))

ans =

30*b + 110*m - 612/5

>> simplify(diff(£f,b))

ans =

10*b + 30*m - 168/5

x >>|

Fig.13.18 Calculation of —f and af

Let’s calculate the critical point.

| &L —¢ [30b+110m = [ 306+ 110m = 62

= =
| Z =0 10b + 30m 168 0 | 106+ 30m = 18

S ARCRAR

01200 |
10800

—_—
o O
w =
C o
| I

i\
1 i
g8
O\ Ld—
Co N
| I
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Therefore, the linear regression model y = 1.08x 4 0.12 provides the best fit to the
data presented in Table 13.1.

13.6 Polynomial Regression
Polynomial regression is a form of regression analysis in which the relationship between
the independent variable x and the dependent variable y is modeled as an nth degree

polynomial in x.

Example 13.15 In this example, we will fit a 4th order polynomial to the data provided in
Table 13.2.

Table 13.2 Data for Example 13.15

o

6.1

— 32

— 131
52.6
290.9
844.6
1897.3
3673.40
6438.09
10,497.4

N=R - R BN I e N I R S S S

—_
<

The code shown in Fig. 13.19 fits a 4th order polynomial to given data points, min-
imizing the sum of squared errors. According to Fig. 13.19, the found polynomial is:
1.7000x* — 6.8007x7 + 3.0046x% — 1.2116x + 914083.
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Command Window ®

> x=[12345678 9 10];
>> y=[6.10 -8.20 -13.10 52.60 290.9 844.60 1897.30 3673.40 6438.09 10497.4];
>> polyfit(x,y,4)

ans =

1.7000 -6.8007 3.0046 =1:2116 9.4083

fe >> |

Fig.13.19 The data is fit to a 4th order polynomial

Figure 13.20 shows code that evaluates the polynomial 1.7000x* — 6.8007x> +
3.0046x? — 1.2116x + 914083 at x = 7.3.

Command Window ®

> x=[12345678 9 10];
>> y=[6.10 -8.20 -13.10 52.60 290.9 844.60 1897.30 3673.40 6438.09 10497.4];
>> polyfit(x,vy,4)
ans =
1.7000 -6.8007 3.0046 -1.2116 9.4083
>> polyval (ans,7.3)

ans =

2.3429e+03

$ o> |

Fig.13.20 The value of the fitted polynomial at x = 7.3

13.7 Binomial Distribution

Y = binopdf (x,n,p) computes the binomial probability mass function (PMF) at
each value in x, given the number of trials n and the probability of success p for each
trial.
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Example 13.16 Given a biased coin with a probability of heads equal to 0.3, the probability
of getting exactly Sheadsin 10 tossesis P(X = 5) = (150>(0.3)5(0.7)10_5 = 252x%0.004 =
0.1029 (Fig. 13.21).

Command Window ®

>> binopdf (5,10,0.3)
ans =
0.1029

Jx >>

Fig.13.21 Calculating the probability of exactly 5 heads

The code in Fig. 13.22 plots the binomial probability mass function at each integer
value from O to 10.

Command Window

>> binopdf (0:10,10,0.3)

ans =

0.0282 0.1211 0.2335 0.2668 0.2001 0.1029 0.0368 0.0090 0.0014 0.0001 0.0000

Jre >> |

Fig.13.22 Calculating probabilities for 010 heads (use format long for more precision)

Figure 13.23 visualizes the binomial probability mass function for values between 0
and 10. Output of this code is shown in Fig. 13.24.

Command Window

>> binopdf (0:10,10,0.3)

ans =
0.0282 0.1211 0.2335 0.2668 0.2001 0.1029 0.0368 0.0090 0.0014 0.0001 0.0000

>> stem([0:10],ans)

fx>> |

Fig.13.23 Visualizing the binomial probability mass function
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- Figure 1
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Fig.13.24 Output of the code shown in Fig. 13.23

Example 13.17 Given a biased coin with a probability of heads equal to 0.3, the probability
of getting 4 or fewer heads in 10 tosses is Fy(4) = P(X <4) = ZLOP(X =k) =
0.0282 +0.1211 + 0.2335 4+ 0.2668 + 0.2001 = 0.8497 (Fig. 13.25).

Command Window

>> binocdf (4,10,0.3)
ans =
0.8497
fe >> |

®

Fig.13.25 Probability of 4 or fewer heads
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13.8 Normal (Gaussian) Distribution

A normal distribution is defined by the probability density function (PDF) f (x; u, 0?) =

2
B L

l_ o727 ,—00 < x < 00. The notation N(/L,O'z) is used to denote a normal

V2mo?

distribution with a mean of x and a variance of 2.

Example 13.18 The code in Fig. 13.26 computes the PDF value at x = 0.56 for a
N(0.4,0.7%) distribution.

Fig.13.26 Value of Command Window ®
N(0.4,0.7%) atx = 0.56 >> normpdf (0.56,0.4,.7)
ans =
0.:5552
Jx >>

Let’s verify the result. According to Fig. 13.27 the obtained result is correct.

Command Windew ®

>> sigma=0.7;
>> mu=0.4;
>> eval (subs(l/sigma/sqrt(2*pi) *exp (-0.5* ( (x-mu)/sigma) ~2),x, .56))

ans =

0.5552

Jx >>

Fig.13.27 Verifying the Fig. 13.26 result

Example 13.19 Given X ~ N(2,9), find P(X < 3.6).

X~NQ2,9 = 5 3 According to Fig. 13.28 P(X < 3.6) = 0.7031.

- =9=0 =

I. w =72
I
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Fig.13.28 Calculation of Command Window ®

P(X <3.6) >> sigma=sqrt(9);

>> mu=2;
>> normcdf (3.6,mu, sigma)

ans =

0.7031

£ > |

Let’s verify the result. According to Fig. 13.29 the obtained result is correct.

Command Window ®

>> sigma=sqrt(9):;

>> mu=2;

>> syms X

>> eval (int (1/sigma/sqrt (2*pi) *exp (-0.5* ((x-mu) /sigma) ~2) ,x,-inf,3.6))

ans =

0.7031

Jx >>

)

e
,6._%8 20%_axwith_u:2and6=3
X 2mo?

Fig.13.29 Calculation of f3_

Example 13.20 1et’s say we have a normally distributed dataset with a mean (u) of 6 and
a standard deviation (o) of 11. Locate the value of x that satisfy P(X < x) = 0.65.

According to the code shown in Fig. 13.30, P(X < 10.2385) = 0.65.

Fig.13.30 Finding x such that Command Window
P(X <x)=0.65

>> mu=6;

>> sigma=11;

>> p=0.65;

>> x=norminv (p,mu, sigma)

10.2385

fx >> |
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Let’s verify the result. According to Fig. 13.31 the obtained result is correct.

Command Window (O]
>> mu=6;
>> sigma=11;
>> Syms Xx;
>> eval (int (1/sigma/sqrt (2*pi) *exp (-0.5* ((x-mu) /sigma) ~2),x,-inf, 10.2385))
ans =

0.6500

Jx>> |

i.r—!\agz
Fig.13.31 Calculation of f1_0£385 21 e 22 dywithp=6ando =11
varo

Example 13.21 In this example we will visualize the probability density function of the
standard normal distribution (x = 0 and ¢ = 1) over the range — 3 to 3.

Use the edit command (Fig. 13.32) to open the Editor (Fig. 13.33).

Fig.13.32 edit command Command Window &

Jx >> edit

Fig.13.33 MAILAB Editor B Editor - untitled * =7

untitled * |+ |
1
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Enter the following code into the Editor (Fig. 13.34) and save it using Ctrl+S.

% Create a vector of x-values
x = =3:0.1:3;

% Calculate the PDF wvalues
vy = normpdf {x, mu, sigma);

% Plot the PDF

plot (x, vy};

xlabel ("x');

ylabel ("Probability Density');
title({'Normal Distribution PDF');
grid on;

BZ Editor - untitled * ® x
| untitled * | + \
1 % Define the mean and standard deviation Q
2 mu = 0;
2 sigma = 1;
4
5 % Create a vector of x-values
6 X o= =340.1:3;
7
8 % Calculate the PDF values
9 y = normpdf(x, mu, sigma);
10
11 % Plot the PDF
12 plot(x, y);
12 xlabel('x");
14 ylabel('Probability Density');
15 title('Normal Distribution PDF');
16 grid onj

Fig.13.34 The code is entered into the MATLAB Editor

Press IF5 to run the code. Output of the code is shown in Fig. 13.35.
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Fig.13.35 Output of the code shown in Fig. 13.34

Example 13.22 The code in Fig. 13.36 visualizes the probability density function of the
standard normal distribution (4 = 0 and ¢ = 1) over the range -3 to 3 using the ezplot
command. Output of this code is shown in Fig. 13.37.

Command Window

>> syms x

>> sigma=1;

>> mu=0;

>> ezplot(l/sigma/sqrt (2*pi) *exp (-0.5* ((x-mu) /sigma) ~2), [-3,3]), grid on

fx >>]

Fig.13.36 Visualizing the N(0, 1) on [—3, 3] interval
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‘& Figure 1 — (m] X

File Edit View Insert Tools Desktop Window Help
Dade | 208 RE
| (7186705221432913 exp(-x2/2))l1 8014398509481984

Fig.13.37 Output of the code shown in Fig. 13.36

13.9 Error Function

The error tunction, denoted as erf (x) = . A f,e*""dr, is a mathematical function that is

T
closely related to the normal distribution.

Example 13.23 'The code shown in Fig. 13.38 calculates the erf (1.3).

Command Window &

>> erf(1.3)
ans =
0.9340
fx >>

Fig.13.38 Calculation of erf (1.3)
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Let’s verify the result. According to Fig. 13.39 the obtained result is correct.

Fig.13.39 Calculation of Command Window ®
erf (1.3) >> syms t
>> x=1.3;

>> eval (2/sqrt (pi) *int (exp(-t~2),t,0,x))
ans =

0.9340

Jx>> |

13.10 Gamma Distribution

The gamma distribution is a versatile two-parameter family of continuous probability
distributions. It is often used to model positive-valued random variables, such as waiting
times, time to failure or interest rates.

The PDF of a gamma distribution is given by Gamma(a, 8) = ’%a r(a) ,x > 0. The
PDF of the gamma distribution is zero for x < 0.

Example 13.24 ThecodeinFigs. 13.40 computes the PDF value atx = 5for a Gamma(2, 3)
distribution.

Fig.13.40 Calculation of Command Window ®
Gamma(2, 3) forx =5

>> a=2;

>> b=3;

>> gampdf (5,a,b)

ans =

0.1049

fx >>|

Let’s verify the result. According to Fig. 13.41 the obtained result is correct.
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Fig.13.41 Checking the Command Window ®
;gllditsy fof the result in s el
18- 12 >> b=3;
>> x=5;

>> x* (a-1) *exp (-x/b) /b*a/gamma (a)
ans =
0.1049

Jx >> |

Example 13.25 Given X ~ Gamma(2, 3), find P(X < 5).

According to Fig. 1342, P(X < 5) = 0.4963.

Command Window ®
>> a=2;
>> b=3;
>> gamcdf (5,a,b)

ans =

0.4963

Jx >>

Fig.13.42 Calculation of P(X < 5)

Let’s verify the result. According to Fig. 13.43 the obtained result is correct.
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Command Window ®
>> a=2;
>> b=3;
>> eval (int (x~ (a-1) *exp (-x/b) /b"a/gamma (a) ,x,0,5))

ans =

0.4963

Jx >> |

. ) 5 047167% ) _ .
Fig.13.43 Calculation of fO dxwithe =2and 8 =3

x
B~ 1 (o)

Example 13.26 1et’s say we have a gamma-distributed random variable with shape param-
eter « = 2 and scale parameter § = 3. Locate the value of x that satisfy P(X < x) =
0.85.

According to the code shown in Fig. 13.44, P(X < 10.1173) = 0.85.

Command Window

>> alpha = 2;
>> beta = 3;
>> p = 0.85;
>> x = gaminv(p, alpha, beta)

10.1173

fe >> |

Fig.13.44 Finding x such that P(X < x) = 0.85

Let’s verify the result. According to Fig. 13.45 the obtained result is correct.
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Command Window ®

f > |

>> a=2;

>> b=3;

>> syms X

>> eval (int (x* (a-1) *exp (-x/b) /b”a/gamma (a) ,x,0,10.1173))

ans =

0.8500

X
o—1,"
Fig.13.45 Calculation of f(l)l"l 173 %d}c with @ = 2 and 8 = 3

13.11 MATLAB Functions for Other Distributions

Tables 13.3, 13.4, 13.5, 13.6, 13.7, 13.8, 13.9 and 13.10 provide a summary of commonly
encountered distributions and their corresponding MATLLAB functions.

Table 13.3

MATLARB functions for exponential distribution

exprnd

Generates random numbers from an exponential distribution

expcdf

Calculates the cumulative distribution function (CDF) of the exponential distribution

exppdf

Calculates the probability density function (PDF) of the exponential distribution

expinv

Calculates the inverse CDF (quantile function) of the exponential distribution

Table 13.4

MATLAB functions for beta distribution

betarnd

Generates random numbers from a beta distribution

betapdf

Calculates the PDF of the beta distribution

betacdf

Calculates the CDF of the beta

betainv

Calculates the inverse CDF (quantile function) of the beta distribution

betastat Calculates the mean and variance of a beta distribution
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Table 13.5 MATLAB functions for Weibull distribution

wblrnd Generates random numbers from a Weibull distribution

wblpdf Calculates the PDF of the Weibull distribution

wblcdf Calculates the CDF of the Weibull distribution

wblinv Calculates the inverse CDF (quantile function) of the Weibull distribution

wblstat Calculates the mean and variance of a Weibull distribution

wblfit Estimates the parameters of a Weibull distribution from a given sample of data
Table 13.6 MATLAB functions for x2 distribution

chi2rnd Generates random numbers from a chi-square distribution

chi2pdf Calculates the PDF of the chi-square distribution

chi2cdf Calculates the CDF of the chi-square distribution

chi2inv Calculates the inverse CDF (quantile function) of the chi-square distribution

chi2stat Calculates the mean and variance of a chi-square distribution
Table 13.7 MATLARB functions for t-distribution

trnd Generates random numbers from a t-distribution

tpdf Calculates the PDF of the t-distribution

tedf Calculates the CDF of the t-distribution

tinv Calculates the inverse CDF (quantile function) of the t-distribution
Table 13.8 MATLAB functions for Rayleigh distribution

raylrnd Generates random numbers from a Rayleigh distribution

raylpdf Calculates the PDF of the Rayleigh distribution

raylecdf Calculates the CDF of the Rayleigh distribution

raylinv Calculates the inverse CDF (quantile function) of the Rayleigh distribution

Table 13.9 MATLAB functions for Poison distribution

poissrnd

Generates random numbers from a Poisson distribution

Poisspdf

Calculates the probability mass function (PMF) of the Poisson distribution

poisscdf

Calculates the CDF of the Poisson distribution
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Table 13.10 MATLAB functions for geometric distribution

geornd | Generates random numbers from a geometric distribution

geopdf | Calculates the probability mass funétion (PMF) of the geometric distribution
geocdf \ Calculates the CDF of the geometric distribution

geostat | Calculates the mean and variance of a geometric distribution

References for Further Study

1. Probability and Statistics for Engineering and the Sciences (8t edition), J ay L. Devore, Cengage

Learning, 2011.
2. Advanced Engineering Mathematics ( 10" edition), Erwin Kreyszig, Wiley, 2011.
3. Applied Numerical Analysis with MATLAB®/Simulink®: For Engineers and Scientists, Farzin

Asadi, Springer, 2023.
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in Microsoft® Word®

14.1 Introduction

Calculators have become an essential tool for engineers, significantly enhancing their
efficiency and accuracy in a wide range of tasks. Calculators play an important role in
university exams, as well. So, it is important to learn how to work with your calculator cor-
rectly. By mastering your calculator, you can significantly improve your problem-solving
skills and achieve better results in your engineering studies.

A common mistake in calculator usage is setting the wrong angle mode. If your cal-
culator is in radian mode but you input an angle in degrees, the result will be incorrect.
Always double-check your calculator’s mode setting to ensure it’s in degrees or radians,
as needed, before performing calculations.

First part of this chapter offers reference operations to aid in your calculator usage.
Endeavor to replicate the provided correct results. Depending on your calculator’s model,
some operations may not be possible. Second part of this chapter shows how to write a
formula in Microsoft® Word®.

14.2 Basic Operations

The following are some basic operations and their values.

1. 12345679 x 8 = 98765432
2. 54.63 x 632.58 = 34557.8454
3. 12.653 x 98.74 = 1249.3572
542.68
4. 3842‘5‘6 = 86.9679
5. 55 — 69.44
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L (142)+B—8)=4—6
C(L+2) — (3 =8j) = =2+ 10
(142 x (3= 8)) =19 —2j

(142)"_ . :
H2 = —0.1781+0.1918;

NeBEe -l B!

14.3 Exponents and Radicals
The following are some example calculations for exponents and radicals.

1423 = 733.3648

. 3.2%3 = 148.6432
12.9622% = 310.6241
. V/17.63 = 4.1988

. v/965.22 = 31.0680
. V752.53 = 9.0958

. V12036 = 6.5478

e Y R U S

14.4 Logarithm
The following are some example calculations for logarithms.

log;(56.3 = 1.7505
log1200.698 = 3.0794
In(56.3) = 4.0307
In(1200.698) = 7.0907
In(0.33) = —1.1087

MR

14.5 Conversion of Complex Numbers to Polar Form

The following are some examples of converting complex numbers between Cartesian and
polar forms.

1 4 6j = 6.0828¢14056/

—3 4+ 5j = 5.8310&/2 1112

—16 — 3j = 16.2788¢2-95%

10 — 9j = 13.4536¢ 7707328
12.56¢718 = —2.8537 — 12.2315j
7.23¢/8 = 5.0372 + 5.1865j

A e
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14.6 Roots of Polynomial and Non-linear Equations

The following are some examples of finding the roots of polynomials and non-linear
equations.

L x2=3x42=0=>x=1,x=2

2.3 —11.77x% 4+ 41.985x —47.025 =0 = x; = 2.5, x0 = 3,33 = 6.27
3.2+ 24+10=0=x =143, n=—1-3j

4. 3422 —51x =232 =0=x; = —5—2j,xp = —5+2j,x3 =8
5. x%2 —=2cos(x) = 0 = x; = —1.02162, xp = 1.02162

6.

X+ g_x — 2 = X1 = —1146189,)62 - +1841402

14.7 Derivative and Integrals
The following are some examples of evaluating integrals and derivatives.

1. fasin(odx = 1.9900

2. foxldx =0.3333

3. [ix?sin(20)dx = 0.1371
4, f°5 ~6rdx = (.1584

5. [omqdx = 3.2958

6. 4 (cos(o], =—0.8660

3

d 2
4 ‘ = 0.544
7 ( + tan“(x)) 025 0.5440
g L(ifx )‘ = —3.6413

sm(x)

x2+9 .
9. ((x3+6x 4>)|1.5 = —1.6868

14.8 Trigonometric Ratios

Table 14.1 presents trigonometric ratios for several angles.
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Table 14.1 Trigonometric
ratios for some sample angles

Radian

Degrees

sin(0.2563) = 0.2535
sin(0.5236) = 0.5000
sin(0.7238) = 0.6622
sin(1.5) = 0.9975
sin(2) = 0.9093

sin(10°) = 0.1736
sin(30°) = 0.5000
sin(50°) = 0.7660
in(70°) = 0.9397
in(123°) = 0.8387

2]

2]

c0s(0.2563) = 0.9673
c0s(0.5236) = 0.8660
cos(0.7238) = 0.7493
cos(1.5) = 0.0707
cos(2) = —0.4161

cos(10°) = 0.9848
cos(30°) = 0.866

tan(0.2563) = 0.2621
tan(0.5236) = 0.5774
tan(0.7238) = 0.8838
tan(1.5) = 14.1014
tan(2) = —2.1850

14.9 Inverse Trigonometric Ratios

Table 14.2 shows the inverse trigonometric functions for a sample of trigonometric ratios.

Table 14.2 Inverse trigonometric functions for a sample of trigonometric ratios

Arcsin(0.310) = 0.3152Rad = 18.0596°
Aresin(0.652) = 0.7102Rad = 40.6915°
Aresin(0.711) = 0.7909Rad = 45.3163°

Arccos(0.52) = 1.0239Rad = 58.6677°
Arccos(0.73) = 0.7525Rad = 43.1136°
Arccos(0.95) = 0.3176Rad = 18.1949°

Arctan(1.45) = 0.967Rad = 55.4077°
Arctan(3.35) = 1.2807Rad = 73.3792°
Arctan(8.62) = 1.4553Rad = 83.3827°

Arccotan(0.65) = 0.9944Rad = 56.9761°
Arccotan(7.35) = 0.1352Rad = 7.7477°
Arccotan(10.87) = 0.0917Rad = 5.2562°




14.10 Microsoft Word Equation Editor 489

14.10 Microsoft Word Equation Editor

Click the Insert button (Fig. 14.1) to open the Insert ribbon (Fig. 14.2).

ﬂ AutoSave (. Off\J ")v 7‘4 =

File Home Insert Draw Design Review View Help

Layout References Mailings

ﬁi] | Calibri (Body) A1t A A Aav A ==L T = 3=
LB : = -
Raste } B I Uva x, X Av 2+ A [E|=E == 1=~
¥ < Format Painter —
Clipboard [ Font N Paragraph
Fig.14.1 Insert button
n Em - o x
BhR B NDS O Billg BohH J AD R BE A4 A T 0
Tk | Pichies Shapes 1o 0 SmatAt Chan Screenshot | O Link  Bookmark Cross- | Comment Header F Page Tet Quick Wordart 8 Oate &t Time Equation Symbol
: T efrence . vl Padl ot ] objeat ~ axabic

Pager Page Bk~ i
e Unks Comme

Fig.14.2 Insert ribbon
Click on the Equations button (Fig. 14.3).

Search

F[] i D B /q [Z signature Line ~ 'I'_[ Q
Page Text  Quick WordArt £S Date & Time Equation Symbol

Cross- Comment  Header Footer
reference v ¥ Number v Box v Parts v v ::I] Object ~
Comments Header & Footer Text Symbols

Fig.14.3 Equations button
Clicking the Equation button will insert an equation box (Fig. 14.4) into your Word
document. You can then use the tools provided in the toolbar to input your mathematical

expressions (Fig. 14.5).
: Type equation here.

-

Fig.14.4 Equation box
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@ Avosve @0 B 91 =

Fle  Home Insert Draw Design layout References Maiings Review View Help

equation
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Toal Comarsons symbols

L
Steucurer

Fig.14.5 Tools for writing mathematical expressions

Clicking the “Other” button (Fig. 14.6) will open a new window (Fig. 14.7), provid-
ing access to additional tools. From there, expand the “Basic Math” drop-down menu
(Fig. 14.8) to explore a wider range of mathematical symbols and functions

@ sutose @o) B O- 1) =

£ search
File Home  Insert

Draw Design Layout References Mallings Review View Help Equation
TT Equation ~ / Unicode X — — -
Bt {}fﬂ,xd ¢ EEEEDEENEEEREERAEEERY,
we o MM L A P EEEEE R o —
Tools Conversions L] Symbols

Fig.14.6 Other button

Layout References Mailings Review View

Help  Equation

Basic Mathv

Fig.14.7 Opened window
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9 Basic Mathv

Basic Math + Basic Math
Greek Letters

Letter-Like Symbols
Operators

Arrows

Negated Relations
Scripts

Geometry

Fig.14.8 Provided mathematical symbols and functions

References for Further Study

1. Advanced Engineering Mathematics (10™ edition), Erwin Kreyszig, Wiley, 2011.

2. Calculus (8™ edition), James Stewart, Cengage Learning, 2015.

3. Applied Numerical Analysis with MATLAB®/Simulink®: For Engineers and Scientists, Farzin
Asadi, Springer, 2023.
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